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ex.2 (MetHANICS } | THe DAMPED HARMONIC OSCILATOR ©

.MK:—HK—Y\K Xd:)( XJ:XZ
X(0)- A .| A
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THE SOLUTION DERENDS ON THC IOOTS OF THE DISCRIMINANT
EQUATION

S TAL e = )= ~£i)/r3_q;<m - A

5 M \Az
L) VSHKUL >0 = OVERDAMPED OSCILLATOR (o asc. )

) rLukue =0 = CRITICAL DAMPING (N0 03¢, )
) UK <O = UNDERDAMPED ( 0SCILLATIONS)

() TWO REAL NEGATIVE ROOTS A, A , THEREFORE K THE

SOLVTION IS}}t 1 i_
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X(0) = AP+, R =0 a2

1) A SINGLE NEGATIVE ROOT A I — Chun . THE SOLUTION
IS,

At At
s € (RErB) | )o@ (A-AM) -
X(0) = B=A At
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4) LET CONSIDER WP=2 AND y,-4  (CASE))

b) LeT’s suPRose NOW , Wy = We= 2, (case W)
PLOT X vst wHen te (0,10] (20 powts)

c) NOW, SUPPOSE THAT (Ug=4 AND w,=Q (CAté (iit))
ALOT X Vs t [N THE SAME RANGE THAT BEFORC .
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IF Necessary )
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leT" 4
cT'S CONSIDER THE OVER DAMPED SYSTEM .
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CONVERTING O.D.E TO DYNAMICAL gySTEM FORM

4.~ NON-AUTOWOMCUS TO AVTONOMOU S

LCT CONSIDER THE O.DE
A Bcizé (Cx =0
d+?

Xi:)'(z_
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LeT's (ONSIDER THE SYSTEM OF ODE .
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The FOUNCTIONS F AND G ARe THE SOLWVTION S
OF THE LINEAR SYSTEM

A ;(2 g BXLI:A?(XLY;,X;,&{A%)
C )?er D ;%q ﬁgcfi.xz.xzfxq,xr)

WHAT ABODT FHE n | TIAL CONDLITICNS P

SupPos€ THAT ONE MAVE [NITIALLY
X(0)=Xo X (0)="Yex
Y(0)=40  4(0)=Vey

(T AL CONDITIONS FOR THE DYNA HICAL

THCN , THE (N
Qysrem ReSULT

X1(0) = Xo
X’z(O}:Vax
X}(O\ =40
Xu (0) = UE’:]

Exgreices
W +RQ!,£+ 4 - goujcos(wt]
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a2 dt
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d.'?_x- + .ff_l‘.{. .1'—’5_]__}; +0_\..'i :oc’*t
Aot At At a+

QEE —*O.tfé +2§rj_i =
2 dt? Ak
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Ex.A ('E{QCTRI?C)_ ELECTRIC TRANSIENTS
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; G)/) 7“-C ,(0)=0

LR+ Lid{d{wMi(‘éz“f-j}.h Lo &
ot dk d_(.:
gij(“ EL,F)
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Lz_dﬂrﬁi) . Mdls +lj¢2d+i§f_ﬁ}) = 0
dt bt CHo C
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NG ONCE L (TH RELPECT TO TIMES , ONE CAN oBTA N

DERWI
(Li"l-z sz{i +(M+].7)d ‘a4 RAL - JET
Até o at At
, ) *LD'S)
Ly, d%2 (H-Lz)dﬂ‘ + L2 = O
otz Atz C
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(€L
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(M-L2] df’*(aﬂ L2 dﬁz[ﬁ)
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THe DYUANICAL SISTEM FROM THE PRevIOUL cQuATIong
WouLD HAve FOUR STATE rARIARLES AND MORE
THAN FIUE PARAMETERS

X=(X4, % X2 ,Xy) /&“’=/fefufzzfc,g.g))
1

| & OR MORE
[CT SUPPOSE THAT &[4)=&,-(0s{wt).
|IF IT [S 80, THE SYSTEM wouLp BE NON-AUTONOMOVS
BECALSE OF THE €XPLICIT TIME DEPENDENCY IN E(+)

