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TO THE STUDENT

This book is intended for use by students of general physics, either in calculus- or noncalculus-
based courses. Problems requiring real calculus (not merely calculus notation) are marked with a
small superseript .

The only way to master general physics is to gain ability and sophistication in problem-solving.
This book is meant to make you a master of the art — and should do so if used properly. As a
rule, a problem can be solved once you have learned the ideas behind it; sometimes these very ideas
are brought into sharper focus by looking at sample problems and their solutions. If you have difficulty
with a topic, you can select a few problems in that area, examine the solutions carefully, and then
try to solve related problems before looking at the printed solutions.

There are numerous ways of posing a problem and, frequently, numerous ways of solving one. You
should try to gain understanding of how to approach various classes of problems, rather than memorizing
particular solutions. Understanding is better than memory for success in physics.

The problems in this book cover every important topic in a typical two- or three-semester general
physics sequence. Ranging from the simple to the complex, they will provide vou with plenty of practice
and food for thought,

The Chapter Skeletons with Exams, beginning on the next page, was devised to help students with
limited time gain maximum benefit from this book. It is hoped that the use of this feature is self-
evident; still, the following remarks may help:

* The Chapter Skeletons divide the problems in this book into three categories: SCAN,
HOMEWORK and EXAMS. (Turn to page ix to see an example.)

* To gain a quick overview of the basic ideas in a chapter, review the SCAN problems and
study their printed solutions.

¢ HOMEWORK problems are for practicing your problem-solving skills; cover the solution with
an index card as you read, and try to solve, the problem. Do both sets if your course is
calculus based,

* No problem from SCAN or HOMEWORK is duplicated in EXAMS, and no two Exams overlap.
Calculus-based students are urged also to take the Hard Exam. Exams run about 60 minutes,
unless otherwise indicated.

* Still further problems constitute the two groups of Final Exams. Stay in your category(ies), and
good luck.

vii
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1.1 PLANAR YECTORS, SCIENTIFIC NOTATION, AND UNITS
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1.3

1.4

1.5
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What is a scalar quantity?

I A scalar quantity has only magnitude; it is a pure number, positive or negative. Scalars, being simple
numbers, are added, subtracted, etc., in the usual way. It may have a unit after it, e.g. mass =3 kg.

What is a vector guantity?

I A vector quantity has both magnitude and direction. For example, a car moving south at 40 km/h has a
vector velocity of 40 km/h southward.

A vector quantity can be represented by an arrow drawn to scale. The length of the arrow is proportional
to the magnitude of the vector quantity (40 km/h in the above example). The direction of the arrow
represents the direction of the vector quantity.

What is the ‘resultant’ vector?

I The resultant of a number of similar vectors, force vectors, for example, is that single vector which would
have the same effect as all the original vectors taken together.

Describe the graphical addition of vectors.

I The method for finding the resultant of several vectors consists in beginning at any convenient point and
drawing (to scale) each vector arrow in turn. They may be taken in any order of succession. The tail end of
each arrow is attached to the tip end of the preceding one.

The resultant is represented by an arrow with its tail end at the starting point and its tip end at the tip of
the last vector added.

Describe the parallelogram method of addition of two vectors.

d The resuitant of two vectors acting at any angle may be represented by the diagonal of a parallelogram.
The two vectors are drawn as the sides of the parallelogram and the resultant is its diagonal, as shown in Fig.
1-1. The direction of the resultant is away from the origin of the two vectors.

Fig. 1-1

How do you subtract vectors?

I To subtract a vector B from a vector A, reverse the direction of B and add it vectorially to vector A, that
is, A—-B=A+(-B).

Describe the trigonometric functions.
I For the right triangle shown in Fig. 1-2, by definition

o a o
in =2 f=- tanf="
Sim h cos h an a

o = opposile side

a = adjacent side’ Fig. 1-2
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Express each of the following in scientific notation: (&) 627.4, (b) 0.000365, (¢) 20001, (d) 1.0067, (e) 0.0067.
F (a) 6.274 = 10°. (b) 3.65% 107", (¢) 2.001 x 10°. (d) L.0067 x 10°. (e) 6.7 x 10"

Express each of the following as simple numbers x10% (a) 31.65 % 107" (b) 0.415 x 10° (¢) 1/(2.05 x 1077)
(d) 1/(43 x 10°).

I () 0.03165. (b) 415,000. (c) 488. (d) 0.0000233.

The diameter of the earth is about 1.27 % 10" m. Find its diameter in (a) millimeters,
(b) megameters, (¢} miles.

I (a) (1.27 % 10" m)(1000 mm/1 m) = 1.27 % 10" mm. (b) Multiply meters by 1 Mm/10° m to obtain 12.7 Mm.
{c) Then use (1 km/1000 m)(1 mi/1.61 km); the diameter is 7.89 % 10" mi.

A 100-m race is run on a 200-m-circumference circular track. The runners run eastward at the start and bend
south. What is the displacement of the endpoint of the race from the starting point?

# The runners move as shown in Fig. 1-3. The race is halfway around the track so the displacement is one
diameter = 200/m =63.7 m due south.

5 Fig. 13

What is a component of a vector?

I A component of a vector is its “shadow™ (perpendicular drop) on an axis in a given direction. For
example, the p-component of a displacement is the distance along the p axis corresponding to the given
displacement. It is a scalar quantity, being positive or negative as it is positively or negatively directed along
the axis in question. In Fig. 1-4, A, is positive. (One sometimes defines a vector component as a vector
pointing along the axis and having the size of the scalar component. If the scalar component is negative

the vector component points in the negative direction along the axis.) It is customary, and useful, to resolve a
vector into components along murually perpendicular directions (rectangular components).

— — axis p
A, = component along axis p l"ig. 1-4

What is the component method for adding vectors?

I Each vector is resolved into its x, v, and z components, with negatively directed components taken as
negative, The x component of the resultant, R,, is the algebraic sum of all the x components. The y and z
components of the resultant are found in a similar way.

Define the multiplication of a vector by a scalar.

J The quantity bF is a vector having magnitude |b| F (the absolute value of b times the magnitude of F); the
direction of &F is that of F or —F, depending on whether b is positive or negative,

Using the graphical method, find the resultant of the following two displacements: 2m at 40° and 4 m at 127°,
the angles being taken relative to the +x axis.

I Choose x, y axes as shown in Fig. 1-5 and lay out the displacements to scale tip to tail from the origin.
Note that all angles are measured from the +x axis. The resultant vector, R, points from starting point to
endpoint as shown. Measure its length on the scale diagram to find its magnitude, 4.6 m. Using a protractor,
measure its angle & to be 101°. The resultant displacement is therefore 4.6 m at 101°.
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25 sin 30°
25
x
Fig. 15 Fig. 1-6

1.16 Find the x and y components of a 25-m displacement at an angle of 210°.
I The vector displacement and its components are shown in Fig. 1-6. The components are
x component = ~25c0s 30°=-21.7m y component= —25sin30°=—125m
Note in particular that each component points in the negative coordinate direction and must therefore be
taken as negative.
117 Solve Prob. 1.15 by use of rectangular components.

I Resolve each vector into rectangular components as shown in Fig. 1-7(a) and (b). (Place a cross-hatch
symbol on the original vector to show that it can be replaced by the sum of its vector components.) The
resultant has the scalar components

R,=153-240=-0.8"Tm R,=129+320=449m

Note that components pointing in the negative direction must be assigned a negative value.
The resultant is shown in Fig. 1-7(c); we see that

R - v(U.E?} +|:4.49 =4,ﬂm tan¢=4__49

0.87
Hence, ¢ = 79°, from which & = 180° — ¢ = 101°,
y ¥ ¥
R
2 4 sin $3° N

=120

2 sim 40° 449

- 1.29 127° 8
a0 53 \ ¢ \
2 cos 40° = 1.53 x 4 cos 537 = 2.40 x 087 x
(a) (&) (¢)
Fig. 1-7

1.18 Add the following two force vectors by use of the parallelogram method: 30 pounds at 30° and 20 pounds at
140°. (A pound of force is chosen such that a 1-kg object weighs 2.21 1b on earth. One pound is equivalent to
a force of 4.45N.)

I The force vectors are shown in Fig. 1-8. Construct a parallelogram using them as sides, as shown in Fig.
1-9. The resultant, R, is then shown as the diagonal. Measurement shows that R is 30 1b at 72°.
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Find the components of the vector F in Fig. 1-10 along the x and y axes.

I In Fig. 1-10 the dashed perpendiculars from P to X and ¥ determine the magnitudes and directions of the
vector components F, and F, of vector F. The signed magnitudes of these vector components, which are the
scalar components of F, are written as F,, F. It is seen that F, = Fcos 8, F, = Fsin 8.

v
I U _F IP
I
4 |
“ : ,-,J X Fig. 1-10

(a) Let F have a magnitude of 300N and make angle # = 30" with the positive x direction. Find F, and F,.
(b) Suppose that F =300N and 8 = 145° (F is here in the second quadrant). Find F, and F,.

I (a) F,=300cos 30°=239.8N, £ =300sin30° = 150 N. (b) F, = 300 cos 145° = (3007 —0.8192) = —245.75 N
{in the negative direction of X}, £, = 300sin 145" = (300)(+0.5736) = 17207 N

A car goes 5.0 km east, 3.0 km south, 2.0 km west, and 1.0 km north. (@) Determine how far north and how
far east it has been displaced. (b) Find the displacement vector both graphically and algebraically.

I (a) Recalling that vectors can be added in any order we can immediately add the 3.0-km south and 1.0-km
north displacement vectors to get a net 2.0-km south displacement vector. Similarly the 5.0-km east and
2.0-km west vectors add to a 3-km east displacement vector. Because the east displacement contributes no
component along the north-south line and the south displacement has no component along the east-west line,
the car is —=2.0km north and 3.0 km east of its starting point. (b) Using the head-to-tail method. we easily can
construct the resultant displacement D as shown in Fig. 1-11. Algebraically we note that

D=VD+ D=2 +3 =36km tan ¢ = —3 or tan A = 3 f = 34° south of east.

N

|
Q"I//—'-\.II LK1l
1

W

S Fig. 1-11

Find the x and ¥ components of a 400-N force at an angle of 125° to the x axis.
# Formal method (uses angle above positive x axis):
F, = (400 N)eos 125°= —229N F, = {400 NJsin 125°=327TN
Visual method (uses only acute angles above or below positive or negative x axis):
[F,| = Fcos ¢ =400 cos 55°= 229N |F,|=F sin ¢ = 400sin 55°=32TN
By inspection of Fig. 1-12, F, = <|F,|==229N.; F = |F|=32TN.

Add the following two coplanar forees: 30N at 37° and 50 N at 180°,

I Split each into components and find the resultant: R, =24 - 50= 26N, R, = 18+ 0= 18 N. Then
R =31L6N and tan & = 18/=26, s0 # = 145°.
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iBl=12m

Al=6Hm

ICI=9%m

Fig. 1-12 Fig. 1-13

For the vectors A and B shown in Fig. 1-13. find (a) A+ B, (b) A —B, and (¢) B- A,

I The components are A, =6m, A, =0, B, = 12 cos 60° = 6 m, and B, = 12sin 60° = 10.4 m.
{a) (A+B),=12m and (A + B}, = 10.4m, so that A+ B=159m at 40.9°, (4) (A—B), =0
and (A—-B), =0-104s0 A-B=10dmat -90° (¢) (B-A), =0and (B—A), =104—-0 so
B-—A=104m at ¥

For the vectors shown in Fig. 1-13, find (a) A+ B+ Cand (b)) A+ B-C.

§ Thexandy components of C are 4.5m and —7.8m. {(a) The x component is A, + B, + C, = 16.5 and for
the y component we find 2.6, so the vector is 16.7 m a1 9.0°. (b) A, + B, — €, =7.5 and the y component is
0+ 10.4~(-7.8) = 18.2; changing this to a magnitude and angle, we find 19.7 m at 68°.

For the vectors shown in Fig. 1-13, find (a) A-2C, (b B— (A +C), and (¢) ~-A-B - C.

I (a) The x component is A, - 2C, = —3 and the v component is —2(—7.8) = 15.6, giving 15.9 m at 101°.
(b) The x component =6 — (6 + 4.5) = —4.5; the y component = 10.4 = [0 + (-7.8)] = 18.2; therefore

(4.5 + 18.2)"* = 18.7 m at 104°. (c) This is the negative of the vector of Prob. 1.25 (a), so that it = 16.7m
at 9.0° + 180° = 189° = —171".

A displacement of 20 m is made in the xy plane at an angle of 70° (i.e., 70° counterclockwise from the +x
axis). Find its x and ¥ components. Repeat if the angle is 120°; if the angle is 250°,

F In each case 5, =5 cos 6 and 5, = 5 sin 6. The results are 6.8, 18.8m; =10.0, 17.3m; —6.8, —18.8 m.

It is found that an object will hang properly if an x force of 20N and a y force of =30 N are applied to it.
Find the single force (magnitude and direction) which would do the same job.

I Adding components of the forces yields R, = 20N and R, = =30 N. R = (400 + 900)"” = 36 N. Calling & the
counterclockwise angle from the +x axis, tan # = —30/20 and so # = 303.7° = —56.3°.

Find the magnitude and direction of the force which has an x component of —40N and a y component of
—60N.

I The resultant of these two forces is R = (1600 + 3600)'* =72 N. The angle @ is 1807 + tan '(6/4) = 236.3".

Find the magnitude and direction of the sum of the following two coplanar displacement vectors: 20 m at 0°
and 10 m at 120°,

I Splitting each into components, R, =20-5=15m and R, =0+ 8.7=8.7m. Then R = 17.3 m with
tan # = 8.7/15 giving & = 3",
Four coplanar forces act on a body at point O as shown in Fig. 1-14(g). Find their resultant graphically.

[ Starting from O, the four vectors are plotted in turn as shown in Fig. 1.14(d). Place the 1ail end of one
vector at the tip end of the preceding one. The arrow from O to the tip of the last vector represents the
resultant of the vectors.
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Measure R from the scale drawing in Fig. 1.14(b) and find it to be 119 N. Angle a is measured by
protractor and is found to be 37°. Hence the resultant makes an angle # = 180° — 37° = 143" with the positive x
axis. The resultant is 119 N at 143°.

Solve Prob. 1.31 by use of the rectangular component method.

I The vectors and their components are as follows.

magnitude, N x component, N ¥ component, N
80 80 0
100 100cos45°= 71 100sin45°= 71
110 =110 cos 30° = —95 110sin 30F = 55
160 —160 cos 20° = —150 —160 sin 20F = —55

Note the sign of each component. To find the resultant, we have
R,=80+71-95-150=-94N R, =0+71+55=-55=T1IN

The resultant is shown in Fig. 1-15; we see that R = V(94)* + (71)° = 118 N. Further, tan a = 71/94, from
which a = 37°. Therefore the resultant is 118 N at 180 — 37 = 143°.

¥

T

AN

94 x F‘- 1-15

Perform graphically the following vector additions and subtractions, where A, B, and C are the vectors shown
in Fig. 1-16: (@) A+B. (b)) A+B+C. (c) A-B. (d) A+B-C.

J See Fig. 1-16(a) through (d). In (c), A — B= A + (—B); that is, to subtract B from A, reverse the
direction of B and add it vectorially to A. Similarly, in (d), A+B~C=A + B+ (=C), where ~C is equal in
magnitude but opposite in direction to C.

A+n+£_

(a) (b)
Fig. 1-16
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y
30 sin 45° 30Ib
b -
1 50 sin 20"} [
] ol |
I._.':_ 20 45 | X
50 cos 20° 30 cos 45°
i}
R

1.4 Find the resultant R of the following forces all acting on the same point in the given directions: 301b to the
northeast; 701b to the south; and 50 1b 20° north of west.

F Choose east as the positive x direction (Figure 1-17).

x componenis, Ib y components, Ib

Jcosds®= 21.2 Wsinds* = 21.2

—50cos 20° = —47.0 50sin20°= 17.1

Total = -25.81b =70==70_
Total =-31.7lb

25.8
R=V(=2587 +(-31.7V =Ve65.8 + 1004.9=40.9lb  tan ¥ 3o =0.8139 # = 39° west of south

135 Find the angle between two vector forces of equal magnitude, such that the resultant is one-third as much as
either of the original forces,
I 1In the vector force diagram (Fig. 1-18), the diagonals of the rhombus bisect each other. Thus,

msB=F;6=é=0.166? 6 = 80.4" 26 = 160.8°

F
The angle between the two forces is 160.8°.

Fig. 1-18

1.36 Find the vector sum of the following four displacements on a map: 60 mm north; 30 mm west; 40 mm at 60°
west of north; 50 mm at 30° west of south. Solve (a) graphically and (b) algebraically.

I (a) With ruler and protractor, construct the sum of vector displacements by the tail-to-head method as
shown in Fig. 1-19. The resultant vector from tail of first to head of last is then also measured with ruler and
protractor. Ans.: 97 mm at 67.7° W of N. (b) Let D = resultant displacement.

D, = =30 - 40 sin 60° — 50 sin 30° = —89.6 mm D, = 60 + 40 cos 6° — 50 cos 30° = +36.7 mm
D,

D=VD;+Di=9%8mm tang= D =S¢ =223 above negative x axis
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B mm

Fig. 1-19

Two forces, BON and 100 N acting at an angle of 60° with each other, pull on an object. What single force
would replace the two forces? What single force (called the equilibrant) would balance the two forces? Solve
algebraically.

¥ Choose the x axis along the 80-N force and the y axis so that the 100-N force 60° above the positive x axis
has a positive ¥ component. Then the single force R that replaces the two forces is the vector sum of these
forces:

R, =80+ 100 cos 60° = 130N R, =100sin 60" =BT N

R=VR;+R;=156N & =tan"’

%1 =34° above positive x axis.

The force that balances R is —R with a magnitude of 156 N but pointing in the opposite direction to R: 34°
below negative x axis (or 214" above positive x axis).

Two forces act on a point object as follows: L0 N at 170° and 100N at 50°. Find their resultant.

d F,=100N at 170° above x axis; F, = 100 N at 5[F above x axis.
R=F +F: R, =100¢c0s170°+ 100 cos 50" = —=34.2 N R, = 100sin 170° + 100 sin 50° = 94.0 N

R=VR;+R;=100N 9=lan"%
has two solutions: 290° and 110°. From a look at its components we see that R lies in the second quadrant, so
the answer is 110° (or 70° above negative x axis). In a less formal approach we can find: ¢ =tan"'|R,/R.|,
which will give an acute angle solution, in this case of 70°, which always represents the angle with the positive
or negative x axis, and either above or below that axis. Since we already know from the components which
quadrant R lies in, we know the direction precisely. In our case the 70° is above the negative x axis.

A force of 100 N makes an angle of # with the x axis and has a y component of 30 N. Find both the x
component of the force and the angle 8.
B The data are sketched in Fig. 1-20. We wish to find F, and #. We know that

o 30
inf===—=|{),
sin B 100 0.30
from which 8 = 17.5°. Then, since a = k cos &, we have

F,=100cos 17.5=95.4 N

F, *  Fig. 1-20

A boat can travel at a speed of 8 km/h in still water on a lake. In the flowing water of a stream, it can move
at 8km/h relative to the water in the stream. If the stream speed is 3 km/h, how fast can the boat move past
a tree on the shore in traveling (@) upstream? (b) downstream?
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d (a) If the water were standing still, the boat's speed past the tree would be & km/h. But the stream is
carrying it in the opposite direction at 3 km/h. Therefore the boat’s speed relative to the tree is

& —3=5km/h. (b) In this case, the stream is carrying the boat in the same direction the boat is trying to
move. Hence its speed past the tree is 8 + 3= 11 km/h.

A plane is traveling eastward at an airspeed of 500 km/h. But a 90 km/h wind is blowing southward. What are
the direction and speed of the plane relative to the ground?

I The plane’s resultant velocity is the sum of two velocities, 500 km/h eastward and 90 km/h southward.
These component velocities are shown in Fig. 1-21. The plane’s resultant velocity is found by use of

R = V(500)* + (90)* = 508 km/h

The angle « is given by

Fig. 121 Fig. 1-22

With the same airspeed as in Prob. 1.41, in what direction must the plane head in order to move due east
relative to the earth?

I The sum of the plane’s velocity through the air and the velocity of the wind must be the resultant eastward
velocity of the plane relative to the earth. This is shown in the vector diagram of Fig. 1-22. It is seen that
sin 8 = 90/500, from which & = 10.4°. The plane should head 10.4° north of east if it is to move eastward on
the earth.

If we wish to find the plane’s eastward speed, Fig. 1-22 tells us that R = 500 cos # = 492 km/h.

A child pulls a rope attached to a sled with a force of 60 N. The rope makes an angle of 40° to the ground.
(a) Compute the effective value of the pull tending to move the sled along the ground. (b) Compute the force
tending to lift the sled vertically.

I As shown in Fig. 1-23, the components of the 60 N force are 39 N and 46 N. {a) The pull along tae ground
is the horizontal component, 46 N. (b) The lifting force is the vertical component, 39 N.

F, = 60 sin 40°
60N =39N
m.
F, = 60 cos 40° = 46 N x Fig. 1-23

Find the resultant of the coplanar force system shown in Fig. 1-24.
1 R=F,+F.,+F, R,=—40+80cos30° +0=29.31b R, =0-80sin30°+60=201b

R=VRI+R!=354lb #@=tan"’ %: 34.3°  above +x axis
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v ¥

Fy = 6itih Fi=tlh g F, = onlh

ko=

=

1 “\‘l“' F, = 251 | A 50
]

(2 MF }

¥ F, = 400h
Rl

=
1a

Fig. 1-24 Fig. 1-25

1.45 Repeat Prob. 1.44 for Fig. 1-25.
I R=F +F.+F,+F, R,=25+0-9%cos 50X +0=-3281b R, =0-—40-9sin50°+ 60 = —48.9 b

R=VR+R'=5891b ¢$=tan '

R_'| =5h#.1" below —x axis

1.46 Repeat Prob. 1.44 for Fig 1-26.

I R=R,+R.+R,+R, R, =-125¢0s 25"+ 0+ 180 cos 23° + 150 cos 62° = 122.8 b
R, = —125sin 257 — 130 — 180 sin 23° + 150 sin 62° = =120.7 lb

=44 5" below +x axis

R=VRTTRI=17221b. ¢ =tan ’[%

X

I
| Fyo= 1501h

62
iy
T kR *
F, o= 1257h Fi = 1801h
Fu= 1301h
Fig. 1-26

1.47 Compute algebraically the resultant (R) and equilibrant (E) of the following coplanar forces: 100 kN at 30°,
141.4 kN at 45°, and 100 kN at 240°,

I rR= F,+F,+F, R, = 100 cos 30° + 141.4 cos 457 + 110 cos 240°F = 136.6 kN.
Note: 100 cos 2407 = — 1M cos 60° 100 sin 2407 = — 100 sin 60°.
R, = 100sin 30¢F + 141.4 sin 45" + 100 sin 240° = 63,4 kN

—T3 R, .
R=VR.+R;=150.6 kN ¢ =tan"’ R 24.9° above +x axis.
E=-R=150.6KkN at 24.9°+ 180° = 204.9°  above +x axis

1.48 Compute algebraically the resultant of the following displacements: 20 m at 30°, 40 m at 120°, 25 m at 180°,
42m at 270°, and 12 m at 315°,

I D=d, +d,+d,+d, +d, = resultant displacement D, =20cos30° + 40c0os 120° - 25+ 0+ 12c05 315° =
=-193m

Note: 1807 is along —x axis; 270° is along =y axis; cos 120° = —cos 60°; sin 120° = sin 60", cos 315° = cos 457,
sin 315° = —sin 457,

D, =20sin 307 + 40 sin 120° + 0= 42 + 125in 315°==58m
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D, =16.7° below —x axis

D.=VvD;+D;=202m ¢=tan"’

or f=tan'=L=106.7" above +x axis.

SI®

Refer to Fig. 1-27. In terms of vectors A and B, express the vectors P, R, §, and .

