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VECTOR DERIVATIVES

Cartesian.
Gradient : Vi
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Identities

1. AXB):C=A-(BXC)

2. AX(BXC)=B(A-C)-C(A-B)

3. V(fg)=fvg +g¥f

4. v(a/b)=(1/b)Va - (a/b*)Vb

5. V(A-B)=(B-V)A+(A-V)B+B X(VXA)+A X (VXRB)

6. V-(fA)=(Vf)-A+f(V-A)

7. V-(AXB)=B-(VXA)—-A-(VXB)

8 (V-V)f=V¥

9. PX(Vf)=0

10. V-(VXA)=0

11. VX (fA)=(Vf)xA+f(VXA)

12. VX(AXB)=(B-V)A—(A-V)B+(V-B)A—(V-A)B.

13. VX(VXA)=V(V-A)— V?A (Sec. 1.11.6)

14. (A-V)B=[ L aB z‘?;:‘]f
a2
[o St dea )

V'(1/r)=#/r". This is the gradient calculated at (x’, y’, z’), and r is the

vector r pointing from (x', y', z') to (x, y, z).

16. V(1/r) = —#/r*. This is the gradient calculated at (x, y, z) with the same
vector r.

17. o =1, rxdl, where the surface of area & is plane. The vector r extends
from an arbitrary origin to a point on the curve C that bounds &.

18. [, Vfdv=[.fdd

19. [(VXA)dv=—[,AXdsd, where o is the area of the closed surface
that bounds the volume v.

20. $.fdl = —[, Vf X dsd where C is the closed curve that bounds the open
surface of area .

Theorems

1. The divergence theorem. [,A-dsf = [, V-A dv where & is the area of
the closed surface that bounds the volume v.
2. Stokes’s theorem: §-A -dl= [, (VXA)- -dsA.
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a’* If the curl of a vector field (F) vanishes (everywhere), then F can be written as the gradient
" of a scalar potential (V):
' VxF=0c=F=-VV. (1.103)

(The minus sign is purely conventional.) That’s the essential burden of the following
theorem:

Theorem 1:  Curl-less (or “irrotational”) fields. The following con-
ditions are equivalent (that is, F satisfies one if and only
if it satisfies all the others):

(a) V x F = 0 everywhere.

(b) f;’ F - dl is independent of path, for any given end
points.

(c) § F - dl = 0 for any closed loop.

(d) F is the gradient of some scalar, F = -VV.

The scalar potential is not unique—any constant can be added to V with impunity, since
this will not affect its gradient.

If the divergence of a vector field (F) vanishes (everywhere), then F can be expressed
as the curl of a vector potential (A):

V.F=0&=F=V xA. (1.104)

That’s the main conclusion of the following theorem:

Theorem 2: Divergence-less (or “solenoidal”) fields. The following
conditions are equivalent:
(a) V - F = 0 everywhere.
(b) / F-daisindependent of surface, for any given bound-
ary line.
(¢) $ F - da = 0 for any closed surface.
(d) F is the curl of some vector, F = V x A.

The vector potential is not unique—the gradient of any scalar function can be added to A
without affecting the curl, since the curl of a gradient is zero.

You should by now be able to prove all the connections in these theorems, save for
the ones that say (a), (b), or (c) implies (d). Those are more subtle, and will come later.

Incidentally, in all cases (whatever its curl and divergence may be) a vector field F can be
written as the gradient of a scalar plus the curl of a vector:

F=-VV+VxA (always). (1.105)
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