X1= 4y X;r:?(é!
Xz:g_% )izzﬂ/)(z-i-fg)(j
Xp-42 X3 = Xy
A/Hzg-ﬂ-f -’Zf:rXE‘fJXB

wHERE «, B3, T b § ARc THE SoLuTiows OF (D.S)
REFORNULATED AS

' ;o= GE R
(Lisly=24) X, + btsls) Xy = 25 ~RX2

(M-12) x, + L2 Xy = -1.X3
AND THE INITIAL COMDITIONS Bemne IN
X1(0) =0
X, (0)= $(€C0), Ly L,,C R)
X3(0) =0

Xq(O)-"—'ﬂ(Efo)rLl,LzIClR)
OBTAINED AFTER SHLVING CC.I)




Ex b THe DopBLe PENDVLONM

X
—~— ——__ 5 T4E MOTION €QUATIONS will Be
Li ! ORTAINED BY THE LAGRANGIAN FORMALISH,

— Y 2
oz)-? - V- :?Lwﬁ‘"l +jmzuz—wfﬂjfmijh{z

X_1= LI.SMB'I D ‘;::f kexy L;SJCO.I@;'
HI: L]C{Uﬁ'[ =0 HJ:#L’E‘JMQI

Uy [ Xaz X+ Lpowibe = x,= Xy + L, 68,0062
Jy= Y1 4 L2 @0, = ﬁf:ﬂdi Lz%mﬁz

IT IS STRAIGHTFORWARD TO SHOW THAT
0.3 02 b
=Xy 4y, = Ly 5_1

e R i 241267 421,68, 030670,
g .zw 12g + fwz(L s/ +L29 4oL, 8,8, (05(8,-8,))

+ U9 LB, 4G (L, +, 28, )

ADD HHE HMOTION CQUATIONS ARC OBTAINED BY

4(25) oo o 422 o
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wy s 0, Ly, L;_[eim(@ -0,) - 6;(6;-6;) w (8, 92)]“
_w‘;LiL;E‘Q.&w{Q -8) + M Gl = O




SIMPLFYING | RE&SULTS ...

(Wi4uz) L] B, +uiylLy 8, cos (66, )+, L L ﬂ'zzm (9,-6;) +
+(M{+w;)g Liswm & =0

2 00 o0 [
W Ly By + 1y Lo Ly, (2 (6-62) ~uyLil, 9;3*& (6-6) +

* WszZM 92 20

WHICH (AN BE PWIDED BY Ly AND L, R&PECTIVELY ,
OBTAINING TH& FINAL FORM.

g =g .z I
(e +042)L, 6 4 iy L B, 0 (9,-8,) 41, L, 6, o (6,-8, ) +(u s, )g5udby = O
w) L 5‘2 4-J.UJ_L,E. (6, -6) - U, L!éfm(pi-ﬂt,).;_mzﬁm 8, =0

TOGETHER WITH  6,(0)= §;, , 6,(0)= 0, éj(ﬁ}:ﬁ:_,{o)::;

e FINAL STEP 1S ONUERT IT TR A DYNAHICAL S)STEM
FORM.

Oy= X1 | Xy = X2
o= Xa | Xy (Xa % X Xu ]
Ga= X3 )2'3: Xy
Q;:Xq | )?.,{ :3(;%’1,{3&(3‘{“}
WHERE § anD g ARE OBTRINED 84 SOLVING THE SYSTEM.

6 o 7
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*ﬁzllfiw(’(rké) X, 4 W)l X,_r = ML, )QZW(F{-K_;).-LHJQM Xy




ie
iy Ly A2 (G-X3) = (Rh U ) Q3 - w1 Egua (x, -

¢ COS(X1-Ya) + U2 GIMAX3C0S (x(-Xa)
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2
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CHEME USING
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IRCUITS ¢
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NG (N
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Ex.6 : 0SCILLA

Cz ;
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T“”'{’r TRE ASLOCIATED LIuAgH 1cq SYSTEM W

ou A I3
FoLWWING FORM LD HAVE THE

Xq=44 }?,1=5(2,
zdbht L 4= fxe 2,6 ,4,)
XBI’EZ ):#’3': Xy

Yoz dGdL T ¢ -gph, xe a0 )