I We have here a parallelogram, so R=B and P=A + R= A + B. Clearly § = — A and Q is the sum of —B
with A or Q= A -B.

Fig. 1-27

Refer 1o Fig. 1-28. In terms of vectors A and B, express the vectors E, D~ C, and E+ D - C.
I Clearly  E=A+BorE=—(A+B)=-A-B. D-C=D+(-C)=A. Then E+D-C=E+A = -B.

Fig. 128

A displacement D of 100 m from the origin at an angle of 37° above the x axis is the result of three successive
displacements: d,, which is 100 m along the negative x axis; d., which is 200 m at an angle of 150° above the x
axis; and a displacement d,. Find d,.

I D=d, +d,+d, D, =d, +dy +d,, or 100cos 37" = =100+ 200 cos 150° + dy, dy, =353 m
(Note: cos 150° = —cos 30°) D, = d,, +d, +ds, or 100 sin 37° =0 + 200 sin 150° + d,,

dy, ==40m (Note:sin 150°=sin30°). d,=Vdi, +d5,=355m ¢=tan"’ 5‘1 =6.5" below +x axis
Ay

The resultant force due to the action of four forces is R, which is 100N along the negative y axis. Three of
the forces are 100 N, 607 above the x axis; 200 N, 140° above the x axis; 250 N, 320° above the x axis. Find the
fourth force.

I R=F, +F,+F,+F, R,=F, +F, +F +F, or 0=100cos60°+ 200cos 140° + 250 cos 320° + F,,.
F.=-883N R, =F,+F,+F,+F, or —100=100sin 60° + 200 sin 140° + 250 sin 320° + F,,.

Fo=-1545N  FE=VF{ +F;=180N |;¢i=1:,a|1'|"%r = 60° below —x axis
ax

A car whose weight is w is on a ramp which makes an angle # to the horizontal. How large a perpendicular
force must the ramp withstand if it is not to break under the car's weight?

I As shown in Fig. 1-29, the car’s weight is a force w that pulls straight down on the car. We take
components of w along the incline and perpendicular to it. The ramp must balance the force component
w cos 8 if the car is not to crash through the ramp.
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Fig. 1-29

1.54 The five coplanar forces shown in Fig. 1-30{a) act on an object. Find the resultant force due to them,

J ¥

43 60" R 9/“\ 57N R

1N
R -3IN
2N
v
(a) ]
Fig. 1-.30
I (1) Find the x- and y-components of each force,
magnitude, N x component, N y component, N
19 19.0 0
15 I5coslF= 7.5 15s5in60°=13.0
16 —lhcos45° = =11.3 l6sin45"=11.3
11 =1lcos30f= —-9.5 —113sin 30°= -5.5
22 0 =220

Note the signs to indicate + and — directions.
(2) The resultant R has components

R=FE=190+75=-113-95+0=+57TN R=EF=0+13.0+11.3-55-220=-3.2N
{3) Find the magnitude of the resultant from
R=VR+R!=6.5N

{4) Sketch the resultant as shown in Fig. 1-29(b) and find its angle. We see that

3.2
tan ¢ -5_—_;—0,56

from which ¢ = 29°. Then we have # = 360° — 29° = 33]1°, The resultant is 6.5 N at 331° {or =297},
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1.55 Find algebraically the resultant (R) and equilibrant (E) of the following coplanar forces: 300N at 0°, 400 N at
30°, and 400 N at 1507,

I R=F,+F,+F, E=-R R, =300+ 400 cos 30° + 400 cos 150° = 300 N
Note that 400 cos 150° = =400 cos 30° 400 sin 150° = 400 sin 3P

R, =0+ 400 sin 30° + 400 sin 1507 = 400 N R=VRi+ R =300N ¢=lan"%|=§l‘above +x axis.

Then E = 500N, ¢, = 353° below —x axis.

1.2 THREE-DIMENSIONAL VECTORS; DOT AND CROSS PRODUCTS

1.56 Find the magnitude of the vector A in Fig. 1-31, whose tail lies at the origin and whose head lies at the point
(7.0m, 4.0m, 5.0m).
I First, note that the vector A and its vector component A, are the hypotenuse and one side of a right
triangle whose plane is perpendicular to the xy plane. Hence the pythagorean theorem gives A* = B + A%

But the vector B is itself the hypotenuse of the right triangle in the xy plane whose sides are the vector
components A, and A,. Thus you can use the pythagorean theorem again to obtain 8% = A2 + A: Combining

the two equations,
A=A+ AT+ A2 or A=VA; + A+ Al

which is the form taken by the pythagorean theorem in three dimensions.
For the data,

A=VT0mF+ (4 0m)+(5.0m);=95m

St

[ I I, . -I_. b=i 70 m, 4.0 m, 5.0ms

Loin

(T0m, 4.0 m, 0m
¥ i m Fig. 1-31

L57  Find the scalar components of the three-dimensional vector F in Fig, 1-32.

I In Fig. 1-32, F,, F,, F, are the rectangular vector components of F; the scalar components F,, F,, F, are
given by

F,=Fcosh, F. = Fcos 8, F.=Fcos 8,
Or for convenience, writing cos 8, =1, cos #,=m, cos 8, =n,
F=H F, =Fm F.=Fn

I, m, and n are referred to as the direction cosines of F. By the three-dimensional pythagorean theorem
(Prob. 1.56), F+m+n*=1.
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Fig. 1-32

In Fig. 1-32, let F represent a force of 200N, Let 8, =6(°, 8, =4(F. Find F,, F,, and F..
I =05 m=076 n=(1--m""=0404
(assuming that F, is positive; otherwise, n = —0.404), and the rectangular components of F are
F, =(200)(0.5)=100N  F=1532N  F =80.8N
As a check, (100° + 153.2% + 80.8%)"* = 200. Note that 6, = 66.17°,
Find the vector sum (R) of three vectors, F,, F,, F;, drawn from the origin of a three-dimensional coordinate
system such as that of Fig. 1.32.
I Following the component method,
R.=F,+F.+F, R =F,+F,+FK, R, =F,+FE +F,
and
R=[(F.+FE, +E) +(F, + F, + F,)’ + (F. + F. + F.)]"
where F,, is the X component of F,, etc. The direction cosines of R are given by
_E+E+R K +E+E R tF+R
R R R

The resultant {magnitude and direction) of any number of vectors drawn from € can be obtained in the
same way.

!

Define a unit vector.

I Any nonzero vector F may be written as F = Fe, where F is the magnitude of F and where e is a unir
vector (a vector whose magnitude is 1) in the direction of F. That is, the magnitude of F is indicated by F and
its direction is that of e. If F carries units (e.g., N, m/s), F carries the same units; e is a dimensionless vector.

Express the vector F in Fig. 1.32 in terms of umit vectors along the coordinate axes.

I In Fig. 1-32, let us introduce unit vectors i, j, k along X, ¥, Z, respectively. Then the vector components
of F can be written as

F,=Fi F,=FEj F.=Fk

according to Prob. 1.60. [If one of the scalar components is negative—say, F, = —|F,| = —|F,| —then we have
F, = —|F,|i=|F,| (—i), which is still as prescribed by Prob. 1.60.] Since F is the resultant of its vector
components, we obtain the very important expression F = Fi+ Fj + Fk. In this expression, F, = F cos 8, =
Fl, etc., as previously shown; and, as before, the magnitude and direction (direction cosines, that is) are
obtained as

F=(FI+Fi+F)"? |=

T lam
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A force F has components F, = 100N, F, =153.2 N, F, =80.8 N, Express F in terms of unit vectors and find
its magnitude and direction.

I The vector F can be written as F = 100i + 153.2j + 80.8k with magnitude F = (100° + 153.2° + 81%)"* =
200 N and direction:

100
lf=—= A ={j =
200 0.5 m ={.766 n=10.404

Strictly, we should have written

F=(100N)i+ (153.2N)j + (80.8 N)k or F=100i+ 153.2j + 80.8k N
A force A is added to a second force which has x and y components 3 N and —5 N. The resultant of the two
forces is in the —x direction and has a magnitude of 4 N. Find the x and y components of A.

F letA=Ai+Aj Then A, +3=-4and A, —5=0.S0 A, =—TNand A, =5N.

Express A, B, and C of Fig. 1-13 in terms of the unit vectors i, j, and k.

I A=Ai+Aj+Ak=6im, B=6i+104jm, and C=4.5i - 7.8j m.

Find the components of a displacement which when added to a displacement of 7i — 4j m will give a resultant
displacement of 5i — 3j m.

F Wehave A, +7=5and A, ~4=-3, 504, =-2mand A, =1 m.

Find the magnitude and direction of the vector sum of the following three vectors: 2i — 3j, —% — 5j, 4i + §j.
§ Wehave (2-9+4)i+(=3-5+ 8)j = =3i. Thus, it is 3 units along the —x direction.

What must be the components of a vector which when added to the following two vectors gives rise to a
vector 6j: 10i — Tj and 4i + 2j7

I Call the vector A. Then A, + 10+ 4=0and A, - 7+2=6 S0 A, =—1dand A, = 11.

A certain room has a floor which is 5 X 6 m and the ceiling height is 3 m. Write an expression for the vector

distance from one corner of the room to the corner diagonally opposite it. What is the magnitude of the
distance?

I ‘The x, y, z displacements in going from one corner to the other are 5, 6, and 3m, respectively. Therefore,
D =5i + 6j + 3k m. Also, D’ =D+ D} + D}, which gives D =8.4m.

Find the displacement vector from the point (0, 3, —1) m to the point {—2, 6, 4) m. Give your answer in i, j, k
notation. Also give the magnitude of the displacement.

I The component displacements are D, = -2-0=-2, D, =6-3=3, and D, =4 = (=1)=35; thus
D=-2i+3j+35kmand D=62m.

An object, originally at the point (2,5, 1) cm, is given a displacement 8i — 2j + k cm. Find the coordinates of
its new position.

I The new coordinates are x =2+ 8=10; y =5+ (-2)=3; z =1+ 1 =2. The object is at {10, 3, 2) cm.

Find the resultant displacement caused by the following three displacements: 2i — 3k, 5j — 2k, and

—6i + j + 8k, all in millimeters. Give its magnitude as well as its i, j, k representation.

J R=(2-6)i+(5+1)j+(-3-2+8)k=—4i+6j+3kmm, and so R =61""=T.8mm.

Give the i, j. k representation and magnitude of the force which must be added to the following two forces to
give a force Ti— 6j — k: 2i— 7k and 3j + 2k. All forces are in newtons.

I Call the force F. Then F, +2=7; F, +3==6; F, =7+ 2= ~1. Therefore F=5i—-9+4kNand F=11N.

Vectors A and B are in the xy plane. If A is JON at 90° and B is 120N at 210°, find () A — B, and
(b) vector Csuch that A-B+C=0.
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I A and B written in terms of unit vectors are A = 70j and B = —120 cos 30% — 120 sin 30% = — 104i — 60j.
(a) A—B=(0+104)i+(70+60)j=166N at 51°. (b) C= —(A — B)= —104i - 130j = 166 N at 231°.

If A=2i-3j+5kmm and B= i~ 2j+ 7k mm, find (in component form) (a) A—B. () B—A.
(e} Vector C such that A+ B+ C=0.

F @A-B=2-(-1]i+[-3-(-2+(5-Tk=3i—j—-2kmm (b)) B-A=—(A—B)=
~3i+j+2kmm (€) C= —(A + B) = —i + 5 — 12k mm.

Vector A =31+ 5j = 2k and vector B = =3j + ok. Find a vector C such that 2A + TB+4C=0.

I A vector is zero if and only if each of its components is zero. For example, 24, + 7B, +4C, =0, so
C,=—15 For C,, solve 2(5) + 7(-3) + 4C, =0 to obtain C, =2.75. Similarly, C. = —9.5. Therefore
C=-1.5i+2.75j — 9.5k.

A certain vector is given by 3i + 4j + 7k. Find the angle it makes with the z axis.
I First find the projection of the vector in the xv plane; this is (3* + 4*)"* = 5. The magnitude of the vector is
(7" + 5% = 8.6 and it makes an angle of tan"'(5/7) = 35.5° to the z axis. Otherwise, from Prob. 1.61,

COs EJ,=%=D.SI¢ 8, =35.5°
F+a4+7T '

What must be the relation between vectors A and B if the following condition is to be true:
A-IB=-3(A+B)
If vector A =6i — 2k m, what is B?
I One has A — 2B = -3A - 3B, s0 4A = —B. Substituting 6i — 2k for A gives B = —24i + 8k m.
What must be the relation between two vectors A and B if the magnitude of A + B equals the magnitude of
A —B. that is,
|A +B|=|A-B|
d A and B must be mutually perpendicular. To see that, let P and Q be two vectors of the same magnitude.

As shown in Fig. 1-33, P and Q form a rhombus whose diagonals, P + @ and P — Q, are necessarily
perpendicular. Now set P=31(A +B), Q=1A—B).

Fig. 1-33

The vector displacements of two points A and B from the origin are
s54=23i-2j+5kcm and sp=—i—5j+2kcm
Find the magnitude and i. j. k representation of the vector from point A to point 8.

I The vector in question has components D, = =1 =3==4; D, = -5— (-2)=-3 D, =2-5=-3.
Thus D = —4i = 3j — 3k cm and from 0¥ =4+ 3"+ 3, we find D =5.8cm.

The rectangular components of an acceleration vector a are a, = 6, d, =4, a, =9m/s’. Find the vector
expression for a and its direction cosines.
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# 1n vector form, a = 6i + 4j + 9k m/s*. The magnitude of a is @ = (6" + 4* + ¥)"* = 1L.53 m/s’. and the
direction cosines of a are

1.81 Find a vector expression for a line segment.

I The straight line ab, Fig. 1-34, is determined by points P, and P.. Regarding the line segment from P, 10 P,
as @ vector §, we can write

5= fI;- _I|1i+{}'_‘ __"'1]‘]. + [Z:— :l]k
with magnitude s = [(x- —x, )" + (v, - v,)* + (2. — 2,)']"" and direction

X=X Vo= Wy =2
== m== : n=
5 5 5
Zz
P. b
Py * [
a |
| e
| I
i
(&) — + - ;
_h | /.
W y 4 .
x Fig. 1-34

An important special case of this is the so-called radius vector r, the directed segment from the origin O to
a point P(x, y, z):

r=xi+yvj+zk

with = (x* + v* 4 z7)'" and

1.82 Consider the velocity vector v = 16i + 30§ + 24k m/s, with v = (167 + 30° + 24°)'7 = 41.62 m/s. direction given
by I = 16/41.62, etc.
Now let us multiply ¥ by 10: 10v = 160§ + 300j + 240k = v,. Find the magnitude and direction of v,.

I vy = [(160) + (300)° + (240)°]" = (10)(41.62) = 10

and the direction cosines of v, are

po_ 160 _ 16 _
'TI0)41.62) 41.62

! my,=m m=n

which shows that v, has the direction of v,

1.83 Define the scalar or dot product of two vectors,

I The dot product of any two vectors, as F, and F,, Fig. 1-35, is written as F, < F, and is defined as the

product of their magnitudes and the cosine of the included angle. That is, F, - F. = F F. cos 8, which is a scalar
quantity. In Fig. 1-35, F, =75, £,=100, # = 60°. Thus, F, - F, = (73)(100){(0.5) = 3750.

1.84 Find the dot products of the unit vectors along X, ¥, Z.
I Since i, j, k are mutually perpendicular and of unit magnitude, the definition of the dot product gives

ici=jj=k-k=1 i-j=i-k=j-k=0
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Fig. 135

Find the dot product of any two vectors in terms of rectangular components.
J Write any two vectors as

F =F,i+F,j+F.k F,=FRi+Ej+FE.k
Their dot product is given by

F-F=(Ri+F,j+F.k)-(Ei+Ej+Ek)

The right-hand side may be simplified by noting that the distributive law holds and employing the values of
i+i, etc., found in Prob, 1.84,

F,-F;=F.,F, +F,E +F.E,

To check that F, - F, is just the quantity F, F; cos 8, where 8 is the angle between F, and F,, multiply and
divide the right side through by F F,, giving

F.E K E F.EW
‘Fy= —_— —_—= L+ mymy+
| 0 o Eﬂ(ﬁﬁ+ﬁ—lﬁ+ﬁﬁ) EEL L+ mmy + nyns)

Now, the familiar addition formula in two dimensions,
cos B = cos (6, — ;) =cos 8, cos 6, +sin O, sin B, =01, + m,m,

extends to three dimensions as cos # =1,{, + m,m, + n,n,. Hence, the above becomes F, F; cos 8, and this
method of multiplication is, as expected, in accord with the definition of the dot product.

Let F, = 10i — 15j — 20k, F, = 6i + 8j — 12k. Find their dot product and the angle between them.

! F, - Fy=(10)(6) + (—15)(8) + (—=20){—12) = 180
Now note that F, = (107 + 15% + 20°)"* = 26.93, F, = 15.62. Hence, the angle # between F, and F, is given by

cos =P F_ 180
T RE  (26.93)(15.62)

=(.4279 # = 64.66°

Of course, the same value can be obtained from cos 8 = [,[; + m,m; + n,n,.

Find the projection of any vector along a straight line.

I The projection of vector A = (A,. A,, A,) along the line determined by the radius vector r=(x, y, z) is
A, = Acos 8, where 8 is the angle between r and A. From the definition of the dot product, A-r=

(Arcos 8)= A, r. Hence, writing ¥ = (1/r)r= (I, m, n) —a unit vector along r—we have A, = A-i=

A+ A,m+ A.n. This expression for A, remains valid even when the line does not pass through the origin.

Find the projection of A = 10i + 8j — 6k along r= 5i + 6j + 9%k.
I Here r = (5" + 6 +9%)"* = 11.92 and Prob. 1.87 gives

5 6 9 44
A =Al+Am+A, =m( )+ ( —5( _M
y L0 .92 a11.92) 11.91) 1192 ==
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1.89 Define the cross product {or vector product) of two vectors.

f The cross product of two vectors, as F, and F,, Fig. 1-36, written as F = F, x F,, is defined as a vector F
having a magnitude F = F F, sin # and a direction which is the direction of advance of a right-hand screw
when turned from F, to F; through angle @, it being assumed that the axis of the screw is normal to the plane
determined by F, and F, (the righr-hand screw rule). Or, if the curled fingers of the right hand point from F,
to F,, the extended thumb points in the direction of F (right-hand rule).

Note that in accord with the right-hand screw rule, F, XF, = —(F, XF)).

1.90 Find the cross products of the coordinate unit vectors.

I Since i, j, k are mutually perpendicular and of unit magnitude, it follows from the definition of the cross
product that

ixi=jXj=kxk=0
iXj=k jxk=i kxi=j jxi=-k kxXj=-i ixXk=-j

1r=r.:r, ¥

F3. ma, Ny

Vector Product C= AxB
Fig. 1-36 Fig. 137

191 Given two vectors, as in Fig. 1-37,
A=Aji+Aj+Ak B=Bi+Bj+Bk
find their cross product in rectangular coordinates.
1 C=AXB=(Ai+Aj+AKk)X(Bi+Bj+Bk)
Applying the distributive law to the right-hand side and using the values of i X i, etc.. found in Prob, 1.90, we
obtain _
C=AXB=(AB -AB)i+(AB -AB)j+(AB -A Bk
Equivalently, A X B may be expressed as a determinant:

ijk
C=AXB=|AA A,
B, B! B,

as may be verified by expanding the determinant with respect to the first row. Note that the X, ¥, Z
components of C are

C,=AB,~AB, C,=(A,B.~AB) C,=AB —ASB,

Hence the magnitude of Cis €= (C2+ CX+ €)' and its direction cosines are

_G _C =G
t=c m=¢ "=T

Vector C is, of course, normal to the plane of vectors A and B.



20 [ CHAPTER1

1.92 Assuming that vectors A and B, Fig. 1-38, are in the XY plane, determine the magnitude and direction of
C=AxB
] C = (200)(100) sin (55° — 15%) = 20 000 sin 40° = 12 855
and by the night-hand rule the direction of C is that of +Z. Vectorially we can write C = 12 885k.

Y

Fig. 1-38

193 Referring to Fig. 1-37, let A = 20i — 10j + 30k and B = —6i + 15j — 25k. (a) Find the magnitudes of A and B.
(b) Find the direction cosines of A. (¢} Find the vector product C = A X B. (d) Find the magnitude and
direction of C. (e} Find angle & between A and B () Find the values of the direction cosines I,, mt,, n, of B,
and find angles a,,, &y, o, between B and the X, ¥, and Z axes, respectively.

I (@) A=(20"+10° + 372 =37.42 B=29.77
(b) | = 20 _ =10 30
Fyae MTynae "Tyna
(c) Applying the determinant formula,
i j ok
C=|20-10 30
-6 15-125
C =i[(-10)(-25) — (15)(30)] — j[(200(—25) — (30)(—6)] + k[(20)(15) — (~10)(—6)]
= = 200§ + 320§ + 240k = 200(—i + 1.6j + 1.2k)
{d) The magnitude of C is C=200{1°+ 1.6 + 1.2°)'" = 447,21
- 200) 320 240

b=z ™ w2 Mo
Note that C = C(/;i + m,j + n.k).

The direction cosines are

(e) C=ABsinf  447.21=(37.42)(29.7sin@  sin@=040145 6=23.67
o B = —6i + 15j — 25k = B(Li + m,j + n-k)
Thus Bl,=—6  Bm,=15  Bn,=-25 B =(6"+ 15+ 25" =29.766

L= —0.2016 m, = 0.5039 n, = —{).8399
Corresponding angles are ay, = 101.63° sy = 59.74° = 147.13"



CHAPTER 2
Equilibrium of Concurrent Forces

2.1 ROPES, KNOTS, AND FRICTIONLESS PULLEYS
21 The object in Fig. 2-1{a) weighs 50 N and is supported by a cord. Find the tension in the cord.

d Two forces act upon the object, the upward pull of the cord and the downward pull of gravity. Represent

the pull of the cord by T, the tension in the cord. The pull of gravity, the weight of the object. is w =50 N.
These two forces are shown in the free-body diagram, Fig. 2-1(b).

The forces are already in component form and so we can write the first condition for equilibrium at once,
Y FE=0 becomes 0=0
S F=0 becomes T-50N=0
from which T =50 N.

B ¥
r
lu- =50 N
(a) (&) Fig. 2-1
2.2 As shown in Fig. 2-2(a), the tension in the horizontal cord is 30 N. Find the weight of the object.
¥
§
T.sin 40°
mn
T, cos 40° 0N x
'_l"! -
L J
(&)

Fig. 2:2

I As seen in Prob. 2.1, the tension in cord 1 is equal to the weight of the object hanging from it. Therefore
T, =w, and we wish to find T, or w.

Note that the unknown force, T,, and the known force. 30N, both pull on the knot at point P. It therefore
makes sense to isolate the knot at P as our object. The free-body diagram showing the forces on the knot is
drawn as Fig. 2-2(b). The force components are also found there.

Next write the first condition for equilibrium for the knot. From the free-body diagram,

Y F,=0 becomes 30N~ T,cosd0"=0
S E=0 becomes T.sind0"—w=0

Solving the first equation for T, gives T, = 39.2 N. Substituting this value in the second equation gives
w =25.2 N as the weight of the object.

21
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2.3

2.4

2.5

2.7

For the system of Fig. 2-3(a), find the values of T; and T; if the weight is 600 N.

Ta

600 N

(b) Fig. 2-3

I Consider the knot to be in equilibrium under the action of three forces, as shown in Fig. 2-3(b).
ZF,-IJ yields Les50-T,=0 or 0643L=T,
SE=0 vyields TsinS0°-600N=0 or 0.766T,=600N
This gives T: = 783 N. Substituting into the I F, equation yields T, = 503 N.
The following coplanar forces pull on a ring: 200 N at 30°, 500 N at 80°, 300 N at 240°, and an unknown force.
Find the magnitude and direction of the unknown force if the ring is to be in equilibrium.

# Assume that the 0° line is the x axis and 90° specifies the y axis. The three known forces are then as shown
in Fig. 2-4. If F, is the unknown force, then F, + F,+F;+F,=0. Let R=F,+F;+F,, then R+ F,=0=>
F,=—R. To find F,, we need only find R.

Fig. 2-4

R, =F, +F, + F, = F, cos 30° + F, cos 80° — F, cos 60°, R, = 200(0.866) + 500{0.174) — 300(0.500) = 110 N
R, = F; sin 30° + F, sin 80° - F, sin 60°, R, = 200(0.500) + 500(0.985) — 300(0.866) = 333N, R = (R? + R?)"* =

R
351 N, tan &, =R—'$ﬂ =717, F,=R and 8, = 8, + 180° = 252°

In Fig. 2-5(a) the value of W is 180 N. Find the tensions in ropes A and B.

I Refer to Fig. 2-5(b). Summing forces in the x and y directions to zero yields A = B cos 53 and
B sin 53° = W = 180. From the latter, B = 225 N, which when inserted into the former gives A =135N.

[f the identical ropes A and B in Fig. 2-5(a) can each support tensions no larger than 200 N, what is the
maximum value that W can have? What is the tension in the other rope when W has this maximum value?

I From Prob. 2.5, B will experience the largest tension, 200 N in this case. Solve for forces along the
vertical: W = 200 sin 53° = 160 N, and in the horizontal direction find A = 200 cos 53° = 120 N.

A rope extends between two poles. A 9%0-N boy hangs from it, as shown in Fig. 2-6(a). Find the tensions in
the two parts of the rope.
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B
53 A
YO =W
()
Fig. 2-5
¥
10° ¥
T, Ty
T, sin 10° T, sin 5°
T, cos 10° Tycos5* x
w=9%N
{a) (b

Fig. 2-6

I Label the two tensions T, and T;, and isolate the rope at the boy's hands as the object. The free-body
diagram for this object is shown in Fig. 2-6(b).

S FE=0 becomes Ticos5°— T, cos10°=0

Y E=0 becomes Tisin5°+ Tisin10°~90N=0
Evaluating the sines and cosines, these equations become

0.996T, - 0.985T,=0  and 0.087TT + 0.174T, — 90 =10
Solving the first for T, gives T, = 0.989T,. Substituting this in the second equation gives

0.086T, + 0.174T, — 90 =0

from which T, = 346 N. Then, because T; = (0.989T,, we have T, =342 N.

The tension in cord A in Fig. 2-7 is 30 N. Find the tension in B and the value of W.

'15{)"-‘ 60"

Fig. 27

I Draw a free-body diagram for the point on the rope where the cords meet; the equilibrium relations in the
x and y directions are T, cos 50° = T cos 60° and W = T, sin 50° + T} sin 60°, where T, = 30 N. Solving:
Ty=39N and W =56N.

In Fig. 2-7, how large are T, and T, if W =80N?

I The equilibrium equations have already been obtained in Prob. 2.8, The y-equilibrium equation when
W = 80N is 80 = T,[sin 50° + (tan 6(°)(cos 50°)], where we have substituted for T, from the horizontal
equation. Thus the tensions are T, =43N and T, =55N.
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2.10 A boy of weight W hangs from the center of a clothesline and distorts the line so that it makes 20° angles with

the horizontal at each end. Find the tension in the clothesline in terms of W.

I From Fig. 2-8, 2T sin 20° = W. Therefore T = 1.46W.

1 1 e
¥ R J 2

W

Fig. 2-8

1 In shooting an arrow from a bow, an archer holds the bow vertical and pulls back on the arrow with a force
of 80 N. The two halves of the string make 25° angles with the vertical. What is the tension in the string?

I Setting horizontal forces to zero at the point on the string held by the archer we obtain 80 = 2T sin 25°,
whence T=95N.

.12 In Fig. 2-9(z), the pulleys are frnictionless and the system hangs at equilibrium. If wsy is a 200 N weight, what
are the values of w, and w,?

|
@) M Fig. 2-9

I The knot abave w, is in equilibrium under the action of three forces, as shown in Fig. 2-9(b). Since the
pulleys are frictionless, 7o = wy; Ty =ws, Also T, =w,. We are given Ty =w, =200N. From £ F, =0,
Ty sin 35° — T;sin 50° = 0. (Note the x-component equation involves sine functions because angles are with
respect to y axis,) Then 20000.574) = T,(0.766) > I, = 150N =w,. From £ F, =0, T,c0s35" + T,cos 50° =T, =
0 or 20000.819) + 150(0.643) =T, > T, =260 N = w,.

2.13 Suppose w, in Fig. 2-9{a) weighs 500 N. Find the values of w;, and w, if the system is to hang in equilibrium.
I Now T,=500N in Fig. 2-9(b). ¥ F, =0=> T;sin 35" — Tasin 50° = 0=0.574T, = 0.766 T:. Or solving for T;,

T,=133T, 1)
L FE=0=Tcos35+ Tcos 50° = T, = 0= 0.819T, + 0.643T, = 500 N. Substituting 1.33T; for T, we have
0.819(1.337) + 0.643 . = 500N = 1.73T, = SO0 N T.=289N

From (1), we get T, =384 N.

2.14 Find the tensions in the ropes shown in Fig. 2-10 if the supported object weighs 600 N,

Fig. 2-10
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I Let us select as our object the knot at A because we know one force acting on it. The weight pulls down
on it with a force of 6800 N and so the free-body diagram for the knot is as shown in Fig. 2-11{a}. Applying
the first condition for equilibrium to that diagram, we have
EE=U or T cos 60° = T, cos 60° =1() ZF,:(} or 11 5in60° + Tsin60° — 600 =10

The first equation yields T, = T;. Substitution of T, for T; in the second equation gives T, =346 N, and this is
also T..

Let us now isolate knot B as our object. [ts free-body diagram is shown in Fig 2-11(b). We have already
found that T, =346 N and so the equilibrium equations are

DE=0 or Tcos20°—T,~3465in I0°=10

E.E=0 or Tosin 20F = 346 cos 30° =0

The last equation yields T, =877 N. Substituting this in the prior equation gives T = 651 N.

{a) 3] (c)
Fig. 2-11
We can now proceed to the knot at C and the free-body diagram of Fig 2-11(c). Recalling that T, =346 N,
Y E=0 becomes T.+346sin30°— Ticos20°=0
> F=0 becomes T,sin20° - 346cos 30° =0

The latter equation yields T, = 877 N.
[Note that from the symmetry of the system we could have deduced T, =T, and T, = T..]

2.15 If w=40N in the equilibrium situation shown in Fig. 2-12(@) find T; and T..

¥
T

e

Fily

T,

(b) Fig. 2-12

I The knot is in equilibrium under the action of three forces, and the free-body diagram is as shown in Fig.
2-12(b). Ti=w=40N.

S E=03>Tsin 7P~ T,cos60°=0 or  (0.940)Ty=(0.500)T;, T,=188T,
S E=0>Tsin60°— Tyc0870°— T,=0,  (0.866)7, — (0.342)T, = T, =40N
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2.16

2.17

2.18

2.19

2.20

Substituting for T,
(0.866)(1.88T>) — (0.342)T; =40N  1.297;=40N T,=31.0N and 7,=(1.88)(31.0)=58.3N
Refer to Fig. 2-12(a). The cords are strong enough to withstand a maximum tension of 80 N. What is the
largest value of w that they can support as shown?
I From Prob. 2.15 the equilibrium equations are, for any w,,
T,=1.88T; (1
0.866T, — 0.342T, = w (2)

From Eq. (1) it is clear that T, > T, always. Therefore T; will reach the breaking point first. We thus set
T,= 80N to find the corresponding w. From (1),

1.88T,=80N=T,=42.6
From (2), w = (0.866)(80 N) — (0.342)(42.6 N) =54.7N

The weight W, in Fig. 2-13(a) is 300N. Find T,, T, T, and W,.

-~
3
&
B

(a) (h) (c) Fig. 2-13
I From Fig. 2-13(b): T, sin 37° =300 so T, = S00N. Also, T; = T, cos 37° = 400 N. From Fig.
2-13(c), T;cos53°=T;, so T; =670 N. But T;sin 53° = W;, so W, =530 N. (Note answers are to two-place
accuracy).

If 8, = 0, in Fig. 2-14, what can be said about T, T;, T;, W,, and W, provided the pulley is frictionless?

Fig. 2-14

# Where the three ropes join, 7,sin 6, = T;sin 6,, so T, =T,. Also T, = T; and W, = T,. Further, the
equilibrium condition for the vertical direction is W, = 2T, cos 8,. Therefore 7, =T, = T, = W, = W,/(2 cos 8,).

In reference to Fig. 2-14, if 6, = 53° and 6, = 37", how large is W, in comparison to W,?

I Since T, =T, = W,, the equilibrium equations are W, sin 37° = 7, sin 53° and T, cos 53° + Wscos 37° = W,.
Solving for T, in the first equation and placing it into the second yields W, = 1.25W;.

Suppose that W, = W; in Fig. 2-14 and that 6, = 53°. Find 6,.
I The equilibrium equations are W;sin 6, = T, sin 53° and T, cos 53° + W, cos 8, = W,. Eliminating 7, in the
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second equation by use of the first yields

sin @, cos 33° + cos . 5in 533°=sin 53  or  sin(#, + 537) =sin 53°
Thus, cither 8, =0 [the two weights are on the same vertical line and T, = 0] or else (8, + 53°) + 53° = 180° =
8, =74 [the “normal” answer].

Refer to Fig. 2-15(a). What is the tension in cord AB?

N RN RN ‘ e

(a) (i) Fig. 2-15

I First find the tension in the cords below the cord in question by balancing vertical forces at the lower
junction in Fig. 2-15(a): 2T cos 30° =70, so T = 40.4 N. Equilibrium conditions for junction B [Fig. 2-15(b)]
are T' cos d0F = T,y + T sin 307 T sin 40° = T cos 30°, Substituting for T and eliminating 7" from the two
relations yields T,y =21.5 N. From symmetry the same equations are found at junction A.

The weight w in Fig. 2-16{a) is 80 N and is in equilibrium. Find 7}, T, T;, and T,

N

{a} {h) ()

Fig. 2-16

d Labeling the lower knot A and the upper knot B, we have the free-body diagrams of Fig. 2-16(b) and (c).
We address the equilibrium of knot A first because it involves the only known force.

Y E=03Tsin2¥-T,=0 T,=0.423T,

S E=03T,cos25°-80N=0 09067,=80N T.=883N

Then from before, T, =37.4 N.
Turning now to knot 8, and remembering that we know T,

> F=03Tsin55-T, - T;sin25° =0
or
0.819T, - T.=0423T,=37.4N (1)

S E=0>T,c0s55 - Tc08 25 =005, =80N> T, = 140N

From (1), T = 0.8197, - 37.4 =77N.
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2.3 The pulleys shown in Fig. 2-17(a) have negligible weight and friction. What is the value of w if it remains
supported as shown by the 70-N weight?

AR

(a) () Fig. 2-17

I Consider the lower pulley system (just above weight w) as the system in equilibrium. Since it is weightless,
it is in equilibrium under the action of five forces, as shown in Fig. 2-17(k). T; and T, and T, are due to the
common cord wrapped about the ceiling pulley directly above, around the system pulley, and around the
other ceiling pulley, and finally connected to the 70-N weight. Since the pulleys are frictionless, T, =T, =T, =
TON. For the body in equilibrium,

S E=03Tcosd0" - L=0>T,=(0.766)(T0N) =53.6 N
S E=03T,+ T+ Tsind0" —w=02w=T0N+ 70N + (70 N)(0.642) = 185 N

2.24 How large is the force that stretches the patient’s leg in Fig. 2-187 How large an upward force does the device
exert on foot and leg together? Assume frictionless and massless pulleys.

Fig. 2-18

I 3 kg weighs about 30 N. Since the pulleys are frictionless and with negligible mass, the tension T in the
cord is the same everywhere. T holds up the weight, so T =30 N. The forces on the leg and foot from the
device are caused by the tensions in the cord. The horizontal or stretching force is T + T cos 30° = 56 N, while
the upward force is T+ Tsin30°=45N.

2.25 For the situation shown in Fig. 2-19, with what force must the 600-N man pull downward on the rope to
support himself free from the floor? Assume the pulleys have negligible friction and weight.

I Call 7 the tension in the rope the man is holding; T is the same throughout the one piece of rope. The
other vertical force on the man is the tension in the rope attached to the pulley above the man's head, which
must be 2T for the pulley in equilibrium. The net vertical force is 37T, which is balanced by his weight of
600 N. Therefore the man exerts a downward pull of 200 N,

2.26 In the setup of Fig. 2-20, the mobile pulley and the fixed pulley, both frictionless, are associated with equal
weights w. Find the angle 8.

I Since the tension in the cord is w, the condition for vertical equilibrium of the mobile pulley is
2wsin@=w, orsin @=14, or §=30°,
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Fig. 2-19

R Fig. 2-20
2.2 FRICTION AND INCLINED PLANES

2.271 A 200-N wagon is to be pulled up a 30" incline at constant speed, How large a force parallel to the incline is
needed if friction effects are negligible?

Pulling

Support
force

by incline

Fig. 2-21

I The situation is shown in Fig. 2-21(a). Because the wagon moves at constant speed along a straight line,
its velocity vector is constant. Therefore the wagon is in translational equilibrium, and the first condition for
equilibrium applies to it.

We isolate the wagon as the object. Three nonnegligible forces act on it: (1) the pull of gravity w (its
weight), directed straight down; (2) the force P exerted on the wagon parallel to the incline to pull it up the
incline; (3) the push ¥ of the incline that supports the wagon. These three forces are shown in the free-body
diagram, Fig. 2-21(b).

For situations involving inclines, it is convenient to take the x axis parallel to the incline and the y axis
perpendicular to it.  After taking components along these axes, we can write the first condition for equilibrium.

YE=0 becomes P-050w=0 X E=0 becomes Y-0.87w=0

Solving the first equation and recalling that w = 200 N, we find that P = 0.50w = 100 N. The required pulling
force is 100N,



30

2.28

2.29

.30

J CHAPTER2

A box weighing 100N is at rest on a horizontal floor. The coefficient of static friction between the box and
the floor is 0.4, What is the smallest force F exerted eastward and upward at an angle of 30° with the
horizontal that can start the box in motion?

Nl

w
I First draw a force diagram, Fig. 2-22. Next, consider the forces in the x direction and apply the conditions
for equilibrium, noting f equals its maximum value to start motion.

Fig. 2-22

SFE=0 Fcos8—f=0 FcosB=f 0.866F =f=puN=04N

Now apply the conditions for equilibrium to the forces in y direction.
EF,=I} N+Fsinf-W=0 N+05F-10=0 N=100-0.5F
Substituting this equation for N in 0.866F = 0.4N above,
0.866F = 0.4(100 - 0.5F)  0.866F + 0.2F =40 F=315N

A block on an inclined plane just begins to slip if the inclination of the plane is 50°. (@) What is the

coefficient of static friction? (b) If the block has a mass of 2 kg, what is the actual frictional force just before
it begins to slip?

Fig. 2-23

I (a) From Fig. 2-23:
fumep =mgsin50°  N=mgcos50° g, =f, /N =1an 50°=1.192
(b) f, = mg sin 50° = 2(9.8)(0.766) = 15.0N
A S0-N box is slid straight across the floor at constant speed by a force of 25N, as shown in Fig. 2-24(a).
How large a friction force impedes the motion of the box? How large is the normal force?

¥
25N
3 25 gin 40°

25cosd0F x

50N

(@) (b)
Fig. 2-24
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I Note the forces acting on the box as shown in Fig. 2-24(a). The friction is f and the normal force, the
supporting force exerted by the floor, is Y. The free-body diagram and components are shown in Fig. 2-24(5).
Because the box is moving with constant velocity, it is in equilibrium. The first condition for equilibrium tells

us that YE=0 or 25cosd0°—f=0

We can solve for f at once to find that f = 19N, The friction force is 19N,
To find ¥ we use the fact that

YE=0 o Y+25sind0°-50=0

Solving gives the mormal force as ¥ =34 N.

Each of the objects in Fig. 2-25 is in equilibrium. Find the normal force, ¥, in each case.

)]
Fig. 2-25
I We apply & F, =0in each case.
(@) Y+200sin30F-500=0 from which Y=400N
(B) Y=200sin30° = 150=0  from which Y =250N
{c) ¥Y-200cos8 =0 from which ¥ =(200cos #) N

For the situations of Prob. 2.31, find the coefficient of kinetic fniction if the object is moving with constant
speed.
I We have already found Y for each case in Prob. 2.31. To find f, the sliding friction force, we use T F, =0.

(a) 20 cos I =f =0 and so f=173N
Then, p, =f/Y = 173/400 =0.43.

(b) 200cos M°—f=0 andso  f=173IN
Then, p,=f/Y =173/250 =(.69.

(c) =20 siné+f=0 and so f=1{200sin 8) N

Then, y, = f/¥ = (200 sin 8)/{200 cos ) = tan 8.

Suppose that in Fig. 2-25(c) the block is at rest. The angle of the incline is slowly increased. At an angle
& =42°, the block begins to slide. What is the coefficient of static friction between the block and the incline?
(The block and surface are not the same as in Probs. 2.31 and 2.32.)

I At the instant the block begins to slide, the friction force has its critical value. Therefore, u, =f/Y at that
instant. Following the method of Probs. 2.31 and 2.32, we have

Y=wcosf# and f=wsind

Therefore, when sliding just starts,

f wsin@
mEemam—= (il
Y wcosé an

But # was found by experiment to be 42°. Therefore, p, = tan 42° =(0.90.

Ha
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2.3  Two weights are hung over two frictionless pulleys, as shown in Fig. 2-26(a). What weight W will cause the
300-1b block to just start moving to the right?

45 30 b ar

o= (.3
HJ

fer

it I

Fig. 226

d From the force diagram, Fig. 2-26(b),
T =40cos45° =28.31b T, =40sin 45 =28.3 b

SE=0 T +W+N-300lb=0 283Ib+Wsin30°+N=300lb N=3001b—2831b—0.5W

SE=0 W-T-pN=0 =03 Wecos3°-283b-03N=0

We substitute N =271.7 — 0.5W into the last equation to get
W cos 30" — 28.31b — 0.3(271.7 - 0.5W) = 0.
Solving for W gives W = 108 Ib.

2.35 Assume that W =601b, 8 =43°, and p, =0.3 in Fig. 2-27(a). What push directed up the plane will move the
block with constant speed (a) up the plane and (b) down the plane?

(a) Fig. 2-27
I The weight components are:

W, = (601b) sin 43° =40.92 1b W, = (601b) cos 43° =43.88 Ib
{a) Using Fig. 2-27(h),

2E=0 N-W=0 N=4388Ib
F=uN=03(43.88) FE=1316lb
XE=0 P-E-W.=0 P=1316+40.92 P=541lb
(b) The push is now just enough to keep motion down plane to constant speed. From Fig. 2-27(¢),

2E=0 P+FE-W.=0 P=4091b-1316b P=278Ib
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2.36  What horizontal push P is required to just hold a 200-N block on a 60° inclined plane if y, =0.4?7

(a) (b) Fig. 2-28

I Figure 2-28(a) is the free-body diagram.
W,=200c0s30°=173.2N W, =200sin30°=100N  F=uN
SE=0 N-P-W,=0 P, =Pcos30® N=Pcos30°+ W, =0.866P + 100N
2E=0 P+uN-W,=0 u=04

Psin30° + 0.4(0.866F + 100N) = 173.2N=0  05P+0346P + 40N - 173.2N=0 P=15TN

2.37 In Prob. 2.36, what horizontal push would just start the block moving up the plane?
I Now Fig. 2-28(b) applies.

SE=0 N=100N+0866P S F=0 Psin30°-W,-uN=0

0.5P = 173.2N = (0.4)(0.866P + 100N) =0  05P-173.2N-0.346P = 401b=0 P=1

2.38 In Fig. 2-29(a), the system is in equilibrium. (@) What is the maximum value that w can have if the friction

33

force on the 40-N block cannot exceed 12.0N? (b) What is the coefficient of static friction between the block

and tabletop?

[a) (b} fe)

I (a) The free-body diagrams for the block and the knot are shown in Fig. 2-29(b) and (c).
fomay = 120N implies Tamany = 12.0N
For the knot:
T =T, cos 30° w = T, s5in 30°

Eliminating T, we get w = T; tan 30° = 0.5777;. Thus Wymax = 0.577T 3ay = 6.92 N.
[b} .us =f:(m:ﬂl"~ = lzfq‘ﬂ - w‘

2.3 The block of Fig. 2-29(a) is just on the verge of slipping. If w =8.0 N, what is the coefficient of static friction

between the block and tabletop?
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At the verge of slipping, f, =1, m. and the corresponding hanging weight is w = 8.0 N. As in Prob. 2.38,

w=0.577T, and T.=f,. Thus f, ., = w/0.577 = B.0/0.577 = 13.9N; p, = 13.9/40 = 0.347.

2.40 Find the normal force acting on the block in each of the equilibrium situations shown in Fig. 2-30.

{a) {h) () Fig. 2-31
(a) Free-body diagram is Fig. 2-31(a) (F =20 N, w =350 N).
YE=03N-w+Fsin55°=0 N=50N-(20N)(0.819)=33.6 N
{b) Free-body diagram is Fig. 2-31{b) (w = 60 N).
T E=03N-weosd0’=0  N=(60N)(0.766)=46.0N
(c) Free-body diagram is Fig. 2-31{¢): (F =70 N, w =60 N).
Z.F_',,:U:',‘)N-wmsdﬂ”—Fsin‘iO“=D N =60{(0.766) + 7T0(0.643) =91L.0N.
241 The block shown in Fig. 2-30{a) slides with constant speed under the action of the force shown. (a) How

large is the retarding friction force? (b) What is the coefficient of kinetic friction between the block and the
Aoor?

# Use Fig. 2-31{a) and Prob. 2.40(a).
iﬂ}EF,=ﬂ:}F'm555°—f=ﬂ (N, =w,=0) or 2000.573)=f =1L5N

11.3N
® w5

e

Fig. 2-30

242 The block shown in Fig. 2-30{b) slides at constant speed down the incline. (@) How large is the friction force

that opposes its motion? (b) What is the coefficient of sliding (kinetic) friction between the block and plane?
I Use Fig. 2-31(b) and Prob. 2.40(b).

(@) D F=0>f—wsind0P=0  f=60N(0.643) =38.6N

2.43 The block in Fig. 2-30(c) just begins to slide up the incline when the pushing force shown is increased to
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220N

NN

(a} th) (] Fig. 2-32

TON. (@) What is the cnitical static friction force on it? (b) What is the value of the coefficient of static
friction?

I Use Fig. 2-31(c) and Prob. 2.40(c).

(@ > F,=0>Fcosd40F —wsin40° — f =0, F=70N and block just starts to move = f = f, e, = 70(0.766) —
60(0.643) =15.0N

frman  15.0N
by p, =Lumen DTN g
®) m ==y =IN

The system in Fig. 2-32{a) remains at rest when the hanging weight w is 220 N. What are the magnitude and
direction of the friction force on the 200 N block? The pulley is frictionless.

I Since the pulley is frictionless, the tension is the same throughout the cord. The free-body diagrams for
the two blocks are as in Fig. 2-32(b) and (c). In principle the frictional force f could be either down the
incline or up the incline depending on the details of the problem. In this case we can quickly assert that it is
down the incline with the following reasoning: T =220 N. Opposing T along the incline is the component of
the 200-N weight down the incline. This is surely less than the full 200 N and thus is insufficient to balance T.
Therefore the help of friction down the incline is necessary. To obtain f we solve

T E=0 (alongincline) T —200sin35° —f =0=>f =220 — 200(0.574) = 105N

{Mote that for this problem the normal force, N, does not enter the calculation.)



CHAPTER 3
Kinematics in One Dimension

3.1 DIMENSIONS AND UNITS; CONSTANT-ACCELERATION PROBLEMS
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A car's odometer reads 22 687 km at the start of a trip and 22791 km at the end. The trip took 4 h. What was
the car's average speed in kilometers per hour? In meters per second?

distance traveled _ (22 791 - 22 687) km -
time taken 4h

) o e > (1000 m/fefn)
To convert; Average speed—?ﬁ—ux(msm} =7.2m/s

I Average speed = 26 km/h

An auto travels at a rate of 25 km/h for 4 min, then at 50 km/h for 8 min, and finally at 20 km/h for 2 min.
Find (a) the total distance covered in kilometers and (b) the average speed for the complete trip in meters
per second.