WHERE BTHC ONKNOWN FUECTIONS _(_’ ANDg AREC DBRTAINED
EROM THE COLUTIONS OF THE LUNEAR SHYSTEM

j’ Ld‘ Xz T HXH— = _.C_‘{I.Xj —R‘-X‘z

M);g + Xy = ~L s - Ry Xy
2

;.'(2.-:___!._. .{—.L_’:x!_:?li_zyz.i-ﬁ J(3+122Hl(q)
[L,-M2 < C2
k2=

Xq: 1 '["‘LI'-(‘(B —LI.QZyH*'_ﬂ{fTQIHJ(Z)
LILI_HZ ('-'2 Cl
TOGETHER WITH THE INITIAL CONDITIONS
Xe(0)=0 , %G(0)2A . x(0:0 ; K(0)=B
WHERE A min B ARe THE SOLUTIONS OF

Ly X,(0) +M X (0) = % .E'E.J Az F 9.0 Loz,

‘ L Ly -M2
M X2(0) +Ly X4(0) = 0 =
. fcjtm]'H/:I

_ Lilpg =M%
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LeT!s CoNIDER THE FOLLOWING DIRGRAM

X o X'
e o5

W,

—

A

y A
E&\:i\L\ERWH POSITIONS
¢ 2
s 'él,""ul-’(j -l'.;J?-u'lz’(z
2
VI::ZL I{M.zl-l-l-&()ﬂ—x-.u]-‘-ikx’z?
(f T_V-— = W i{'l +2l wlx’2 _-ELKX" _ll(c(.(."f}} Al IG(Z
AND THE EQUATIONS OF MOTION ARE
R .oy, = i(%—-]-- " X,
9%y At M OXy
0% : X, 4 KX
ZZ 2 S, K () = AKX+ KX
X4
952 wz)(z =D d-{ ): M, X,
9;(3 X,
g-%- = -I-k"cfﬁf;"}(?) ~kXy = —(Ktk) X3+ K X1
8%

THUS, THE CQUATIONS HAVE THe FORM.
o0 :
My X 4KHK )X KXo =

W, ¥y +(KAK) Xy = KeXy =0
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THL DYnArICAL SY(TEM ASLOCIATED (S

g;:ﬁft ffi: f(z
Y= X1 Y, (kK y, +KE I3
ke | fege
=12
g ,'? y?::y‘-f
Lf'.'l 2 . )

Yy, * __(gﬁfé 5’34‘-%23.{

Ex. ® FORCED PENDULUM
pvoT [ S SUBJELTED 70

LeT!s coniDER A PENDULDM WHOLE
AN OSCILULATORY MOUEMENT AT A FIXED FrREQUENCY .

X(£)3 Xo (.U.SLUJC

X
e s L & = x#LEGAD
3’: L (a6 =¢§’:4¢9}w9
- x‘LJ
s ‘ !' ) ? ;2 . @
) o 2, 26+2x0LW@B)*
g Mix )+ gy = g W Ly
.l..mgLCmE"
AND THE MOTION cOUATION 1S y jor | us o
-] - -lw :
_Qi- _ _NL29+H“XLCCG9 =) %(%)_WL&-FM}(LC@Q L6
36 dt\df
_EH_; mgLﬁu&ﬂMKé‘LMf}
20
=0




WHICH ONEE SIMPLLEIED , ReSp(Ts

; 14
.! (-

94‘%%9‘ & Kﬂw:(ﬂ.ﬂE‘-f@&}t‘/
L

&(0) =6,
é'(a} SLE)

[F A DAMPING TERM (S ADDED , THC RESULTING €QUATION
RouLd RE

fé'# Lo+ 2gme = é_&zcra&.aawr.:(
m C L |

AS IT IS S€EN @RQ&SP@N&S’ TO0 A NON-AUTONOMOUS
DYNANTICAL w,f;n‘.’rh. THC AKLOCATED AUTONOApUS ONE,

IS BULT A3, ;
X\ & X1= X2 |

M @ Z ! o r\1| _C_:j
Y>> 6 Yoo Y__%E,”C&IXJ-C&—?/W)@) X5 ‘,_—f‘“*’.%
k’j:‘b fg: I

X(0) =0  Xz(0)=0 X3(0)=0

FOR ADEQUATE VALVE OF THE PARAMETERS , ONE CAN OBTAIN
CNAOTIC BEHRVIOR