I (a) Distance traveled = d, + d, + d., where
1h
60 mig
I T TR D L. U T
dy= (20 X ](2 m)(wm] 3km

Thus d| + d: + dj =m.

d,+d;+d,
total time

1h
60 fhip

dy= (25 %)(4 m)( ) =1ikm  dy= (Sﬂkim)[ﬁmin)( )=5§ km

(b) Average speed = = (9kaq > 1000 m/kan)/ (14 mip x 60 s/mip) = 10.7 m/s

A runner travels 1.5 laps around a circular track in a time of 50s. The diameter of the track is 40 m and its
circumference is 126 m. Find {a) the average speed of the runner and (&) the magnitude of the runner’s
average velocity.

distance _
time

I (a) Average speed = ( 1'252“)(126 m/Map) = 3.78 m/s.

{b) Average velocity is a vector. It is the displacement vector for the time lapse of interest divided by the
time lapse—in this case, 505, Since 13 laps have taken place, the displacement points from the starting point
on the track to a point on the track ! lap away, which is of course directly across a diameter of the track. The
magnitude of the average velocity is therefore the magnitude of the displacement divided by the time lapse.
Thus magnitude of average velocity =40 m/50s = 0.80 m/s.

Use dimensional analysis to determine which of the following equations is certainly wrong:

2
A=wt  F=2 F="2% ”’Ez; v = (2gh)"

a t
where A and h are lengths and [F] = [MLT?]. The other symbols have their usual meaning.
I [vr)=[LT '[T]=[L], but [A] =[L], so0 equation A = vt can be correct. [m/a]=[M][T°L "] =[MT?L™"),
but [F] = [MLT *); hence F =m/a is incorrect. [mu/r] = [M|[LT'|[T'|=[MLT*] and F=muv/tis
dimensionally correct. [v?/2g] = [(L*/T*)/(L/T%)]=[L]; and since [A] =[L], h = v*/2g is dimensionally
correct, Since [v]=[LT "], [(2eh)'*] = [(L**T " IL"*]=[LT"], v = (2gh)'" is also dimensionally correct. We
note that pure numbers are dimensionless.

If s is distance and r is time, what must be the dimensions of C,, Cs, C,, and C, in each of the following
equations? P a2 .
s=C  s=1Cyt §=Cysin Cyt

(Hint: The argument of any trigonometric function must be dimensionless.)
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I The dimension of s is [L], so all expressions on the right-hand sides of the equations must also have the
dimensions of length. [C,] = [L/T), since [C,t] are then [(L/T)T] = L. [C;] =[LT ], [C;] = [L] because the
sine is dimensionless, and since the argument of a trigonometric function has no units, [C,]=[T""].

The speed v of a wave on a string depends on the tension F in the string and the mass per unit length m/ ¢ of
the string. If it is known that [F]=[ML][T]™, find the constants a and & in the following equation for the
speed of a wave on a string: v = (constant)F*(m/£)".

I 1tis given that [v] = [F]°[m/€]°. After inserting into this expression [v] and [F], we have, recalling M"
means no mass units involved, [M°L'T "] = [MLT *F'[ML™']" = [M]***[L}""*[T°F. A fundamental
dimension must appear to the same power on both sides of an equation; hence, a + b =0, a - b =1,

and —2a=—1. From thisa=4 and b = -1

The frequency of vibration f of a mass m at the end of a spring that has a stiffness constant k is related to m
and k by a relation of the form f = (constant)m“k®. Use dimensional analysis to find @ and b. It is known that
[f1=[T]"" and [k] = [M][T]"".

I Asin Prob. 3.6,
f “ﬂ'lnkb # [MI:IT--I] - I'Mu][MBT—In] - [Man—zb]

a+b=10 and =2b=-1 or b=-a=4}

A body with initial velocity 8 m/s moves along a straight line with constant acceleration and travels 640 m in
40 5. For the 40's interval, find (a) the average velocity, (b) the final velocity, and (¢) the acceleration.

I Assumex=0att=0

displacement _ 640 m
time elapsed  40s
(b, ¢) v, = vo+ at. We know v,=8m/s and 1 = 40s, but we don’t know a. However,

x=wyi+ia or  640m= (8 m/s)(40s) + la(d0s)

{a) Average velocity = =16 m/s

and solving we have
4 = 2640 = 320)m _

1600 & 0.40 m/s’*

Substituting into our velocity formula v, = 8 m/s + (0.40 m/s*)(40 5) = 24 m/s.

A truck starts from rest and moves with a constant acceleration of 5 m/s’. Find its speed and the distance
traveled after 4 s has elapsed.

P v =vo+at, v,=0a=5m/s’, t=4s
v, =0+ (5m/s%)(4s)=20m/s
To get distance, which in this case is the same as the magnitude of the displacement, we have
x=vgt + tar =0+ }{5m/sY)(45) =40 m
A box slides down an incline with uniform acceleration. It starts from rest and attains a speed of 2.7m/s in
3s. Find (a) the acceleration and (b) the distance moved in the first .

I Letx,v represent the displacement and velocity down the incline, respectively. Then, (@) v, = v, + at and
we are given v, =0, v, =2.7m/s, t=3.0s; thus 2.7 m/s=0+a(3.05), or a =0.90 m/s*. Now we are
interested in time 1 =6.0s. So (b) x = vot + la* =0+ }(0.90 m/s7)(6.05)* = 16.2 m.

A car starts from rest and coasts down a hill with a constant acceleration. If it goes 90 m in 8s, find (a) the
acceleration and (b) the velocity after 8s.

i P ; - _l e _ 180 2
l{a]s—zal (since v, =0) 90—213{3] a=— 2.8m/s

byrv=at=28x8=224m/s
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A car is accelerating uniformly as it passes two checkpoints that are 30 m apart. The time taken between
checkpoints is 4.0's and the car's speed at the first checkpoint is 5.0 m/s. Find the car’s acceleration and its
speed at the second checkpoint,

I Calling the first checkpoint the initial position and the second the final position, we have, v,=5.0m/s,
x=30m, t =4.0s. To find a we use the displacement equation

x=wt+laf or 30m=(50m/s)}{4.0s) + {a(4.05) or a=125m/s
Then v, = v + af yields v, =5.0m/s + (1.25 m/s")(4.0s) = 10 m/s.

An auto's velocity increases uniformly from 6.0 m/s to 20 m/s while covering 70 m. Find the acceleration and
the time taken.

I We are given v, =20m/s and v, =6.0m/s and the associated displacement is 70 m. Since the elapsed time
{ is not given, we find a using v§ = v} + 2ax, or (20 m/s)* = (6.0 m/s)* + 2a(70 m). Thus a = 2.6 m/s*. Now {
follows immediately from

v=vg+at or 20m/s=60m/s+(2.6m/s’t and =545

A plane starts from rest and accelerates along the ground before takeoff. It moves 600 m in 12 5. Find (a) the
acceleration, (b) speed at the end of 125, (¢) distance moved during the twelfth second.

d We are given v,=0, x =600m, t =125,

{a) x = vyt + lar®, or 600m =0+ 1a{12s)". So a =8.33 m/s".

(b) v; =v,+at, or v, =0+ (8.33m/s%)(12s) and v, = 100 m/s.

(c) Remembering that the first second is between 1 =0 and f = 1 5, we realize that the twelfth second is
between £ =11 and 1 = 12 5. Since we already know x(r = 12 5), we solve for x(¢t = 11 5):

x = vyt + lar® or x=0+4833m/s)11s)’=504m
Our answer is then Ax(twelfths) =x(r=12s5) - x(t=11s5) =% m.

A train running at 30 m/s is slowed uniformly to a stop in 44 5. Find the acceleration and the stopping
distance.

I Here v,=30m/s and vy =0 at t=ds. vy =v,+ar yields 0=30m/s+a(dds), or
a= =) s’ x=ugt + tar* = (30 m/s)(44 5) + L(—0.68 m/s*)(44 5)* = 662 m.

An object moving at 13 m/s slows uniformly at the rate of 2.0 m/s each second for a time of 6s. Determine
(a) its final speed, (b) its average speed during the 65, and (¢) the distance moved in the 65,

I Slowing “at the rate of 2.0 m/s each second” means a = =2.0 m/s*. We are given v, =13m/s and 1 = 6.0.
(a) Then vy =vy+ar=13m/s+(-2.0 m/s%}(6.0s) = 1.0 m/s. Because instantaneous speed is the magnitude
of instantaneous velocity, our answer is 1.0 m/s.

(b, ¢) Average speed = distance/time. The distance will be the same as the magnitude of the displacement as
long as the object does not backtrack, i.e., reverse direction. In our case the velocity at the end of 6 s is still
positive, so there indeed has been no backtracking. For displacement, x = vyt + 1a® = (13 m/s)(6.05) +
1{=2.0m/s*)(6.05)" = 42 m [which incidentally salves part {¢)]. Average speed = 42m/6.0s=7.0m/s.

A rocket-propelled car starts from rest at x =0 and moves in the + direction of X with constant acceleration
a =5m/s* for & s until the fuel is exhausted. It then continues with constant velocity. What distance does the
car cover in 127

I The distance from x, at the moment fuel is exhausted is x, = (0)(8) + 4(5)(8)" = 160 m, and at this point
v =1{2ax,)"* =40 m/s. Hence the distance covered in 12s is x, =x, + v(12 = B) = 160 + (40)(4) = 320 m.

The particle shown in Fig. 3-1 moves along X with a constant acceleration of —4 m/s”. As it passes the origin,
moving in the + direction of X, its velocity is 20 m/s. In this problem, time ¢ is measured from the moment
the particle is first at the origin. (#) At what distance x* and time ¢' does v =07 (b) At what time is the
particle at x = 15m, and what is its velocity at this point? (¢) What is the velocity of the particle at
x=+25m? at x = =25m? Try finding the velocity of the particle at x = 55 m.
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I (a) Applying v=vy+ar, 0=20+ (=4)r’", or ' =55, Then x' = vot’ + ar™ = (20)(5) + }(—-4)(5)° =
50 m. Or, from v* = v} + 2ax:
0= (200* + 2(—4)x’ or x'=50m.
{b) 15 =20t + }(-4)F* or 20 =20t +15=0

Solving this quadratic,
VOME A
20 ma 42)(13) =i (20 £ 16.7)

t

Thus t, =0.825, t;=9.17 s, where 1, is the time from the origin to x = 15m and ¢, is the time to go from O
out beyond x = 15 m and return to that point. At x =15m,

1, =20—4(0.82) = +16.Tm/s v;=20-4{9.17)= -16.7m/s

Observe that the speeds are equal.
(c) Atx =25m, v* = (20)* + 2(—4)(25), or v = £14.1m/s; and at x = —25m, v* = 20° + 2(—4)(=25),
or v ==24.5 m/s. (Why has the root v = +24.5 m/s been discarded?)
Assuming that x = 55 m, v* = 20° + 2(—4)(55), from which v = +V/-40. The imaginary value of v indicates
that x never reaches 55 m, as expected from the result of part (a).

Y
vy = 20 m/s a = -4 mfs’ v a= =4 m/s’
_|_’.__ -+ > f——— 0
£ !/'-'\L PR T
~- Particle ot X
0 |
x -
x |
Fig. 3-1

A body falls freely from rest. Find (a) its acceleration, (b) the distance it falls in 3 s, (e) its speed after falling
70 m, (d) the time required to reach a speed of 25 m/s, {e) the time taken to fall 300 m.

I (a) Choose y downward as positive. Then a =g =9.8m/s°. (b) For r=3.0s, y = vyt + lar’ =
0+ }9.8m/s*)(3.0s)* =44 m. (c) Letting y =70m, we have

vi=vg+2ay =0+2(9.8m/s)T0m) =1372m’/s* or v, =3Tm/s
(d) Letting v, now equal 25 m/s, we have
vy =vg+ar yields 25m/s=0+(98m/s")t or r=2.55s
(e) Now we let y =300 m and we have

y=ugt+af  yields 300m=0+198m/s) or +=78s

A ball dropped from a bridge strikes the water in 5s. Calculate (a) the speed with which it strikes and
(b) the height of the bridge.

I Choose y downward as positive. Then a =g = 9.8 m/s*. We are given v, =0, and £ =55 to strike the
water. Let v =v,.
(@) v=vo+at =0+ (9.8m/s*)55) =49 m/s (b) y = vgt + dar’ =0+ (9.8 m/s")(55)" =123 m

A ball is thrown vertically downward from the edge of a high cliff with an initial velocity of 25 ft/s. (a) How
fast is it moving after 1.5s? (b) How far has it moved after 1.5s?

I (@) v=v,+ar=25+32(1.5) or v =73 ft/s (where a = g = 32 ft/s")
(b) For constant acceleration v,,, = (v + vy) = $(73 + 25) = 49 ft/s

S=UL=49(1.5) =TSt or  5=wur+la =25(1.5)+ 43157 =375+ 36=T3.5ft



40 [ CHAPTER3

3.z

3.23

34

3.25

1.26

3.27

A stone is thrown downward with initial speed 8 m/s from a height of 25 m. Find (a) the time it takes to
reach the ground and (b) the speed with which it strikes.

I Choose downward positive. a =g = 9.8 m/s". We are given v, =8m/s.

(@) One might directly solve y = vyl + tar®, or 25 m = (8 m/s)r + (9.8 m/s*)¢* for r; but it is easier first to find
the final velocity:

(b) vi =1} + 2ay = (8 m/s)’ + 2(9.8 m/s)(25 m) = 554 m*/s’, or v, = 23.5 m/s. Returning to (@), v, = v, +ar
vields 23.5m/s =8 m/s + (9.8 m/s*), or r = 1.58s.

A ball thrown vertically upward returns to its starting point in 4 5. Find its initial speed.

I Let us take up as positive. For the trip from beginning to end, y =0, @ = —9.8m/s’, t = 4 5. Note that the
start and the endpoint for the trip are the same, so the displacement is zero. Use y = vyt + ar” to find
0=v,(ds) + H{—9.8 m/s*)(45)*, from which v, =19.6 m/s.

An antiaircraft shell is fired vertically upward with an initial velocity of 300 m/s. Neglecting friction, compute
{a) the maximum height it can reach, (b) the time taken to reach that height, and (c) the instantaneous
velocity at the end of 60 s. (d) When will its height be 10 km?

I Take up as positive. At the highest point, the velocity of the shell will be zero.

(@) v} = v+ 2ay or 0=(500m/s)* + 2(~=9.8m/s")y or y = 2.8 km

by vy =v,+ator 0=500m/s +(-9.8 m/s’)t or t=515%

(¢) vy =vy+aror v, =500m/s + (—9.8){(60s) = —BB m/s

Because v, is negative, and because we are taking up as positive, the velocity is directed downward. The shell
is on its way down at 1 =60s.

(d) v = vyt + 3ar* or 10000 m = (500 m/s)t + H{—9.8m/s" )" or 4.9¢" = 500 + 10000 =0

The quadratic formula,

x=—bi'v'b:‘4af
2a

gives =275 and 75s. At 1=2Ts, the shell is at 10 km and ascending; at r =735, it is at the same height but
descending,.

A ballast bag is dropped from a balloon that is 300 m above the ground and rising at 13 m/s. For the bag, find
{a) the maximum height reached, (b) its position and velocity 5 s after being released, and () the time before
it hits the ground.

@ The initial velocity of the bag when released is the same as that of the balloon, 13 m/s upward. Let us
choose up as positive and take y =0 at the point of release.

(a) At the highest point, v, = 0. From v; = vi+ 2ay, 0= (13m/s)* + 2(=9.8 m/s")y, or y =8.6 m. The
maximum height is 300 + 8.6 = 308.6 m. (b) Take the endpoint to be its position at ¢ = 5s. Then, from

y=uet + Lar’, y =(13m/s)(5s) + {(—9.8m/s*)(5s)* = —58 m. So its height is 300 — 58 = 242 m. Also, from

vy =ty +al, v, =13m/s+ (-9.8m/s°)5s) = =36 m/s. It is moving downward at 36 m/s.

{c} Just before it hits the ground, the bag's displacement is —300m. ¥ = vyt + lar® becomes —300 m =
(13m/sht + 4{=9.8 m/s*)", or 4.9¢° = 13t — 300 =0, The quadratic formula gives 1 =9.3s (and —6.6s, which is
not physically meaningful).

A stone is thrown vertically upward with velocity 40 m/s at the edge of a cliff having a height of 110 m.
Neglecting air resistance, compute the time required to strike the ground at the base of the cliff. With what
velocity does it strike?

I Choose upward as positive. a = —g = =9.8m/s’, v, =40 m/S, ¥ pase o sy = — 110 m. First obtain
the final velocity: v° = ] + 2ay = 40° + 2(—9.8)(—110) = 3756 m*/s’, whence v = —61.3 m/s (downward
motion}. Then, from v =1, +at,

—61.3=40+ (—9.8)¢ or r=103s
The hammer of a pile driver strikes the pile with a speed of 25 ft/s. From what height above the top of the
pile did it fall? Neglect friction forces.

I Downward is positive. We assume it falls from rest, so v, =0, v =25ft/s, a = g = 32 ft/s’. We need not



3

3.2

330

in

332

KINEMATICS IN ONE DIMENSION I 41

concern oursclves with the time of the fall ¢, since we can solve using
v=vl+2ay  or  (25ft/s)" = 2032 ft/s)y
Then y = 9.8 ft.

A baseball is thrown straight upward with a speed of 30 m/s. (@) How long will it rise? (b) How high will it
rise? (¢) How long after it leaves the hand will it return to the starting point? (d) When will its speed be
16 m/s?

I We choose upward as positive. a = —g = —9.8m/s*, v, = 30 m/s.

(a) At the highest point v = 0; so for time to reach highest point, v = v, + ar vields

0=30m/s+ (-9.8m/s"), or r = 3.06s. (B) y = vyt + tar' = (30m/s)(3.065) + }(~9.8 m/s")(3.065)" = 46 m,

for v*=vi+2ay yields 0=(30m/s)* +2{=9.8 m/s’)y, and y =46 m]. (¢) Without calculation: Since the time
up equals the time down, we double the time up to get 6.12s for the round trip. With calculation: For the
final displacement, we have y =0, so

y=wvo+ bar®  yields 0= (30m/s)r + {{—9.Bm/s W

This is a quadratic equation but easy to solve. One solution is ¢ =10, but this corresponds to y =0 as it leaves
the hand. The other solution is not 0, so we can divide out by 1, leaving

0=30m/s - (4.9 m/s*)t or f=6.125g

{d) Recalling that the speed is the magnitude of the velocity, we must consider the possible velocities:
v=216m/s. v=uv,+ar yields £16 m/s =30 m/s + (=98 m/s)s; and solving for t; 1, =1.43s, ¢ =4.Ts.

The acceleration due to gravity at the surface of Mars is roughly 4 m/s*. If an astronaut on Mars were to toss
a wrench upward with a speed of 10 m/s, find (@) how long it would rise; (b) how high it would go; (c) its
speed at r = 3s; and (d) its displacement at r = 3 5.

I Let us choose up as positive. Then a equals —4 m/s*, and v, equals +10m/s,
(a) By equation of motion @ = (v — v,)/t, we have

=10
—dmfg]=ﬂ : m-'fs lrru.¢=2'55

(b) By equation of motion v* = vj + 2as, we have
0F=(10Y+2(-4)s,,, and s5..,=12.5m
{¢) By equation of motion a = (v — v,)/r, we have
wy — 10

—4= 3 and r,=—-2m/s or 2 m/s downward

(d) 5 = vot + Lar® and thus
sy= (10X 3) + }(—4)(9) = 30 - 18 =12

The acceleration due to gravity on the moon is 1.67 m/s”. If a person can throw a stone 12.0 m straight
upward on the earth, how high should the person be able to throw a stone on the moon? Assume that the
throwing speeds are the same in the two cases.

# On earth we can write v} = 2g+(12) while on the moon v 2g st sy The throwing velocities are the same,

50 the second expression can be divided by the first to give hy = 12(gx/gs) = 12(9.80/1.67) = T0m.

A proton in a uniform electric field moves along a straight line with constant acceleration. Starting from rest it
attains a velocity of 1000 km/s in a distance of 1 cm. (@) What 1s its acceleration? (&) What time is required to
reach the given velocity?

I (@) vo=0, v=10"m/s in x = 10"" m of displacement. Then v* = v} + 2ax yieids (10" m/s)* =
0+ 2a(10* m), or a = 5.0 x 10" m/s°. (§) v = v+ ar vields 10° m/s =0+ (5.0 x 10" m/s*)t, or
r=20x10"s.

A bottle dropped from a balloon reaches the ground in 20s. Determine the height of the balloon if (a) it was
at rest in the air and (b} it was ascending with a speed of 50 m/s when the bottle was dropped.
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I Choose upward as positive for both (a) and (b). a = —g = -9.8m/s’.

{a) v,=0. To find the height, let y be the displacement at time ¢ (remember the y = 0 point is at the balloon)
and we are given f = 20s. Then y = vyt + tar® = 0+ {(—~9.8 m/s*)(20 5)* = — 1960 m. The height is |y| = 1960 m.
{b) Here the bottle initially has the velocity of the balloon so v, =50 m/s. Now, ¥ = vyt + jar’ =

(50 m/s)(20's) + 4(—9.8 m/s*)(20s)* = —960 m. Again the height = |y| =960 m.

A sandbag ballast is dropped from a balloon that is ascending with a velocity of 40 ft/s. If the sandbag reaches
the ground in 205, how high was the balloon when the bag was dropped? Neglect air resistance,

I Take downward as positive. Then a =g =32 ft/s’ and v, = —40 ft/s.
5 =gt + Jar® = —40(20) + 1(32)(20)" = —800 + 6400 = 5600 ft
The balloon was 5600 ft above the ground.

A stone is shot straight upward with a speed of 80 ft/s from a tower 224 ft high. Find the speed with which it
strikes the ground.

I Choose upward as positive. a=g=—32 ft/s*, v, =80 ft/s. The presumption is that the stone just misses
the edge of the tower on the way down and strikes the ground 224 ft below. We can avoid all reference to the
time in the problem by setting y = —224 ft in the equation

vi=wl 4+ Zay = (80 fu/sy + 2(—32 ft/s*)(—224 ft) = 20 736 ft°/s*
And v = £144 ft/s, where the minus sign gives the physical solution. The speed is |v| = 144 ft/s.

A nut comes loose from a bolt on the bottom of an elevator as the elevator is moving up the shaft at 3.0 m/s.
The nut strikes the bottom of the shaft in 2. (a) How far from the bottom of the shaft was the elevator
when the nut fell off? (b) How far above the bottom was the nut 0.25 s after it fell off?

J Here the nut initially has the velocity of the elevator, so choosing upward as positive, v, = 3.0 m/s. Also
a=-g=-98m/s".

(a) The time to hit bottom is 2.0's, s0 ¥ = vt + tar’ = (3.0m/s)(2.05) + }{(—9.8 m/s*)(2.05)* = —=13.6 m. The
bottom of the shaft is 13.6 m below where the elevator was when the nut fell off.

(b) The new displacement y is for r =0.25 5, so y = vt + far’ = (3.0m/s)(0.25s) +

H=9.8m/s)(0.255)" =0.44 m. Thus the nut is above its starting position. (This makes sense if we remember
the initial velocity.) The height above the bottom is thus 0.4 + 13.6 = 14.0 m.

3.2 GRAPHICAL AND OTHER PROBLEMS

3.36

The graph of an object’s motion (along a line) is shown in Fig. 3-2. Find the instantaneous velocity of the
object at points A and B. What is the object’s average velocity? Its acceleration?

I Because the velocity is given by the slope, Ax/At, of the tangent line, we take a tangent to the curve at
point A. The tangent line is the curve itself in this case. For the triangle shown at A, we have

This is also the velocity at point B and at every other point on the straight-line graph. It follows that a =0

and b, =v, =0.50 m/s.

-
=]

III||I1I1[1T1II

1
[ 0 Ly s Fig. 3-2
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Refer to Fig. 3-3. Find the instantaneous velocity at point F for the object whose motion the curve represents.
I The tangent at F is the dashed line GH. Taking triangle GHJ, we have

Af=24—-d4=20s Ax=0-15=-15m

Hence slope at Fis vp=— =-_s= —0.75m/s

*
8

a
IIIIIIIT"TTT'll

|
I
I
J

|
10 N g &5 Fig. 33

Refer back to Fig. 3.3 for the motion of an object along the x axis. What is the instantaneous velocity of the
object () at point D? (b} at point C7 (¢) at point E7?

I (a) Point d is a maximum of the x-vs.-t curve. Therefore v = dx/dt = 0.
(b) Without the exact equation for x as function of ¢ one cannot get a precise answer. The best we can do is
to draw the tangent line at point ¢ and get the slope in the same way as in Prob. 3.37. This yields the answer

Ve =

dx
=13m/s
dr [

(¢} We proceed as in part (b), but here the tangent line has a negative slope and the answer should be

=—0.13m/s

E

Vp=—

dr

A girl walks along an east-west street, and a graph of her displacement from home is shown in Fig. 3-4. Find

her average velocity for the whole time interval shown as well as her instantaneous velocity at points A, B,
and C.

I The average velocity is zero, since the displacement vector is zero. The instantaneous velocities are just
the slopes of the curve at each point. At A the velocity is 40/6 = 6.7 m/min east. At B it is zero. At Citis
~65/5= =13 m/min east, or +13 m/min west.

Distance
east (m) 5
A0 . '
B ! !
0k A 1' |
i | E c
0 I T O | 1 |r I |
5 10 115 20t
- ! { min)
20+ I
- Fig. 3-4
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Referring to Fig. 3-4, find (&) average velocity for the time interval =7 min to ¢ = 14 min; the instantaneous
velocity at (b) r = 13.5 min and (¢) t = 15 min.

I (a) o =(-25-40)/(14 = 7) = —9.3 m/min east; (b) the same as at point C, —13 m/min east; (¢) the slope
is +25/(19 = 14) = 5.0 m/min east. Note that negative velocity cast means motion is west.

{em)|

Fig. 3-5

The graph of a particle’s motion along the x axis is given in Fig. 3-5. Estimate the (a) average velocity for the
interval from A to C; instantaneous velocity at (b) D and at (c) A.

I (a) v =(4.8-0)/(8.0-0)=0.60cm/s. From the slope at each point (b) v = —0.48 and (¢) 1.3 cm/s.

Figure 3-6 shows the velocity of a particle as it moves along the x axis. Find its acceleration at {a) A and at
by C.

v (mfs) T ""["

1 | |
y —]k b4 '_'"."_‘
7 — s g S ARAED TRF WR N S-S |
11 T T T T
61i++++-+r*-—
,‘ ' e B +—
DY, S 0 O 8 B

(™)
i
&
i
1
T

I
|
4
=X
&=
- +.
-+
+
I

ris) Fig. 3-6

I The acceleration at any time is the slope of the v-vs.-f curve. (@) At A the slope is, from where the

tangent line through A cuts the coordinate axes, a = =7.0/0.73 = =9.6 m/s*. (b) The slope and therefore a is
ZEro.

For the motion described by Fig. 3-6, find the acceleration at (@) B and at (b) D.
# Taking slopes at B and D) we find that the acceleration = {a) =2.4 and (b) 3.2 m/s’.

A ball is thrown vertically upward with a velocity of 20 m/s from the top of a tower having a height of 50 m,
Fig. 3-7. On its return it misses the tower and finally strikes the ground. (a) What time 1, elapses from the
instant the ball was thrown until it passes the edge of the tower? What velocity v, does it have at this time?
(b) What total time 1, is required for the ball to reach the ground? With what velocity v, does it strike the
ground?
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a= =98 m/s’

= 2 m/s
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I (a) For the coordinate system shown in Fig. 3-7, y = v + lar’. But at the edge of the roof y =0, and thus
0 =20r, + 3(—9.8)¢7, from which t, =0, indicating the instant at which the ball is released, and also 1, =4.08 5,
which is the time to go up and return to the edge. Then, from v = v, + at, v, =20+ (—9.8)(4.08) = =20 m/s,
which is the negative of the initial velocity.

ib) =50 =201, + }(—9.8)r3 or 1,=35.8s v, =20+ (-9.8)(58)=-3Tm/s

Refer to Prob. 3.44 and Fig. 3-7. (a) What is the maximum height above ground reached by the ball?

{b) Points P, and P, are 15 and 30 m, respectively, below the top of the tower. What time interval is required
for the ball to travel from P, to P,? (e} 1t is desired that after passing the edge, the ball will reach the ground
in 3s. With what velocity must it be thrown upward from the roof?

# (a) Maximum height above ground: k = y,., + 50. From v{ + 2ay,.. =0,
—(20)*
—2(9.8)

=204m

Ymax =

Thus, k =70.4 m.

(b) If t, and 1, are the times to reach P, and P., respectively, —15 = 20¢, — 4.9} and —30 = 20r, — 4.965.
Solving, t, =4.723 s, 1, = 5.248 5, and the time from P, to P, is r, — 1, = (.525 5.

(c) If vy is the desired initial velocity, then —uy is the velocity upon passing the edge. Then, applying
¥ = w,t + sar to the trip down the tower, we find —50 = (—v,)(3) — 4.9(3)°, or v, = 1.96 m/s.

A man runs at a speed of 4.0 m/s to overtake a standing bus. When he is 6.0 m behind the door (at t =0}, the
bus moves forward and continues with a constant aceeleration of 1.2 m/s*. (a) How long does it take for the
man to gain the door? (b) If in the beginning he is 10.0 m from the door, will he (running at the same speed)
ever caitch up?

F Av¢=0let the man's position be the origin, x..,=0. The bus door is then at x,, = 6.0m. The equations of
motion for the man and the bus are
Xy = X+ Ul + 3l Xy =Xy + Uyl + bayt”
Now U =4.0m/s Uy =10 =10 a,=1.2m/s
Thus Ey =400  x,=60+0.6

When the man catches the bus, x,, =x,, or 4.0f = 6.0 + 0.6,
This can be reexpressed as 3r° — 20¢ + 30 = (0. Solving by the guadratic formula,

2 20£VA00-360 _10£V10_
6 -3 =

Note that there are two positive time solutions. This can be understood as follows. The first time, , =235,
corresponds to his first reaching the door. This is the real answer to the problem. However, the equations we
have solved “don’t know™ he will stop running and board the bus; the equations have him continuing running
at constant speed. He thus goes on past the bus; but since the bus is accelerating, it eventually builds up a
larger velocity than the man and will catch up with him, 1, =4.4s.

5, 445
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(b) If the initial position of the bus is 10.0 m. then x,, = x, yields 3" — 20r + 50 = (), which has only complex
roots. Thus no real time exists at which the man catches up.

A ball is thrown straght upward with a speed v from a height h above the ground. Show that the time taken
for the ball to strike the ground is

K(_I+~.vl+l_:]

J  Assuming the positive direction to be upward, the uniform acceleration equation is —h = vt — gr*/2; this
can be rewritten in the form 1 — 2ut/g — 2k /g = 0. Solving for r using the quadratic formula gives the desired
answer. Since we seek positive values for time, the + root must be chosen.

A ball is dropped from the top of a building. The ball takes 0.5 s to fall past the 3-m length of a window some
distance from the top of the building. (a) How fast was the ball going as it passed the top of the window?
{b) How far is the top of the window from the point at which the ball was dropped?

I The velocities v, at the top and vy at the bottom of the window are related by the following equations:
f={vy +vp)/2=3/05=06, s0 vy +v, =12, and vy = vy +g(0.5), s0 vy — vy = 4.9. Eliminating v, between
these two expressions yields v, = 3.55 m/s. The distance needed to reach this speed is

A truck is moving forward at a constant speed of 21 mfs. The driver sees a stationary car directly ahead at a
distance of 110'm. After a “reaction time” of As, he applies the brakes, which gives the truck an acceleration
of =3 m/s*. (@) What is the maximum allowable At to avoid a collision, and what distance will the truck have
moved before the brakes take hold? {(b) Assuming a reaction time of 1.4 s, how far behind the car will the
truck stop, and in how many seconds from the time the driver first saw the car?

J The total displacement of the truck from the instant the driver sees the car is ¥ = v, Af + x,,, where x, is
the displacement from the point of deceleration to the point of rest. We are given v, = 21 m/s and the
deceleration is @ = —3m/s’. x, can be obtained from the equation v} = v} + 2ax,, with v, = 0. Thus
xa=—vif2a, or xo= —(2 mfsP(—6m/s) =T735m.

(a) To find the maximum Ar, we note that x__ = 110m and x,,,, = (2l m/s) At,,,, +x,, or 110 m=

(21 m/s) Aty +73.5m, and A, = 1.74s. The distance moved before braking started is of course just

vy A =36.5m.

{b) If Ar=1.45s, then x = (21 m/s)(1.4s)+ 73.5m = 102.9 m. The distance to the car is just 110m ~ 1029 m =
7.1 m. To find the time, we need to know the time ¢ during which the truck accelerates. We have v, = v, + af,
with again v, =0 and ¢ = =3 m/s*. Then 0 =21 m/s — {(3m/s")r and 1 = 7s. The total time is t + Ar=7+ 1.4=
8.45s.

Just as a car starts to accelerate from rest with acceleration 1.4 m/s*, a bus moving with constant speed of
12 m/s passes it in a parallel lane. (@) How long before the car overtakes the bus? {(b) How fast will the car
then be going? () How far will the car then have gone?

J The car starts with initial velocity zero and acceleration a, = 1.4 m/s*, while the bus has constant velocity
v, = 12 m/s. (b) Both travel the same distance x in time 1, s0 set a.*/2 = vt to give t =17 5. (b) The final
velocity of the car is v =a.f =24 m/s. (¢) The average velocity of the car (or the bus’s fixed velocity) times
175 yields x = 204 m.

A monkey in a perch 20m high in a tree drops a coconut directly above your head as you run with speed
1.5 m/s beneath the tree. (@) How far behind you does the coconut hit the ground? {b) If the monkey had
really wanted to hit your toes, how much earlier should the coconut have been dropped?

# The time for the coconut to fall 20 m is given by 20 = gr'/2, or 2.02s. Distance x = (1.5 m/s}(2.025) =
3.03 m. Since you are moving at a fixed speed the monkey should have dropped the coconut 2.02 5 earlier,

Two balls are dropped to the ground from different heights. One ball is dropped 2 s after the other but they
both strike the ground at the same time, 5 s after the first is dropped. (a) What is the difference in the heights
at which they were dropped? (b) From what height was the first dropped?
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§ The time to fall from the greater height h, is 1 = 5s; the time from the lesser height h, is t — 2= 3s. Using
y = ar’(2, we find (@) the height difference h, — h, = g(5/2 - 3/2) =78 m and (b) h, =9.8(25)/2=123 m.

Two boys start running straight toward each other from two points that are 100 m apart. One runs with a
speed of Sm/s, while the other moves at 7 m/s. How close are they to the slower one’s starting point when
they reach each other?

§ The two boys meet at the same place and time. The time for the slower one to travel a distance x is x/5,
while the other boy has ¢ = (100 — x)/7. Equating the times yields x =41.7 m.

Fig. 3-8

Body 1, Fig. 3-8, is released from rest at the top of a smooth inclined plane, and at the same instant body 2 is
projected upward from the foot of the plane with such velocity that they meet halfway up the plane.
Determine (a) the velocity of projection and (&) the velocity of each body when they meet.

§ (a) In the common time ¢, body 1 travels the distance

!
5= {0y +% (g sin 8)r°
and body 2 travels the distance

£= Vel + % (—g sin 8)¢°
Adding these two equations gives | = vyt or ¢ = I/vy. Substituting this value of  in the first equation and
solving for vy, we obtain vy, = Vel sin 8 = Veh.

(b) v =07+ 2(g sin 6‘}% or v, =Velsin 0=\gh
5 s i
u5=ua,+2{—gsin8]£=g.'sinﬂ'-—gl‘sinﬂ=ﬂ or vy=10

Two trains are headed toward each other on the same track with equal speeds of 20m/s. When they are 2 km
apart, they see each other and begin to decelerate. (a) If their decelerations are uniform and equal, how large
must the acceleration be if the trains are to barely avoid collision? (b) If only one train slows with this
acceleration, how far will it go before collision occurs?

¥ (a) Each train stops in 1000 m, so using v* — v} = 2ax yields, for v, = 20 m/s, an acceleration of =0.2 m/s®,
(b) The decelerating train travels a distance x = 20r — 0.1¢%, while the other train travels (2000 — x) = 201,
Because they collide, times are the same. Eliminating ¢ and solving for x by the quadratic formula yields

828 m.

A ball after having fallen from rest under the influence of gravity for 6 s crashes through a horizontal glass
plate, thereby losing two-thirds of its velocity. If it then reaches the ground in 25, find the height of the plate
above the ground.

§ Fromv= v, + at, the velocity just before striking the glass is v, =0 —9.8(6) = —=58.8 m/s, and so the
velocity after passing through glass is (1/3), = —19.6 m/s. Thus —h = (—19.6)(2) - 4.9(2)*, or h =58.8m.
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An inclined plane, Fig. 3-9, makes an angle 8 with the horizontal. A groove OA cut in the plane makes an
angle o with OX. A short smooth cylinder is free to slide down the groove under the influence of gravity,
starting from rest at the point (x,, ¥,). Find: (a) its downward acceleration along the groove, (b) the time to
reach O, and (¢) its velocity at O, Let #=30°, x,=3m, y,=4m.

J,g = 9.8 m/s’

Fig. 3-9

I (a) The downward component of g parallel to OY is g sin #; hence, the downward component along the
groove is @ = g sin & sin &. Since

¥a

sina = =0.8 and sin @ =05 a = (9.8)(0.5)(0.8) = 3.92 m/s’

(5 +y3)"
(b) 5 = vot + lar®, where 5 = (xi+ y5)'"" = 5m and v, =0. Thus, s = 3(3.92)¢" or r = 1.597 s.
() v=0+(392)(1.597)=6.26 m/s.

A bead, Fig. 3-10, is free to slide down a smooth wire tightly stretched between points P, and P, on a vertical
circle of radius R. If the bead starts from rest at P,, the highest point on the circle, find (a) its velocity v on

arriving at P, and (b) the time to arrive at P, and show that this time is the same for any chord drawn from
P

Fig. 3-10
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I (a) The acceleration of the bead down the wire is g cos 8 and the length of the wire is 2R cos 8. Hence,
v?=0"+ 2(g cos B)(2R cos @), or v =2(VgR) cos 8.

_E_Z@msﬂ_z\/_ﬁ
g

®) a Ecos @

which 15 the same regardless of where P 1s located on the circle.

An object is forced to move along the X axis in such a way that its displacement is given by

x =30 + 20r = 15¢* where x is in m and ¢ is in s. (@) Find expressions for the velocity # and acceleration ¥. Is

the acceleration constant? (&) What are the initial position and the initial velocity of the object? (¢) At what

time and distance from the origin is the velocity zero? (d) At what time and location is the velocity —50 m/s?

J Remembering that all units are SI and that
. dx o dx
i=— f=—
(@) v =1 = (20— 30) m/s; a = ¥ = =30 m/s*. Acceleration is constant.
by Attr=0,x=30m=1x,, ¥=20m/s=uv,.
(c) From the velocity equation, for v =0, 0=20-30r and 1 = {5, Substituting 1 = i s into the displacement
equation, ¥ =30+ 20(3) - 15(3)’ =367 m.
(d) Setting v = =50m/s, =50 =20~ 30, and r =2} s. Then, x =30+ 20(2}) - 1521 = 5.0 m.
(MNote that a comparison of the displacement equation with x = x, + vyt + ar® would have made the use of
calculus unnecessary. )

A particle moving along the x axis has a velocity given by v =4¢ — 2.50¢* cm/s for ¢ in seconds. Find its
acceleration at {a@) r =0.50s and (b) t = 3.0s.

I a=dv/dr=4-50r giving (a) a = 1.50 cm/s* and (b) —11.0em/s.

A ball is released from rest at the edge of a deep ravine. Assume that air resistance gives it an acceleration of
—by, where y is measured positive downward. (This negative acceleration is proportional to its speed, y; the
positive constant b can be found by experiment.) The ball has a total acceleration of —by + g, and so

J==bi+g (1
is the differential equation of motion. (a) Show by differentiation and substitution that
y=k(e"=1)+(g/b} (2)

is a solution of (1) for an arbitrary value of the constant & and that {2) gives y =0 for t = 0. (b) Since at r =10,
¥ =1, prove that k =g /b’ and show that as t— =, ¥— g/b; that is, the velocity reaches a limiting value such
that the negative acceleration due to air resistance exactly offsets the positive acceleration of gravity and thus
¥ =1, {c) Assuming that b =0.1s"", find the distance fallen and the speed reached after 10s. (d) Show that
after 1 min the ball will have essentially reached its terminal velocity of 98 m/s.

I (o) Differentiating (2) once, y = —bke ™ + g/b. Differentiating once mare, ¥ = b%ke . Multiplying our
expression for ¥ by —b and adding g yields bke ™™, Thus (1) is satisfied. Substituting r =0 into (2) and
recalling that ¢ =1, we get y = (.

(b) Since the ball is released from rest, ¥ =0 at ¢ = 0. Using our expression for ¥ from (a), we have

0= —bk + g/b, which yields k = g/b". As(— = the first term in ¥ becomes infinitesimal and § —g/b. Thus ¥
must approach zero, as can be seen directly from the expression for ¥.

{e) If b=0.1/s and using g = 9.8 m/s’, we have k =g/b" =980 m. Then at r=10s, y = (980 m)}e ' = 1) +
(98 m/s}(10s) =360 m. v=y={—98m/s)e "+ (9.8m/s")/(0.1/s) = 62 m/s.

(d) At r=60s, y =(—98 m/s)e "+ 98 m/s. e "=0.0025, so y =98 m/s.

A ball is thrown vertically upward from the origin of axes (Y regarded + upward), with initial velocity ¥,.
Assuming as in Prob. 3.61 an acceleration —by due to air resistance, we write

j=—by-g 1)
[Note that when ¥ changes sign. so does —by: hence (1) is valid for the trip down as well as the trip up). (a)
Show that y = k(e ™ — 1)~ (g/b)t is a solution of (1) for any value of &. (b) Prove that

-3
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{c) Assuming that b=0.15"" and ¥, = 50m/s, find the height and speed at t = 3s. (d) How long does it take
for the ball to attain its maximum height and what is the height?

I (a) y=—bke ™ —g/b, § =bke ™. Multiplying ¥ by —b and subtracting ¢ yields §, which proves y is a
solution of (1). (b) Att=0, y =y, = —bk — g/b. Solving for k, k = — (¥, + g/b)/b.

(c) Again b =10.1s, and we are told y, = 50m/s. Then k = —(50 + 98)/0.1 = —1480 m. At ¢ =35, we have
y=—1480(e ™" — 1) — (98)(3) =89.6 m. y = +14827"* — 98 = 11.6 m/s.

{d) For maximum height, y = 0, which yields 0 = 148 """ — 98, or ¢*" = 1.51. Thus ¢ = 4.12 5. Substituting
t =4.12s into the y equation yields y = —1480(e™"** = 1) - (98)(4.12) =9%6.0 m.

A mass at the end of a spring vibrates up and down according to the equation y = 8 sin 1.5 cm, where ¢ is the
time in seconds and the complete argument (angle) of the sine function, 1.5¢, is in radians. (@) What is the
velocity of the mass at £ =0.75s7 (b) At 1=23.05? (¢) What is the maximum velocity of the mass? (Hint: To
express the angle in degrees, multiply it by 180/x.)

I The velocity v = dy/dr = (1.5)(8) cos 1.5t cm/s; remember that 1.5¢ is expressed in radians. (a) v =
12e081.13=5.2cm/s. (b) v =12cos4.5 = =2.5cm/s. (¢} Maximum occurs where the cosine is 1, so
v=112.0cm/s.



CHAPTER 4
Newton’s Laws of Motion

4.1 FORCE, MASS, AND ACCELERATION

4.1

4.2

4.3

4.4

4.5

4.6

A force acts on a 2-kg mass and gives it an acceleration of 3 m/s’. What acceleration is produced by the same
force when acting on a mass of (a) 1 kg? (&) 4 kg? {¢) How large is the force?

I We first find the force F using F = ma (one dimension). F =(2kgi(3m/s’) =6 N. Then noting a = F/m,
we have for the different masses m = 1 kg, @ = (6 N)/(1 kg) = 6 m/s’: m =4 kg, a = 1.5 m/s". The answers are
thus {a) 6 m/s” (b) L3m/s’ (c) 6 N.

{Fill in the blanks.) The mass of a 300 g object is
weighs 20 N on earth has a mass on the moon equal to
earth is (d).

T (a) 300 g (b) w = (300 g)(980 cm/s") = 2.94 x 10" dyn =2.94 N. (¢) m = w/g = (20N)/(9.8 m/s) =
2.04 kE; mass is the same anywhere. {d)} m = w/g = (51b)/(32.2 ft/s") =0.155 slug.

(a). Its weight on earth is {b). An object that
{¢). The mass of an object that weighs 51b on

A resultant external force of 7.01b acts on an object that weighs 40 1b on earth. What is the object’s
acceleration (a) on earth? (b) on the moon?

I {(a) We use F = ma, where we recall that F stands for the resultant of all forces acting on the mass m. To
get m we note that m = w/g = (401b)/(32.2 ft/s’) = 1.24 slug. Then a = F/m = (7.0 1b}/(1.24 slug) = 5.64 ft/s".
{b) The acceleration on the moon is the same since the resultant force is still 7.0 b and the mass is the same
anywhere.

A horizontal cable pulls a 200-kg cart along a horizontal track. The tension in the cable is 500 N. Starting
from rest, (a) how long will it take the cart to reach a speed of 8m/s? (b) How far will it have gone?

I Assuming no friction, the tension in the cable is the only horizontal force. Then from F, = ma, we get
a, = (500 N)/(200 kg) = 2.50 m/s*. We now use kinematics to solve the problem.

{(a) v, = v,, +a,r; and since the cart starts from rest, vy, =0. Then r=v,/a, = (8 m/s)/(2.50m/s") = 3.25.
(b) Letting the starting point be the origin we have x = v 0 + lat® =0+ 1(2.50m/s*)(3.25)° = 12.8 m

A 900-kg car is going 20 m/s along a level road. How large a constant retarding force is required to stop it in
a distance of 30 m?

J Here we start with the kinematical equation that allows us to find the acceleration a,: vl =], + 2a,x,
where v, =0 when x = 30 m and v, = 20 m/s. Solving we obtain @, = —6.67 m/s’. Finally we solve for the
retarding force using F, = ma, = (%00 kg)(—6.67 m/s?) = —6000 N.

How much force does it take to give a 20 000-kg locomotive an acceleration of 1.5 m/s” on a level track with a
coefficient of rolling friction of 0.03?

I Referto Fig. 4-1. F = N =ma, N=mg, F = p,mg + ma =0.03(20 000)(9.8) + 20 0{(1.5) =
5880 + 30000 = 35.880 kN

—_—
N4 D¥|
o~ el — s B
F
mg ¥ Fig. 4-1
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A 12.0-g bullet is accelerated from rest to a speed of 700 m/s as it travels 20 cm in a gun barrel. Assuming the
acceleration to be constant, how large was the accelerating force?

I From kinematics we have v* = vl + 2a,x. For our case v,, =0, and v, = 700 m/s when x =0.20m. Solving
we get a, = 1.23 - 10° m/s*. We then obtain F, by noting m = 0.012 kg and using F, = ma, = 14.8kN.

A 20-kg crate hangs at the end of a long rope. Find its acceleration when the tension in the rope is (a) 250N,
() 150 N, () zero, (d) 196 N.

# The crate is acted on by two vertical forces—the tension in the rope, T, upward and the weight of the
crate, w = mg, downward. Noting that w = (20 kg)(9.8 m/s’) = 196N and using T — w = ma,, we get:
(@) a, =2.7m/s"; (b) a, = 2.3 m/s"; (¢) a, = =9.8 m/s’; (d) a, = 0. Note that negative acceleration is

downward for our case.

A 40-kg trunk sliding across a floor slows down from 5.0 to 2.0m/s in 6.0s. Assuming that the force acting on
the trunk is constant, find its magnitude and its direction relative to the velocity vector of the trunk.

I Letting the x axis be along the direction of motion, we have for the magnitude of the resultant force

F, = ma,. To find a, we use the kinematical relationship v, = vy, + a.t, with v, =5.0m/s, v, =2.0m/s,

t =6.0s. Solving we get a, = —0.50m/s’. Then F, = (40 kg)(—0.50 m/s*) = =20 N. Noting that the resultant
force in the y direction is zero since a, =0, we have our answer, F is 20N in the direction opposite to the
velocity.

A resultant force of 20N gives a body of mass m an acceleration of 8.0 m/s?, and a body of mass m’ an
acceleration of 24 m/s*. What acceleration will this force cause the two masses to acquire if fastened together?

I From F = ma, with F=20N and a = 8.0 m/s*, we get m = 2.50kg. From F =m'a" and
a'=24.0m/s* we get m’ =10.83 kg. Combining the two masses yields M =m + m' =3.33 kg and

F = MA yields A =6.0m/s".

An 1100-kg car travels on a straight highway with a speed of 30 m/s. The driver sees a red light ahead and
applies her brakes, which exert a constant braking force of 4 kN. (@) What is the deceleration of the car?
{b) In how many seconds will the car stop?

I (a) Use Newton's second law of motion. Take a retarding force to be negative.
F=ma —4x100'=1100a a=-3.636m/s
Thus, the deceleration is 3.636 m/s”.

(b}ﬂEU_U“

where v equals zero after ¢ seconds, and v, equals 30 m/s.

ﬂ_
_3'636=_r§9 t=30/3.636=8.25s

The car will come to a stop in §.255s.

A force of 70N gives an object of unknown mass an acceleration of 20 fi/s”. What is the object’s mass?

= TON _T0kg-m/s’
T (20£t/57)(0.305m/ft)  6.10m/s’

F
d F=ma -=m =11.5k
a' 11.IKE

A boy having a mass of 75 kg holds in his hands a bag of flour weighing 40N (Fig. 4-2). With what force does
the floor push up on his feet?

I For the boy to be in equilibrium, the floor must push up on the boy's feet with a force F equal and
opposite to the combined weight of the flour and the boy. Let m equal the mass of the boy and w the weight
of the flour:

F=mg+w=T598)+40=T735+40=T75N

Apply Newton's third law in the following situation: Two drivers, one owning a large Cadillac and the other
owning a small Volkswagen, make a bet. The VW owner bets that his car can pull as hard as the Cadillac.
They chain the two rear bumpers together in a large empty parking lot. Each driver gets into his car and
applies full power. The Cadillac pulls the VW backward all over the lot. The driver of the VW later claims
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Fig. 4-2

that his car was pulling on the chain as hard as the Cadillac all the time. What does Newton’s third law say in
this case? Assume that the chain has negligible mass.

d Newton's third law says that the VW owner is right. Each car must pull on the chain with the same
magnitude of force, one being the action and the other the reaction. The motion of the VW is a consequence
of all the forces acting on it, not just the force of the chain. These other forces include, in particular, the
frictional force between tires and road, which is quite different for the VW and the Cadillac.

4.15 A 2-slug mass pulls horizontally on a 3-slug mass by means of a lightly stretched spring (Fig. 4-3). If at one
instant the 3-slug mass has an acceleration toward the 2-slug mass of 1.8 ft/s®, find the net force on the 2-slug
mass and its acceleration at that instant.

I The spring pulls on each mass with the same force F but in opposite directions. Using Newton's second
law,
F=ma, =m.a, F =mya,=3slug x 1.8 ft/s" = 5.4slug - ft/s’ F=54I1b

Using Newton's second law on the mass m,,
F=mua,=541lb 2a,=5.4 a,=2.71ys

m'|. mz
@’; cadd 0 i"-‘@
F
— —
a, 4  Fig.43

4.16 A 96-lb boy is standing in an elevator. Find the force on the boy's feet when the elevator (a) stands still (b)
moves downward at a constant velocity of 3 ft/s (¢) accelerates downward with an acceleration of 4.0 ft/s",
and (d) accelerates upward with an acceleration of 4.0 ft/s*.

I (a) Find the mass of the boy in the proper unit, the slug:

weight (w) 96 b .
- ' - = =31b-s}/ft=3sl
™~ acceleration of gravity (g) 32 ft/s’ s°/ft =3 slug

When an elevator stands still, the force on the boy's feet, according to Newton's first law, is equal and
opposite to his weight. The answer is therefore 96 b upward.

(b) A constant velocity means zero acceleration. For zero acceleration the force of the elevator balances the
earth’s downward gravitational force, that is, the weight of the boy. Again by Newton’s first law, the answer
is 96 Ib upward.

{¢) When the acceleration of the elevator is downward, the boy's weight exceeds the upward force E of the
elevator, yielding a net downward force F. From Fig. 4-4

F=ma=3slug x 4.0ftfs’=12lbs’/frxft/s’ F=12Ib E=w-F=9—-12=84lb
By Newton's second law, the floor of the elevator pushes upward on the boy's feet with a force of 84 Ib.
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|

m=3 slug

TE Fig. 4-4

{d) When the elevator accelerates at 4.0 ft/s” upward, the force E acting on the boy is greater than his weight
w by an amount F = 121b;

E=w+ F=9+12= 108 b upward

An elevator starts from rest with a constant upward acceleration. It moves 2.0 m in the first 0.60s. A
passenger in the elevator is holding a 3-kg package by a vertical string. What is the tension in the string
during the accelerating process?

d To obtain the tension T in the string we apply the second law to the m = 3.0 kg package: T —w =ma,,
with w = mg =29.4 N. The acceleration a of the package is the same as that of the elevator; it is obtained
from the displacement formula v = vy, ¢ + ba,r*, where v, =0 and y = 2.0 m, when 1 =0.60s, Solving we get
a, =11.1 m/s*. Substituting into our equation for T, we get T =62.7N.

Just as her parachute opens, a 150-Ib parachutist is falling at a speed of 160 ft/s. After 0.80 s has passed, the
chute is fully open and her speed has dropped to 35 fi/s. Find the average retarding force exerted upon the
chutist during this time.

I We choose downward as the positive y direction. The average acceleration of the chutist over the 0.80-s
interval is

(35— 160)ft/s .
8, = = 156 ft/s

MNext we use: ¥, F.=mi,, orw— 1T = md,, with w =1501b, m = w/g = 4.69 slug, and T = the average
retarding force due to the chute. Solving we get T = 881 N.

A boy who normally weighs 300 N on a bathroom scale crouches on the scale and suddenly jumps upward.
His companion notices that the scale reading momentarily jumps up to 400 N as the boy springs upward.
Estimate the boy's maximum acceleration in this process.

J The maximum upward force exerted by the scale on the boy is 400 N, The net force on the boy is

{400 — 300) N and this equals ma. Using m = 300/9.8 vields a = 3.3 m/s".

Shortly after leaping from an airplane a 91.8-kg man has an upward force of 225 N exerted on him by the air.
Find the resultant force on the man.

I The resultant force on the man is the vector sum of two forces—the weight w = mg = (91.8kg)(9.8 m/s%) =
900 N downward, and the 225-N force upward. Then the resultant force is 900 — 225 =675 N downward.

To measure the mass of a box, we push it along a smooth surface, exerting a net horizontal force of 150 b,
The acceleration is observed to be 3.0 m/s*. What is the mass of the box?

[ | Using F, = ma, for the horizontal direction we get 150 1b < 4.45 N/lb = m(3.0 m,.fsz) and m = 223 kE'

A book sits on a horizontal top of a car as the car accelerates horizontally from rest. If the static coefficient of
friction between car top and book is 0.45, what is the maximum acceleration the car can have if the book is
not to slip?

J When the book of mass m is about to slide, the friction f = umg. Friction is the only horizontal force
acting, thus f = ma. Inserting u = 0.45 yields a = yg = 4.41 m/s?,
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Prove the following for a car moving on a horizontal road: The magnitude of the car’s acceleration cannot
exceed pg, where u is the coefficient of friction between tires and road. What is the similar expression for the
acceleration of a car going up an incline whose angle is 87

d Friction between tires and road supplies the force moving the car, so f = ma. On a horizontal road
Fy, = mg, s0 f. = puFy = pmg, therefore a,.. = pg. On the incline, equations of motion parallel and
perpendicular to the surface are pF, — mg sin @ = ma,,,, and F, — mg cos # = 0. Solve for a: @, =

(e cos 8 — sin 0)g.

A 5-kg mass hangs at the end of a cord. Find the tension in the cord if the acceleration of the mass is
(a) 1.5m/s* up, (b) 1.5m/s" down, and (c) 9.8 m/s* down.

I Choosing upward as positive we have T — w = ma,, where T is the tension in the cord, m = 5 kg, and
w =mg =49 N 1s the weight of the mass.
(a) T=56.5N(b) T=41.5N (¢) T=0.

A T00-N man stands on a scale on the floor of an elevator. The scale records the force it exerts on whatever is
on it. What is the scale reading if the elevator has an acceleration of (a) 1.8 m/s* up? (b) 1.8 m/s* down?
(¢) 9.8 m/s® down?

I Again choosing upward as positive and letting N represent the force of the scale on the man, we have
N = w =ma,. Noting that w = 700N, and that m = w/g = T1.4 kg, we solve for N using the values of a, given:
(@) N=829N. () N=5TIN. (e) N=1.

Using the scale described in Prob. 4.25, a 65-kg astronaut weighs himself on the moon, where g = 1.60 m/s’.
What does the scale read?

I Since g0 is the acceleration of free fall on the moon, and Wy, is the force of gravity on the moon's
surface, we have Woua, = ME e = (65 kg)(1.60 m/s7) = 104 N, By Newton’s first law scale reads 104 N,

A rough rule of thumb states that the frictional force between dry concrete and a skidding car’s tires is about
equal to nine-tenths of the car's weight. If the skid marks left by a car in coming to rest are 20 m long, about
how fast was the car going just before the brakes were applied?

I Since |f| = u |F.|, and since F,, = W on level ground, we have for g = 0.9, f = —=0.9W. Find the car’s
acceleration from F = ma, which is f = (W /g)a with f = —0.9W. Then a = =0.9g, Since x is 20m, use
v* — v = 2ax with v =0, to give v, =6g'" = 18.8 m/s.

If the coefficient of friction between a car's wheels and a roadway is 0.70, what is the least distance in which
the car can accelerate from rest to a speed of 15 m/s?

I Using a = pg (see Probs. 4.23 and 4.27) in the kinematical formula v* = v} + 2ax,

_vi-wy o 150

=

2% 2070) 08  oAm
A constant force accelerates an electron (m = 9.1 x 107" kg) from rest to a speed of 5 x 10" m/s in a distance
of 0.80 cm. Determine this force. How many times larger than mg is it?

I First find the constant acceleration from v° = v2 = 2ax; then a =25 x 10"/1.6 % 107 = 1.56 x 10" m/<. so
F=ma=(9.1x10"") (1.56 x 10"")=1.43% 10 ™ N. Then F/mg =a/g = 1.56 % 10"/9.8 = 1.6 x 10'".

The 4.0-kg head of a sledge hammer is moving at 6.0 m/s when it strikes a spike, driving it into a log; the
duration of the impact (or the time for the sledge hammer to stop after contact) is 0.0020s. Find (a) the time
average of the impact force, {(b) the distance the spike penetrates the log.

I (a) The average force is a constant force that would effect the same result as the actual time-varying force
over the time interval involved. For a constant force we can use v, = v, + a,/ to find the corresponding
constant acceleration a,. Here v, = 6.0m/s, v, =0, and ¢ = 0.0020 5. Solving we get a, = —3000 m/s”. Then
F, = ma, yields F, = —12kN. Here F, represents the force of the spike on the hammer-

head. The reaction force on the spike is the impact force, which is 12 kN.

(b} The spike moves the same distance as the hammerhead in the time interval in question. For the
hammerhead we have x = v, ¢ + ta, £ = (6.0 m/s)(0.0020 s) + 5(=3000 m/s°)}0.0020 s)* = 0.006 m or x =

6.0 mm.
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A body of mass m moves along ¥ such that at time ¢ its position is y(f) = a’* = br + ¢, where a, b, ¢ are
constants. {@) Calculate the acceleration of the body. (b) What is the force acting on it?

I (a) a, = d*v/dr’. We first obtain v, = dy/dt = 3at'* — b and then d’y/dr* = Jar™"". To obtain the force we
have (b) F = ma, = jmat™'"?

Measurements on a 300-g object moving along the x axis show its position (in centimeters) to be given by
x =0.20¢ = 5.0¢* + 7.5¢°, where ¢ is the time in seconds. Find the net force that acted on the object during the
time for which this expression applies.

I Because F,., = ma, we must find a; a = dv/df and v = dx/dt. Doing the differentiations, v = 0,20 = 10,0¢ +
22.5¢%, @ = —10.0 + 45¢; s0 F,,, =300(=10.0+ 45¢) dyn = 0.00300(= 10.0 + 45) N

A 5(-g mass vibrating up and down at the end of a spring has its position given by y =0.150 sin 3¢ m for ¢ in
seconds. Find the net force that acts on the mass to give it this motion.

# The acceleration is d*v/df* = —1.35 sin 3t m/s; so F.., = 0.050{=1.35 sin 31) = =0.0675 sin 3t N, The
minus sign indicates a restoring force.

A body of mass m moves along X such that at time ¢ its position is x(¢) = ar* — §¢* + y1, where a, §, y are
constants. (a) Calculate the acceleration of the body. (b) What is the force acting on it?

I @ X=4a’ -3 +y and  X=12ar -6t

ib) F, = mi = 12mat® — 6mfir

4.2 FRICTION; INCLINED PLANES; VECTOR NOTATION

4.35

4.36

4.3

4.38

The breaking strength of a steel cable is 20 kN. If one pulls horizontally with this cable, what is the maximum
horizontal acceleration which can be given to an &-ton (metric) body resting on a rough horizontal surface if
the coefficient of kinetic friction is 0.157

J Let T be the cable force. Then £ F = ma becomes T — p,mg = ma. For maximum acceleration T =
2.0 % 10° N, so that 2.0 % 10° N — 0.15(8000 kg)(9.8 m/s") = (8000 kg)a. Solving we get a = 1.03m/s’.

A 20-kg wagon is pulled along the level ground by a rope inclined at 3)° above the horizontal. A friction
force of 30N opposes the motion. How large is the pulling force if the wagon is moving with {(a) constant
speed, and (b) an acceleration of 0,40 m/s*?

d Let the pulling force of the rope be T. Using ¥ F, = ma, we have for our case T cos 30° — 30N = ma,,
where m = 20kg. (@) Fora, =0, T=34.6 N. (b) For a, =0.40m/s*, T=43.9N

Suppose, as shown in Fig. 4-5, that a 70-kg box is pulled by a 400-N force at an angle of 30° to the horizontal.
The coefficient of sliding friction is 0.50. Find the acceleration of the box.

I Because the box does not move vertically, ¥ F, = ma, =0. From Fig. 4-5, we see that this equation is
Y + 200N — mg = 0. But mg = (70 kg)(9.8 m/s’) = 686 N. It follows that ¥ =486 N.

We can find the friction force acting on the box by writing f = u¥ = (0.50)(486 N) = 243 N. Now let us write
Y. F, = ma, for the box. It is (346 — 243) N = (70 kg)a,, from which a, = 1.47 m/s®.

mg Fig. 4-5

As shown in Fig. 4-6, a force of 400 N pushes on a 25-kg box. Starting from rest, the box achieves a velocity
of 2.0m/s in a time of 4s. Find the coefficient of sliding friction between box and floor.
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L
(25(9.8) N I Fig. 4-6

F We must find f by use of F = ma. But first we must find @ from a motion problem. We know that v, =0,
v, =2m/s, r=4s. Using v, = v, + ar gives

a=U Y 2T s mst
! 45
Now we can write ¥, F, = ma,, where a, =a = (.50 m/s’. From Fig. 4-6, this equation is 257N —f =
(25 kg)(0.50 m/s%}, or f = 245 N. We now wish to use y =f/¥. To find ¥, we write ¥ F, = ma, =0, since no
vertical motion occurs. From Fig. 4-6, ¥ — 306 N - (25)(9.8) N =0, or ¥ =551 N.
Then

A 12-kg box is released from the top of an incline that is 5.0 m long and makes an angle of 40° to the
horizontal. A 60-N friction force impedes the motion of the box. (@) What will be the acceleration of the box
and (&) how long will it take to reach the bottom of the incline?

I In Fig. 4-7 we show the three forces acting on the block: the frictional force f = 60 N: the normal force N,
which is perpendicular to the incline; and the weight of the block, w = mg = (12 kg)(9.8 m/s") = 118 N. We
choose the x axis along the incline with downward as positive. Using £ F, = ma,, we have w sin 40° — f = ma,,
or (118 N}J{0.642) — (60 N} = (12 kg)a,. Solving we have a, =1.31 m/s®. To find the time to reach the bottom
of the incline, starting from rest, we use ¥ = v f + ta.r?, with vy, =0 and x = 5.0 m. Solving we get
1=(7.635%)"2 =2.76s.

For the situation outlined in Prob. 4.39, what is the coefficient of friction between box and incline?

I Again referring to Fig. 4-7 we have from £ F, =0, N — wcos40° =0, or N =90 N. Then, recalling that the
coefficient of kinetic friction is given by u, = f/N, we have u, =0.67.

Fig. 47

An inclined plane makes an angle of 30° with the horizontal. Find the constant force, applied parallel to the
plane, required to cause a 15-kg box to slide {a) up the plane with acceleration 1.2 m/s" and (&) down the
incline with acceleration 1.2 m/s*. Neglect friction forces.

J Here we assume that the x axis is along the incline and positive upward. If P is the constant force referred
to, then from ¥, F, = ma, we have P — w sin 30° = ma,, with m = 15 kg and w = mg = 14TN.
(a) Fora,=1.2m/s’, P=91L.5N. (b) a, = ~1.2m/s*, P=555N

A 400-g block onginally moving at 120 cm/s coasts 70 cm along a tabletop before coming to rest. What is the
coefficient of friction between block and table?
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I For the block ¥ F, =0 yields Fy, = W =mg and ¥, F, = ma yields ~uF, = ma; hence, p = —a/g. The
uniform acceleration, from v* — v} = Zax, is a = —1.2%/2{0.7) = —1.03 m/s"; then u = 1.03/9.8 = 0.105.

How large a force parallel to a 30 incline is needed to give a 5.0-kg box an acceleration of 0.20 m/s” up the
incline (a) if friction is negligible? (b} If the coefficient of friction is 0,307

I (a) The component of the weight down the incline = mg sin 30° = 5(9.8)(0.5) = 24.5 N, while the external
force up the plane is F. So F,., = ma becomes F ~ 24.5 = 5(0.20) from which F =25.5N (b) A friction

force = wF, must be added to 24.5 N down the incline. F,, = mg cos 30°=42.4N and uF, =12.7N.so0 Fis
larger by this amount; thus F =38.2N.

An 8.0-kg box is released on a 30° incline and accelerates down the incline at 0.30 m/s*. Find the frictional
force impeding its motion. How large is the coefficient of friction in this situation?

I The component of the weight down the incline = 8(9.8)(0.5) =39.2N. Now F=ma leads to 39.2-f =
8(0.3), so that f = 36.8 N. The normal force equals the component of W perpendicular to the incline,
8(9.8)(0.867) = 67.9 N. Therefore u = 36.8/67.9=0.54.

A horizontal force P is exerted on a 20-kg box in order to slide it up a 30° incline. The friction force retarding
the motion is 80 N. How large must P be if the acceleration of the moving box is to be (a) zero and
(b) 0.75 m/s*?

I Here we choose the x axis along the incline with positive upward. All the forces on the block are shown in
Fig. 4-8. From E F, = ma, we have P cos 30° — w sin 30° — f = ma,, where m =20 kg, w =mg = 196 N, and
f=B80N. (a) Fora, =0, P=206N. (b) Fora, =0.75m/s’, P=223N

Fig. 48

A horizontal force of 200 N is required to cause a 15-kg block to slide up a 20° incline with an acceleration of
25cm/s>. Find (&) the friction force on the block and (k) the coefficient of friction.

I The situation is as shown in Fig. 4-9. We again choose the x axis along the incline, and the y axis
perpendicular to the incline. Then from I F, = ma, we get P cos 20° — f — w sin 20° = (15 kg)(0.25 m/s") and
from equilibnum in the y direction we get N — P sin 20° — w cos 20° = 0. Noting that P =200 N and

w =mg = 147 N, we solve the equations, yielding f = 134 N and N = 207 N, respectively. Finally u, =f/N =
(.65 is the coefficient of friction. Note how P contributes to the normal force.

Fig. 49

What is the smallest force parallel to a 37° incline needed to keep a 100-N weight from sliding down the
incline if the coefficients of static and kinetic friction are both 0.307

I As usual, choose the x and y axes parallel and perpendicular to the incline. Let F be the unknown force, f
the friction force, and N the normal force. If the weight is about to slide down the incline, then the frictional
force is maximum and in the upward direction. Then

F=wsin 37+ f.. =0, where  fo..=uN and N-wcos3i?T=10.

Noting that w = 100N and g, = 0.3, we get N =80N and f,,. =24 N; and finally F = 36 N is the minimum
force needed along the incline.

Referring to Problem 4.47, indicate what parallel force is required to keep the weight moving up the incline at
constant speed.
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# Here we have kinetic friction down the incline, and F=wmN. Nisstill B0N (why?) and since g, =0.30, we
have f =24 N. Then E F, =0 yields F — wsin 37° — f = 0; and solving, we get F=84 N,

For the same conditions as in Prob. 4.48 assume that the force F, up the incline, is 94 N. What is the
acceleration of the object? If the object starts from rest, how far will it move in 10s7?

I As before, f=uwu,N=24N and is down the incline opposing the motion. Then using £ F, = ma,, we have
F—wsin 37" = f = ma,. Noting m = w/g = 10.2 kg we solve, getting a, = 0.98 m/s” up the incline. Next we use
the kinematic formula x = vyt + la,*, with vy, = 0. Setting ¢ = 10's and using our a,, we get x =49m.

A 5-kg block rests on a 30° incline. The coefficient of static friction between the block and incline is 00.20).
How large a horizontal force must push on the block if the block is to be on the verge of sliding up the
incline?

I Let P be the horizontal force. We choose x and y axes || and L to the incline. Since the block is on the
verge of moving, it is in equilibrium: ¥ F, =0 and ¥ F, =0. Here we have maximum static frictional force
down the incline. P cos 30° — w sin 30° — .. = 0; N — w cos 30° — P sin 30° =0, where N and f are the normal
and friction forces, respectively. w = mg = 49 N. Substituting f..,. = .V in the first equation, and putting in all
known quantities, we get

0.866F - 0.20N =24.5N N -0.50P=424N
These two equations in two unknowns can be solved in a variety of ways. We multiply the first equation by 5
and add to the second equation to eliminate N. This yields 3. 83P =165N, or P=43.1N.
Rework Prob. 4.50 for incipient motion down the incline.

I The only difference from Prob. 4.50 is that the maximum frictional force is up the incline. We therefore
change the sign in front of f,, in the £ F, =0 equation. We then get for our two equations:

0.866F + 0.20N =245 N N—-050FP=424N

We again multiply the first equation by 5, but now subtract the second equation to eliminate N. This yields
4.83P=80.1N, or P=16.6N. Note that in Probs. 4,50 and 4.51 the numerical valves of N are different,
reflecting their dependence on P.

In Fig. 4-10, the B-kg object is subject to the forces F, = 30N and F. = 40 N. Find the acceleration of the
object.

: Fig. 4-10

I Newton's second law in component form is F,, + £, = ma, and F,, + F,, = ma,, or 30 cos 40° + 40 cos 70° =
8a, and 30 sin 40° — 40 sin 707 = 8a,. Solving, a = 4.6i — 2.3j m/s’.

A 7-kg object 15 subjected to two forces, F, = 20i + 30j N and F, = 8i — 50j N. Find the acceleration of the
object.

I F=F, +F,=28i— 20 N; a=lF=4i—(20f?}jn1fs:,
m

The forces F, and F, shown in Fig. 4-10 give the 8-kg object the acceleration a = 3.0i m/s". Find F, and E.
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d Our motion equations take the form F, + F, = 8(3), F, + £, = (. From the latter, F, sin 40" =
F, sin 70°; from the former, F, cos 40° = 24 — F, cos 70°. Dividing these relations we have tan 40° =
F. sin 70°/(24 — F, cos 70°). Using these, £, =16.4 N and F, = (sin 70°/sin 40°)F, = 24 N.

Find the force needed to give a proton (m = 1.67 x 107" kg) an acceleration 2 x 10°i — 3 x 10°j m/s%,

J F=ma=334x10"=-501x10"N

A 200-g object is subjected to a force 0.30i — 0.40j N. If the object starts from rest, what will be the velocity
vector of the object after 657

1 6
' |l'=vﬂ+£a=ﬂ+,;]7=m[0.3ﬂi—ﬂ.4ﬂﬂ=9i"' ].Zi m/s

If the object of Prob. 4.56 started at the origin, what was its location at the end of the &-s period?

' 36
— +1'-' =0+0+—F=
' S=8; +1Iv, L!a—ﬂ' 2 2[[23[}

Thus the object was found at the point (27m, —36 m).

(0.30i — 0.40j) = 27i — 36§ m

4.3 TWO-OBJECT AND OTHER PROBLEMS

4.58

4.59

4.60

In Fig. 4-11, find the acceleration of the cart that is required to prevent block B from falling. The coefficient
of static friction between the block and the cart is u,.

§ 1f the block is not to fall, the friction force, f, must balance the block’s weight: f = mg. But the horizontal
motion of the block is given by N = ma. Therefore,

N a T fIN

Since the maximum value of f /N is u,, we must have a =g/, if the block is not to fall.

O O - Fig. 4-11

A passenger on a large ship sailing in a quiet sea hangs a ball from the ceiling of her cabin by means of a long
thread. Whenever the ship accelerates, she notes that the pendulum ball lags behind the point of suspension
and so the pendulum no longer hangs vertically. How large is the ship’s acceleration when the pendulum
stands at an angle of 5% to the vertical?

d Sce Fig. 4-12. The ball is accelerated by the force T sin 5°. Therefore T sin5°= ma. Vertically ¥ F =0, so
T cos 5% = mg. Solving for a = g tan 5° gives a = 0.0875¢ = 0.86 m//s”.

7

Mg ﬁg. 4-12

A rectangular block of mass m sits on top of another similar block, which in turn sits on a flat table. The
maximum possible frictional force of one block on the other is 2.0m N. What is the largest possible
acceleration which can be given the lower block without the upper block sliding off? What is the coefficient of
friction between the two blocks?

I F..=20m=mau.., $0 d..,=2.0m/s". Also u =fi{mg =2.0m/9.8m =0.20.
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{a) (b Fig. 4-13

A block sits on an incline as shown in Fig. 4-13(a). (@) What must be the frictional force between block and
incline if the block is not to slide along the incline when the incline is accelerating to the right at 3 m/s*?
{b) What is the least value u, can have for this to happen?

I Resolve the forces and the 3-m/s” acceleration into components perpendicular and parallel to the plane
[Fig. 4-13(b)]. Write F = ma for each direction: 0.6mg — f = 3(0.8)m and F, — 0.8mg = 3(0.6)m, which yield
(a) f =(3.48m) N, F,=(9.64m) N

In the absence of friction, would the block of Prob. 4.61 accelerate up or down the incline?

I Down [at 3.48 m/s* relative to incline, since total acceleration down incline is then 0.6 g by Prob. 4.61(a)].

The inclined plane shown in Fig. 4-14 has an acceleration a to the right. Show that the block will slide on the
plane if a > g tan (# — &), where u, = tan # is the coefficient of static friction for the contacting surfaces.

Y

X Fig. 414

d 11 the block is not to slide, it must have the same acceleration as the plane. Hence
feosa—Nsinao=ma  fsina+Ncosao—mg=0
From these,
f=miacos a+gsina) N =mig cos @ —a sin a)
and

f acosa+gsing a+gtana
_— = -
N geosa—asing g-—atana

Now the maximum value of f/N in the absence of slipping is g, = tan #. Thus the acceleration a must satisfy

a+gtan o tan & — tan a
————— = tan # or a=g——
g—atan a I+ tan & tan o

If a =g tan (8 — &), the block will slide.

=gtan(f — a)

Objects A and B, each of mass m, are connected by a light inextensible cord. They are constrained to move
on a frictionless ring in a vertical plane, as shown in Fig. 4-15. The objects are released from rest at the
positions shown. Find the tension in the cord just after release.

I At the moment of release, A is constrained to move horizontally and B vertically, so that the two initial
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Fig. 415

accelerations are tangential as shown. Furthermore, the two accelerations have the same magnitude, a, since
otherwise the cord would have to stretch. Thus, the horizontal force equation for A and the vertical force
equation for B, at the indicated positions, are

T sin 45° = ma mg — T sin45° = ma

P mg mg
* T = - -
Eliminating a TendF V2

If the system in Fig. 4-16{a) is given an acceleration, find the forces on the sphere, assuming no friction.

I From Fig. 4-16(b), ¥. F,., = R, cos 30° = w = ma,., =0 and ¥ K., = R, — R, sin 30° = ma. Thus, the acting
forces are

W . W W a
R, e 1.15w R,=R1sm3ﬂ“+gn‘= [1.15w)(l].5)+5a= w(D.SB +E)

and the weight, w.

NF

R NNy
(a) (6)
Fig. 4-16

In Fig. 4-17, mass A is 15 kg and mass B is 11 kg. If they are given an upward acceleration of 3m/s® by
pulling up on A, find the tensions T, and T..

I First apply Newton’s second law to the system as a whole to find the force F, accelerating both masses
upward.

F=(ms+mgla=(15+11)3 F=T8N

Since F, is the resultant force, Fy =T, — m.g — mgg, and the tension T, is the sum of the weights of A and B
plus F,.

To=m,g + mug + F, = 15(9.8) + 11(9.8) + 78= 147+ 107.8+ 78  T,=332.8N
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— e A

o Fig. 4-17
Similarly for mass B only,

E=mga=11{3)=33N T=mpe+FE=11{9.8)+33=1078+33=140.8 N

To check, for block A only,
Ti=m,g+mua+T=147+45+ 140.8 =332.8N

4.67 Referring to Fig. 4-18, find the acceleration of the blocks and the tension in the connecting string if the
applied force is F and the frictional forces on the blocks are negligible.

I Apply F =ma to each block in turn to obtain F — T = m,a and T = m,a. Solve for T and a to obtain
a=F/{my+m;) and T=m,F/{m, +m;).

4.68 In Fig. 4-18, if F =20N, m, =m, =3 kg, and the acceleration is 0.50 m/s*, what will be the tension in the
connecting cord if the frictional forces on the two blocks are equal? How large is the frictional force on either

block?

F

[ =]

Fig. 4-18

I Write F = ma for each block using f as the friction force on each block, Then we obtain F~f — T =m.a
and T — f =m,a. Use the given values and solve to find T=10N and f =85N.

4.69 The device diagramed in Fig. 4-19 is called an Arwood's machine. In terms of m, and m; with m,>m,,
{a) how far will m. fall in time r after the system is released? (&) What is the tension in the light cord
that connects the two masses? Assume the pulley to be frictionless and massless.

|

g

mag Fig. 4-19

1 (a) Isolate the forces on each mass and write Newton's second law, choosing up as positive:
T—mg=m,aand T — g = —m.a. Eliminating T gives a = (m, — m,)g/(m, + m;). Now use y =ar’/2 to
find the distance fallen in time i. {(b) From the above equations, T = 2m,m.g/(m, + m.).
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A cord passing over a frictionless, massless pulley (Atwood’s machine) has a 4-kg block tied to one end and a
12-kg block tied to the other. Compute the acceleration and the tension in the cord.

I Using the formulas derived in Prob. 4.69,

B4 2 _2802)
—12+4{9.B] 4.9m/s T= YPST)

a (9.8)=58.8N

For an Atwood’s machine (Prob. 4.69) with masses 10 and 12 kg, find (@) the velocities at the end of 35 and
(b) the distances moved in 3s. (c) If at the end of 3 s the string is cut, find the distances moved by the masses
in the next 6s.

g=Mamm)g 12— ]['[9,31=M1“3_z

I @ my+my 12410

Since the acceleration is constant, the common speed at the end of 3s is v = v, + ar =0 + (0.B9)3) = 2.67 m/s.
Mass 2 moves down and mass 1 moves up. (&) The distance moved by each mass in 3sis

s = vot + dar* = (0)(3) + J(0.89)(3) = 4m.

{c) If the string is cut, the masses fall freely with initial velocities vy = —2.67 m/s and v,, = +2.67 m/s, with
up taken as positive. For mass 2, the displacement in 65 is then

Vo = Uyt — Lgr* = (=2.67)(6) — 3(9.8)(6)* = —192.4m
i.e., a downward distance of 192.4 m. Mass 1 travels upward a distance
. v_}n _ (2.67)
2z 2(9.8) 04

before coming to a stop and then falling downward. The time of travel upward before coming to a stop for
mass 1 is

LT 2.67
by, =—=—7=0.27
PT e 9.8 s

It then travels downward 5.73 s for a distance
d" = [i(—g) = }(9.8)(5.73 = 160.9 m.
The total distance traveled by mass 1 is then d =d" + d"=0.4+ 160.9 = 161.3 m.

In Fig. 4-20, the weights of the objects are 200 and 300 N. The pulleys are essentially frictionless and
massless. Pulley P, has a stationary axle but pulley P; is free to move up and down. Find the tensions T; and
T:, and the acceleration of each body.




4.73

4.74

4.75

NEWTON'S LAWS OF MOTION [ 65

d Mass B will rise and mass A will fall. You can see this by noting that the forces acting on pulley P, are 2T;
up and T, down. Therefore T, = 2T; (the inertialess object transmits the tension). Twice as large a force is

pulling upward on B as on A.
Let a = downward acceleration of 4. Then iz = upward acceleration of B. [As the cord between P, and A

lengthens by 1 unit, the segments on either side of P, each shorten by ! unit. Hence, ! =s4/5, =
(Laqr")/(ta,r®) = ap/a,.] Write £ F, = ma, for each mass in turn, taking the direction of motion as positive in
each case. We have

T, — 300 N = mg(ia) and 200N—-T,=m,a

But m = w/g and so m, = (200/9.8) kg and mz = (300/9.8) kg. Further, T, = 2T;. Substitution of these values
in the two equations allows us to compute T, and then T, and a. The results are

Ti=327N L=164N a=178 mfs*

An inclined plane making an angle of 25° with the horizontal has a pulley at its top. A 30-kg block on the
plane is connected to a freely hanging 20-kg block by means of a cord passing over the pulley. Compute the
distance the 20-kg block will fall in 2 s starting from rest. Neglect friction.

Fig. 4-21

I The situation is as shown in Fig. 4-21. We apply Newton's second law to each block separately. For block
B we choose downward as positive, while for block 4 we choose our x axis along the incline with the positive
sense upward. This choice allows us to use the same symbol, a, for the acceleration of each block. Then for
block B, w, — T =m,a, where m, =20kg and w, = 196N and T is the tension in the cord. Since the pulley is
frictionless, the same tension T will exist on both sides of the pulley. Then for block A, T — w, sin 25° = m_a,
where m, = 30 kg and w, =294 N. We can eliminate the tension T by adding the two equations, which yields
Wy — W, 5in 25° = (m, + m,)a. Substituting in the known values we solve, getting a = 1.44 m/s’. The equation
for fall from rest is ¥ = vo,f + a,r%, with v,, = (. Substituting in @, = 1.44 m/s” and ¢t = 25, we get y =2.88 m.

Repeat Prob. 4.73 if the coefficient of friction between block and plane is 0.20.

I The equation for block A is now T — w, sin 25° = f = m,a. The block B equation is the same as before:
w, — T'=m,a. Adding the two equations we get this time w, — w, 5in 25° ~ f = (m, + m,)a. As soon as we
obtain f we can solve for a. To obtain f we note that f = p, N, where u, =0.20 is the coefficient of kinetic
friction and N is the normal force exerted on the block by the incline. Noting £ F, = 0 for the direction
perpendicular to the incline, we have w, cos25°— N =0, or N =266 N. Then f =53 N and solving for the
acceleration a =0.38 m/s*. Again using y = vy, + ta,r* with v, =0, a, =0.38 m/s*, and 1 =25, we get
y=0.76m.

In Fig. 4-22, the two boxes have identical masses, 40 kg. Both experience a sliding friction force with
p=10.15. Find the acceleration of the boxes and the tension in the tie cord.

T

fa

Fig. 422



66

4.76

4.77

-

[

CHAPTER 4

J Using f = u¥, where ¥ = normal force, we find that the friction forces on the two boxes are

fa=(0.15)(mg)  fu= (0.15)(0.87 mg)
But m =40 kg and so f, =59N and f; =51 N.
Let us apply £ F, = ma, 1o each block in turn, taking the direction of motion as positive.
T-59N=(40kgla and 05mg-T-51N=(40kga
Solving these two equations for @ and T gives a = .08 m/s” and T = 102 N.

Two bodies, of masses nt, and m,, are released from the position shown in Fig. 4.23(a). If the mass of the
smooth-topped table 15 m,, find the reaction of the floor on the table while the two bodies are in motion.
Assume that the table does not move,

I From Fig. 4-23(b), the force equations for the bodies are
Bodyl: L F.,.=w—-T=ma

Body2: Y FR.=T=mua

Table: T F, =N-T-w,—w=0,EK,=T-f=0

T -_G-
2
I I _ T T |4
A Wz* IR:= Wy
] Smooth 1
Q’ surface T Wy
i | — ]

Wy IT T

W + W 1 12 !‘1
e A SO I SERNEENRN T;ﬂ Nﬂf -

(a) (&)
Fig. 4-23
where N and f are the vertical and horizontal {frictional) components of the force exerted by the floor on the

table. [We assume in Fig. 4.23(b) that left and right legs share load equally. This does not affect our analysis. ]
From the first two equations,

a= Wy _ mg
my+m: m+ R

Then, f:rzmlazm
LTl

d, finally, - =('”'"'2 )

and, finally N=T+mg+m.g Ml+m2+mz+m3g

Three identical blocks, each of mass 0.6 kg, are connected by light strings as shown in Fig. 4-24. Assume that
they lie on a smooth, horizontal surface and are observed to have an acceleration of 4.0 m/s” under the action
of a force F. Calculate F and the two tensions.

Tnc T..n*.-
[ B A -
F  Fig. +24

I Let the tensions in the cord be T,, and T,., respectively, and let us write Newton's second law for each
block separately, choosing positive to the right for each. Since the cords are inextensible, we know that they
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have the same acceleration, which we denote by a. Then for blocks A, B, C, respectively (letting
M=m,=m,=m,),

F-T,=ma T — T =ma T =ma
(Note how the tensions appear with opposite signs in adjacent equations.) To solve these equations for a we

add the equations, and the tensions cancel in pairs, leaving F =3ma = 3(0.6 kg}(4.0 m/s*) =7.2N. The
tensions can now be obtained by substituting back into the individual equations:

T.,=T2N—-(0.6kg)(4.0m/s’) =48N T, =(0.6kg)(4.0m/s?) =2.4N

Three blocks with masses 6 kg, 9 kg, and 10 kg are connected as shown in Fig. 4-25. The coefficient of friction
between the table and the 10-kg block is 0.2, Find {(a) the acceleration of the system and (b) the tensions in
the cord on the left and in the cord on the right.

}1 L - f_-
6 ke U kg

Fig. 4-25

I (a) Let the tension in the cord on the left be T, and on the right be T.. The pulleys are assumed to be
frictionless. We apply Newton’s second law to each of the three blocks, choosing the positive sense of the axis
for each block consistently. Thus we choose downward as positive for block C, to the right positive for block
B, and upward as positive for block A. The frictional force on block B is to the left and can be obtained from
f=u.N, where g, =0.20 and the normal force N equals the weight w, = 98 N from vertical equilibrium. Thus
f=19.6N. For our three equations we have

w,—T,=m.a
where a is the acceleration, m_=9kg, and w, =88.2 N,
L-T.—f=mua

T —w, =m.a

where m, =6kg and w, = 58.8 N.

As with earlier problems involving cords connecting blocks, the tensions in adjacent equations appear with
opposite signs. Adding the three equations eliminates the tensions completely: w, — f — w, = (m, + m, + m_)a.
Note that this is equivalent to a one-dimensional problem involving a single block of mass m, + m, + m. acted
on by a force w, to the right and forces f and w, to the left. Substituting the known masses, weights, and f
gives a =0.39m/s°. (b) Substitute a back into the equations of motion for each block, most conveniently the
first and third, to obtain T, =61 N, T, = 85 N. The remaining equation can be used to check the results.

In Fig. 4-26, the coefficient of sliding friction between block A and the table is 0.20. Also, m, = 25 kg,
my = 15kg. How far will block B drop in the first 3 s after the system is released?




68 [ CHAPTER4

§ Since, for block A, there is no motion vertically, the normal force is Y =m,g = (25 kg)(9.8 m/s’) = 245N,
Then f = u¥ = (0.20)(245 N) = 49 N.

We must first find the acceleration of the system and then we can describe its motion. Let us apply F =ma
to each block in turn. Taking the motion direction as positive, we have

T—f=mua or T-49N=(25kg)a
and mag — T = mpa or —T+(15)(9.8)N=(15kg)a
We can eliminate T by adding the two equations. Then, solving for a, we find @ = 2.45 m/s’,
Now we can work a motion problem with a = 2.45m/s’, v, =0, =35,
y=uot+ ba®  gives y=0+}245m/s)3sF=1L0m

as the distance B falls in the first 3 s.

4.80 How large a horizontal force in addition to T must pull on block A in Fig. 4-26 to give it an acceleration of
0.75 m/s* toward the left? Assume, as in Prob. 4.79, that u = 0.20, m, = 25 kg, and my, = 15 kg.

I 1f we were to redraw Fig. 4-26 in this case, we should show a force P pulling toward the left on A. In
addition, the retarding friction force f should be reversed in direction in the figure. As in Prob. 4.79, f =49 N.
We write F =ma for each block in turn, taking the motion direction to be positive. We have

P-T—-49N=(25kg)(0.75m/s") and T — (15)(9.8) N = (15 kg)(0.75 m/s")
Solve the last equation for T and substitute in the previous equation. We can then solve for the single
unknown, P, and find it to be 226 N.

4.81 The two blocks shown in Fig. 4-27 have equal masses. The coefficients of static and dynamic friction are
equal, (.30 for both blocks. If the system is given an initial speed of 0.%0 m/s to the left, how far will it move
before coming to rest if the inclines are quite long?

Fig. 4-27

# Again we assume that the pulley is frictionless and the tension in the cord is the same everywhere. We
apply Newton’s second law to each block to get the acceleration of the blocks. We choose our x axis for each
block || to the inclines and choose the positive sense to the left. Then we have w sin 53° — f, — T = ma and

T = wsin 30° — f, = ma, where m is the common mass and w = mg, the common weights of blocks A and B.
The frictional forces on the two blocks are determined from the equilibrium conditions perpendicular to the
inclines. Thus for block A, f, = u.N,, with normal force N, = w cos 53°; and for block B, f, = w.N,, with

N, = w ¢os 30°. We eliminate the tension by adding our two equations to vield wsin 33°=f, = f, = wsin 30° =
2ma; or substituting for w, f,, and f,, mg sin 53° — u,mg cos 53° — u,mg cos 30° — mg sin 30° = 2ma. Dividing
out by m and solving, we get @ = g(sin 53° — u, cbs 53° — u, cos 30° — sin 30°)/2 = —=(0.694 m/s". We now apply
the kinematical equation v2 = vj, + 2a,x to either block with v, =0.90m/s, @, = —0.694 m/s*, and v, =0 to

get x =0.583 m.

4.82 If the blocks in Fig. 4-27 are momentarily at rest, what is the smallest coefficient of friction for which the
blocks will remain at rest?

# The tendency to motion will be to the left since that slope is steeper. For minimum coefficient of friction
the frictional forces will be their maximum value (the verge of slipping). Thus, f, = u,mg cos 53° and

fo = p,mg cos 30°, both acting to the right. Then the equations of equilibrium are

Block A: mg sin 53° — p,mg cos 53° = T = 0. Block B: T — mg sin 30° — p,mg cos 30° =0

Adding the two equations yields mg(sin 53° — u, cos 53° — sin 30° — y, cos 30°) = 0. Dividing out mg

and rearranging terms, we get u,(cos 53° + cos 30°) = sin 53° — sin 30°, and u, = 0.203.
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A blimp is descending with an acceleration a. How much ballast must be jettisioned for the blimp to rise with
the same acceleration a? There is a buoyant force acting upward on the blimp which is equal to the weight of
the air displaced by the blimp; assume that the buoyant force is the same in both cases.

# From Fig. 4-28, the equations of motion are
Descending: m,g — F, =mya. Ascending: F, — m.g =m,a
Adding gives {m, — ma)g = (m, + my)a. But m, —m; = m, the mass of the discarded ballast. Therefore,

mg=[m,+(m—mia or m= (3%)!!1

11:
AF F,
mag
1 g
}.
{a) Descending (b) Ascending Fig. 4-28

Show that the acceleration of the center of mass in Prob. 4.83 does not change when the ballast is ejected.
Use this fact to confirm the value of m found in Prob, 4.83.

I Choose up as positive. Since £ F on the system of blimp and ballast is the same before and after the
ballast was thrown out, ¥, F=m,a,,,, we must have a.., = —a, before and after. Now, measured from some
reference level, You = [M2¥ imp + (M) = M )Y pasan] /1. ThEN e = [MaF vimp + (M1 = M) aiaal /. BUE Foimp =
4, Voitase = =8 80 Yo = o = —a; 50 —a = [mza — (m, — mz)g]/m, or (m, + mz)a = (m, — m;)g as before,
yielding the same value for m = (m, —m,).

Three blocks, of masses 2.0, 4.0, and 6.0 kg, arranged in the order lower, middle, and upper, respectively, are
connected by strings on a frictionless inclined plane of 60°. A force of 120 N is applied upward along the
incline to the uppermost block, causing an upward movement of the blocks. The connecting cords are light.
What is the acceleration of the blocks?

Fig. 4-29

# The situation is depicted in Fig. 4-29 with F = 120 N.
my=20kg my;=40kg and m,=60kg
Applying Newton's second law to each block, we have
F — T, — m,g sin 60° = ma T = T, — myg sin60° = m,a T, —m,g sin 60° = m,a
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Adding these equations, F = (m, + m; 4+ m,)g sin 60° = (m, + m, + m.)a; 120N — (12.0 kg)(9.8 m/s*)(0.866) =
(12.0kg)a; a =1.51 m/s’.

Refer to Prob. 4.85. What are the tensions between the upper and middle blocks, and the lower and middle
blocks?

I Continuing from Prob. 4.85, substitute the value of a into the individual block equations, and solve for T,
and T..

For block 1: T, = (2.0 kg)(9.8 m/s?)(0.866) + (2.0 kg)(1.51 m/s’)=20.0N
For block 3: T.= 120N — (6.0 kg)(9.8 m/s*)(0.866) — (6.0 kg)(1.51 m/s*) =60.0N

This can be checked by substituting into the equation for block 2.

A skier goes down a hillside, which makes an angle 6 with respect to the horizontal. If y, is the coefficient of
sliding friction between skis and slope, show that the acceleration of the skier is a = g(sin # — u, cos 8).

I Reverse the direction of motion in Prob. 4.23, and apply to kinetic rather than static friction.

Refer to Fig. 4-30. Find 7, and T: if the blocks are to accelerate (a) upward at 6.0 m/s* and (b) downward at
0.60 m/s".

Fig. 4-30

I Treating the two masses and the connecting cord as an isolated object, T, — 1.0g = 1.0a; then isolating the
800-g mass, obtain 7. — 0.8¢ = 0.8a: a is the same in both expressions. (@) a =6.0m/s*, so T, =6.0+ 9.8 =
158N and 7.=12.6N. (b) a = —0.60m/s*, so T,=9.8— 0.6 =9.2N and 7:=7.4 N. As a check on the
answers, isolate the 200-g mass and observe that 7, = 0.2¢g — 7. = 0.2a.

The cords holding the two masses shown in Fig. 4-30 will break if the tension exceeds 15.0 N. What is the
maximum upward acceleration one can give the masses without the cord breaking? Repeat if the strength is
only 7.0N.

I Note, 7,> T from Prob. 4.88. Consider the free body made up of both masses and the massless cord
between them: 7, - 1.0g=1.0a; for 7, = 15.0N, a = 5.2m/s"; for T, =7.0N, a = —2.8 m/s’. (The system
must be accelerating downward, since 7, could not support the 9.8-N weight.)

A 6.0-kg block rests on a smooth frictionless table. A string attached to the block passes over a frictionless
pulley, and a 3.0-kg mass hangs from the string as shown in Fig. 4-31. (a) What is the acceleration a?
(b) What is the tension 7 in the string?

I (a) This type of problem, as seen in Prob. 4.78, can be treated as if it were in one dimension. Thus,
Newton's second law takes the form

F=ma myg=(m+m)a 3(9.8)=(6+3)a 29.4=9a a=327m/s
(b) Applying Newton's second law to mass m, alone,
T=ma=6(327)=19.6N
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T
|
To check this, apply Newton's second law to m. alone.

mg-T=mwa 398 -T=3(327) 294-T=98 T=196N

As expected, the tension is the same.

A 6.0-kg block rests on a horizontal surface. Its coefficient of kinetic friction is 0.22. The block is connected
by a string passing over a pulley to a 3.0-kg mass, as in Fig. 4-32. (@) What is the acceleration a? (b) What is
the tension T in the string?

N
a
—_—
m -
! T
BN
la
m,

m:8  Fig. 4-32

I We treat the problem as if it were in one dimension.
{a) For the system as a whole,

net F=ma m=m+m,=060+30=90kg net F =m.g = u, N =ma N=mg
ma =m.g—umg  9.0a=3.009.8)-0.22(6.0)(9.8) = 1.68(9.8) a=1L83m/s
{b) The force the string exerts on m, is
T=pN+mua=022(6.0)(9.8) + 6.0{1.83) = 12.94 + 10.98 T=239N

Suppose that blocks A and B have masses of 2 and 6 kg, respectively, and are in contact on a smooth
horizontal surface. If a horizontal force of 6N pushes them, calculate {(a) the acceleration of the system and
{b) the force that the 2-kg block exerts on the other block.

I (a) See Fig. 4-33(a). Considering the blocks to move as a unit, M =m, + m, =8kg, F=Ma=6N
a=10.75m/s’.

F=aN
F=hN B —i B

{a) ih Fig. 4-33
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(b) 1If we now consider block B to be our system, the only force acting on it is the force due to block A, F,,.
Then since the acceleration is the same as in part (a), we have F,, = M,a =4.5 N. However, we must consider
also the case in which we reverse blocks A and B as in Fig. 4-33(b). As before, considering the blocks as a
unit we have a =0.75 m/s*. Now, however, if we consider block B as our system we have two forces acting,
the force F to the right and the force F,, to the left. Then F — F,, = M,a and solving we get F,,=1.5N in
magnitude and points to the left.

We could verify these results by considering block A to be the system for the two cases.

4.93 In Fig. 4-34, the pulley is assumed massless and frictionless. Find the acceleration of the mass m in terms of F
if there is no friction between the surface and m. Repeat if the frictional force on m is f.

F

Fig. 4-34

I Note T = F/2. Newton's law for the block gives 7 = ma, hence a = F/2m. When friction is involved we
have F/2—f =ma, so a=(F/2m) - (f/m).

4.94 In Fig. 4-35, assume that there is negligible friction between the blocks and table. Compute the tension in the
cord and the acceleration of m;, if m, =300g, m,=200g, and F =0.40 N.

Fig. 4-35

I Write F = ma for each block. Let a be the acceleration of m,. The acceleration of m, is then a/2 (compare
Prob. 4.72). Then T =m,a and F — 2T =m,(a/2). One finds a =0.73 m/s’ and T =0.145N.

4.95 How large must F be in Fig. 4-36 to give the 700-g block an acceleration of 30 cm/s?? The coefficient of
friction between the two blocks and also between block and table is 0.150.

Fig. 4-36

I Converting to SI units, isolate each mass and note the forces that act on each. Vertically only the weights
and normal forces are involved, Fy = 0.2g on the upper block and 0.9g on the lower one. Friction forces are:
1(0.2g) between blocks and u(0.9g) at the table. F = ma for the blocks: 7 — u(0.2g) =0.2a and F— T —
u(0.2g) — u(0.9¢) = 0.7a; after eliminating tension 7 between these, F =0.9a + u(1.3g) = 0.9(0.30) +
0.150(1.3)(9.8) =2.18 N.

4.96 Assume in Fig, 4-36 that the coefficient of friction is the same at the top and bottom of the 700-g block. If
a=70cm/s* when F = 1.30 N, how large is the coefficient of friction?
I Following Prob. 4.95, F =0.9a + u(1.3 g); then we use F=1.30N and a = 0.700 m/s* to find u = 0.053.
4.97 In Fig. 4-37, when m is 3.0 kg, the acceleration of the block m is 0.6 m/s’, while @ = 1.6 m/s” if m = 4.0kg.
Find the frictional force on block M as well as its mass. Neglect the mass and friction of the pulleys.

I Apply Newton's second law to m for each case: 3(9.8) — 27, = 3(0.6), so 7, = 13.8 N; and 4(9.8) - 2T. =
4(1.6), so T, =16.4 N. Applying Newton’s second law to M for each case, 13.8 — f = M(1.2) and 16.4—f =
M(3.2). Solve to find M =13kg and f =12.2N.
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Fig. 4-37

In Fig. 4-38(a), block 1 is one-fourth the length of block 2 and weighs one-fourth as much. Assume that there
is no friction between block 2 and the surface on which it moves and that the coefficient of sliding friction
between blocks 1 and 2 is u, = 0.2. After the system is released, find the distance block 2 has moved when
only one-fourth of block 1 is still on block 2. Block 1 and block 3 have the same mass.

I From Fig. 4-38(b), the equations of motion are
SFR=T-ww=ma, Y E=pw=4ma, 3 F=w—T=ma,

Solve the first and third equations simultaneously to get a, = (g/2)(1 — u,); from the second equation,
a, = (g/4)u,. Then the displacements of blocks 1 and 2 are given by x = af®, i.c.,

x, =§(1 = )t xz=§ukr’

At the instant that one-fourth of block 1 remains on block 2, x, + [ =x, + ({/16), where [ is the length of
block 2. Therefore,

g 8- 1 e
8y.r’+l-4(l u,)t’+16 or £ P
t el P v b L'
}
m '
A 2
AN AR N RA SRR SRR ARARAR AR AR RAARAARARAANNANANNNNNNN " 3
(a) Configuration at 1 = ()
= LT
S — | =———>fi=mw T
1 w,¥ 2 3
fi = HaW) I f T I * | -
h w.Y'R|'W| ll 'W| A
4w,
(b) R; = 5wy
Fig. 4-38

A dinner plate rests on a tablecloth, with its center 0.3 m from the edge of the table. The tablecloth is
suddenly yanked horizontally with a constant acceleration of 9.2 m/s* [Fig. 4-39(a)]. The coefficient of sliding
friction between the tablecloth and the plate is u, = 0.75. Find (a) the acceleration, (b) the velocity, and

(c) the distance of the plate from the edge of the table, when the edge of the tablecloth passes under the
center of the plate. Assume that the tablecloth just fits the tabletop.
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L
| w = mg
L— Plate [__ ]
N A —
f= N = pumg
L (a) (&)

Fig. 4-39

I (a) from Fig. 4-39(b), the force equation for the plate is umg = ma,, or a, = ug = (0.75)(9.8) = 7.35 m/s’.
The plate slips, since a, is less than 9.2 m/s*. (&) At the time the edge of the tablecloth is at the center of the
plate, the cloth and the plate are at the same distance from the edge of the table:

X, =X, 0.3+ 474y =0+ 5(9.2)7
Solving, t =0.58s and v, =0+ (7.35)(0.58) = 4.26 m/s.
(c) 2, =0.3+0(0.58) + §(7.35)(0.58)' = 1.54 m

In the pulley system shown in Fig. 4-40, the movable pulleys A, B, C are of mass 1 kg each. D and E are

fixed pulleys. The strings are vertical and inextensible. Find the tension in the string and the accelerations of
the frictionless pulleys.

I Write y,, ys, ye for the positions of the centers of the pulleys A, B, C at time 1; a,, a,, ac are the
accelerations at time 1.

Positive
direction -
downward
¥
T4
Position at time [
Fw = L
i
[}
T = 6,
Yo AT
]
1
A1

Initial position

r— "
I

="M
|
1
1

Fig. 4-41
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Following the string from the end at the center of A to the end at the center of B, we get
(¥a—¥a) +¥a +2ya+¥c +(¥c—ys) =constant  or  y,+ ¥s + 2yc = constant

Take the second time-derivative of this equation to get a, + a5 + 2a- =0,
There is just one string and, thus, one tension T. The force equations are

T+mg—-2T =ma, T+mg—-2T=may mg=2T=ma,

Substituting m = 1 kg and solving the four equations for the four unknowns a,, as, ac, T, we obtain

a,=ng=——ac=§=3.3m;’s T=65N

4.101° A body of mass 400 kg is suspended at the lower end of a light vertical chain and is being pulled up vertically
(see Fig. 4-41). Initially the body is at rest and the pull on the chain is 6000g N. The pull gets smaller

uniformly at the rate of 360g N per each meter through which the body is raised. What is the velocity of the
bady when it has been raised 10 m?

I At time 1, let y be the height (in meters) of the body above its initial position. The pull in the chain is then
T = (6000 — 360y )g and Newton's second law gives

T—400g =400y  or (5600 - 360y)g = 400y
This equation may be changed into one for y = v (the velocity of the body) by use of the identity

Lo dv_dvdy ., dv_ .,
Zy—Edr—2dydr—2udy—d[u )/ dy
d("zj 2
Thus Zﬂﬂ—dy = (5600 = 360y )g or  d{v’)=g(28 - 1.8y) dy

Let ¥ be the velocity at height 10 m. Then, on integrating

wi 1a
L div)=p| (28-18y)dy  V?=pg[28y — 0.9 = g[28(10) — 0.9(100)] = 190g

V=4v1%g=+43.2 m/s.

The choice of the + sign for V (upward motion) should be checked. For 0 =y = 10, the net force,
(5600 — 360y )g, is positive, and so the acceleration is positive. Then, since the body started from rest, V must
be positive.
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A marble with speed 20cm/s rolls off the edge of a table 80 cm high. How long does it take to drop to the
floor? How far, horizontally, from the table edge does the marble strike the floor?
I Choose downward as positive with origin at edge of table top.

Ve =1y=20cmfs  v,=0 a,=+g=+980cm/s* @&, =0

To find time of fall, y = vt + Lgf®, or 80 cm =0+ (490 cm/s*)"; t = 0.40 5. The horizontal distance is gotten
from x = v, 0 = (20 cm/s)0.40s) = 8.0 cm.

How fast must a ball be rolled along a 70-cm-high table so that when it rolls off the edge it will strike the
floor at this same distance (70 cm) from the point directly below the table edge?

T 1n the horizontal problem, x = v,z gives v, = 0.70/r. In the vertical problem, choosing down as positive,
vy=0, y =0.7m, and a = 9.8 m/s". Use these values in y = v,¢ + at*/2 to give t =0.378 s. Then v, = 1.85 m/s.

A marble traveling at 100 ¢m/s rolls off the edge of a level table. If it hits the Aloor 30 cm away from the spot
directly below the edge of the table, how high is the table?
I Thisisa projectile problem with vy, = 100 cm/s. For the horizontal motion:
5= Ut 30 = 100 t=10.30s%
For the vertical motion:
5, = upl + lar' =04 1(980)(0.30¥ =44.1em  (height of the table)

In an ordinary television set, the electron beam consists of electrons shot horizontally ai the television screen
with a speed of about 5 x 10" m/s. How far does a typical electron fall as it moves the approximately 40 cm
from the electron gun to the screen? For comparison, how far would a droplet of water shot horizontally at
2m/s from a hose drop as it moves a horizontal distance of 40 cm?

I For the electron, the horizontal problem yields the time to hit the screen as r=x/v, =0.40/(5 % 10°) =
83 10" "s. Then in the vertical problem, y = vo t +ar’/2, so y =0+ 4.9(64 x 10 ") =3.1 % 107" m. For a
droplet, r=0.40/2=0.20s, and so y =0.196 m.

A body projected upward from the level ground at an angle of 50° with the horizontal has an initial speed of
40m{s. How long will it be before it hits the ground?

» L Fig. 51

I Choose upward as positive, and place the origin at the launch point (Fig. 5-1).
Uy, = U 008 50° = (40 m/s)(0.642) =257 mfs vy, = vy sin 50° = (40 m/s)(0.766) = 30.6 m/s
g, ==-g==98m/s a,=0
To find the time in air, we have y = vyt — 1gr* and since y =0 at the end of flight, 0 = (30.6 m/s)t -

(4.9 m/s)’, or 4.9¢° = 30.61. The first solution ¢ =0 corresponds to the starting point, y = 0. The second
solution is not zero and is obtained by dividing out by r. 4.9r =30.6 and r =6.24 s,

In Prob. 5.5, how far from the starting point will the body hit the ground, and at what angle with the
horizontal?
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# The horizontal distance traveled, or range R, is obtained from R = v,,¢ = (25.7m/s)(6.245) = 160 m.
By symmetry it strikes at 50° (with negative x axis). This can also be seen by noting that v, = —uv,,, v, = vy,
50 tan 8 = —tan #, and therefore 180°— 9 =8,

A body is projected downward at an angle of 30° with the horizontal from the top of a building 170 m high.
Its initial speed is 40 m/s. How long will it take before striking the ground?

1700 m b

X7
4 Fig, 5-2

I Choose downward as positive and origin at the top edge of building (Fig. 5-2).
U, = v, cos P = (40 m/s}{0.866) = 346 m/s Uy, = vy 5in 30° = (40 m/s)(0.500) = 20.0 m/s
a,=g=98m/¢ a, =0
We can solve for the time in different ways. Method 1:
¥ =yt + gt or 170 m = (20.0 m/s)t + (4.9 m/s°)¢*
We can solve the quadratic to vield
—20 4 (400 + 3332)**
= 9.8 sds

(We keep only the positive solution; the negative time corresponds to a time before ¢ = 0 when it would have
been at ground level if it were a projectile launched so as to reach the starting position and velocity at ¢ =10.)
Method 2: We avoid the guadratic. First find v, just before impact:

vi=ug, +2gy  or  vl=(20.0m/sf +2(9.8m/s)170m) v, = +6lm/s
For our case v, = 61 m/s. Next we find ¢:

v, =1y, + gl or 6lm/s=20.0m/s+ (9.8m/s") or r=42s

In Prob. 5.7, find out how far from the foot of the building the body will strike and at what angle with the
horizontal,

I x=uv,r=(34.6m/s)(4.25) =145 m. We need the angle that the vector velocity makes with the x axis just
before hitting the ground. We avoid having to directly deduce the quadrant this angle is in by solving for the
acute angle & made with the x axis {positive or negative; above or below),

i
1

tan f = =1.76 and 8 = 60.4°

L,

Since v, is negative and v, is positive, this is clearly the angle below the positive x axis (see Fig. 5-2) and
equals the angle we are looking for.

A body is projected from the ground at an angle of 307 with the horizontal at an initial speed of 128 fi/s.
Ignoring air friction, determine {a) in how many seconds it will strike the ground, (&) how high it will go, and
(c) what its range will be.

I (a) Find v,, and then determine the time for a freely falling body projected upward at this velocity to
return to the ground; that is, 5, = 0. From Fig. 5-3,

vy, =wsin @ =128sin 0P =641t/s s, =wvt+igrt  O=6&+L(-32W =(84— 16t t=4s
{b) Since time of ascent is equal to time of descent, the projectile reaches maximum height H at r =25, Thus,

H = v, 1+ lgr' = 64(2) + H{=32)(2)" =64 ft
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v=128ft/s

0 m » 5 3
O =25 t=l4s Fig. -3

{¢) The projectile travels with a constant velocity v, = v cos € in the x direction. It reaches the ground in 4s.
The range is

5, = v,1 = (v cos B) = 128(cos 30°)4 = 512(0.866) =443 fi

A hose lying on the ground shoots a stream of water upward at an angle of 40° to the horizontal. The speed
of the water is 20 m/s as it leaves the hose. How high up will it strike a wall which is 8 m away?

Wall

L
- 8.0 m Fig. 54

] Setting coordinates as shown in Fig. 5-4, with v, =20m/s and 8, = 40°, we get

Uy, = b, 008 8, = (20m/s) cos 40° =153 m/s Vg, = Uy sin By = (20m/s) sin 40° = 12.8 m/s

x = vy t, and setting x =8 m we find the time to hit the wall: 8 m = (15.3 m/s), yielding r =0.52s. To find the
height at which it hits the wall, we use y = v, ¢ — igf", with 1 =0.52s. This yields y = (12.8 m/s)(0.52s) —
(4.9m/s")(0.525) =533 m.

A baseball batter hits a home run ball with a velocity of 132 ft/s at an angle of 26° above the horizontal. A
fielder who has a reach of 7 ft above the ground is backed up against the bleacher wall, which is 386 ft from
home plate. The ball was 3 ft above the ground when hit. How high above the fielder’s glove does the ball
pass?

Ground  Fig. 5-5

I The situation is depicted in Fig. 5-5, with the origin and x axis 3 ft above the ground. We must find the

value of y on the ball's trajectory corresponding to x = 386 ft. Then we can subtract the height of the fielder's
glove above the x axis, i.e., 7ft = 3ft=4ft. To find y we note that

Uy = vy c08 B, = (132 ft/s) cos 26° = 119 fi/s Vg, = Uy sin By = (132 ft/s) sin 26° = 57.9 ft/s
The time to reach xr =386 ft is given by x = vy, ¢, or 386 ft = (119 ft/s), and r = 3.24 s,
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Then y = v, ¢ — tgr* = (57.9ft/s)(3.24 5) — L(32 ft/s)(3.24 5)* = 19.6 ft. Height above glove = 19.6ft — 4 ft=
15.6 ft. [Note: The trajectory equation y = (tan 8y)x — gx*/(2v] cos® 8,) can also be used to find y.]

A ball is thrown upward at an angle of 30° to the horizontal and lands on the top edge of a building that is
20'm away. The top edge is 5 m above the throwing point. How fast was the ball thrown?

-— 2 m— Fig. 5-6

I The situation is depicted in Fig. 5-6 with 8, = 30°. We can use the trajectory equation y = tan H,x — gx?/
(2v} cos® 8,), setting x =20 m and y = 5m. Then 5 m = (0.58)(20 m) = (9.8 m/s*)(20 m)*/(2v] x0.75),

or vo=20m/s. (Note: If you didn't remember the trajectory equation, you could still solve the problem by
using the x-vs.-t and y-vs.-f equations.)

A projectile 15 fired with initial velocity v, =95 m/s at an angle & = 50°, After 5s it strikes the top of a hill.
What is the elevation of the hill above the point of firing? At what horizontal distance from the gun does the
projectile land?

i,

Fig. 5-7

I The situation is as shown in Fig. 5-7. vo=95m/s; 8, = 50°. At any time 1, y = vo,f — 1g¢’, where
Vg, = ¥g5in By =T2.8 m/s. For t =55, we get y = (72.8 m/s)(5.0s) — (9.8 m/s*)(5.0s)* = 241 m. The horizontal
distance, x, is given by x = vy, 1 = vycos 8yr = (61. 1 m/sp. At¢=35s, we have x = 305 m.

A ball is thrown with a speed of 20 m/s at an angle of 37° above the horizontal. It lands on the roof of a
building at a point displaced 24 m horizontally from the throwing point. How high above the throwing point is
the roof?

I The velocity components are v, = 16 m/s and v, = 12 m/s. In the horizontal problem, = x/v, = 24/16 =
1.5s. Then in the vertical problem we have y = v, ¢ +ar’/2, so y = 12{1.5) — 4.9(2.25) =7.0m.

A hit baseball leaves the bat with a velocity of 110 ft/s at 45° above the horizontal. The ball hits the top of a
screen at the 320-ft mark and bounces into the crowd for a home run. How high above the ground is the top
of the screen? (Neglect air resistance.)

I s,=v1 v, = 110 cos 45° = a constant 320 = 110(0.707p t=411s
5, = Ug,t + dar® = (110 sin 45°)(4.11) + §(—32)(4.11)* = (110){0.707)(4.11) + §(—32)(4.11)*
=319.6-270.3 5, =49 fit (height of screen)

A ball is thrown upward from a point on the side of a hill which slopes upward uniformly at an angle of 28
Initial velocity of ball: v, =33 m/s, at an angle 8, = 65" (with respect to the horizontal), At what distance up
the slope does the ball strike and in what time?

I The situation is depicted in Fig. 5-8. v, = 33 m/s and &, = 65°. The trajectory equation of the ball is

v = (tan 8,)x — gx*/2v} cos® 6,) = 2. 14x — 0.025«*
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v Fig. 58

The equation for the incline is y, = (tan 28°)x = 0.53x. At the value of x for which the ball hits the incline
¥ = ¥, or 0.53x = 2.14x — 0.025x7, and 0.025x° = 1.6Lx, which yields x = 64.4 m. The distance along the
incline, §, obeys x = § cos 28° or § =72.9 m. The time to reach any x value is given by x = v,/ =

(vocos By =139 So forx =64.4m, t =4.63s.

517 A projectile is to be shot at 50 m/s over level ground in such a way that it will land 200 m from the shooting
point. At what angle should the projectile be shot?

I 1n the horizontal problem, x = v, gives 200 = (50 cos 8)¢, where & is the angle we seek. In the vertical
problem, y = v, + a2 gives 0= 50sin # — 4.9¢. But 1 = 200/(50 cos #), and so 50sin 6 = 4.9(4/cos @). This
simplifies to 2 sin & cos @ = (.784, and so sin 26 = 0.784, from which 8 = 25.8°.

5.18 As shown in Fig. 59, a ball is thrown from the top of one building toward a tall building 50 ft away. The
initial velocity of the ball is 20 ft/s at 40° above the horizontal. How far above or below its original level will
the ball strike the opposite wall?

20ft/s
mu
Fig. 5-9
[ ] Uy, = (20 ft/s) cos 40° =153 t/s v, = (20 ft/s) sin 407 = 12,9 ft/s

In the horizontal motion, vy, = v, = v, = 15.3 ft/s. Then x = ¢ gives 50 ft = (15.3 ft/s), or r =3.27s. In the
vertical motion, taking down as positive,

y=u 0+ bt = (=129 t/s)(3.27 s) + }(32.2 ft/5°)(3.27 s)* = 130 fi below
519 (@) Find the range x of a gun which fires a shell with muzzle velocity v at an angle of elevation 8. (b) Find

the angle of elevation # of a gun which fires a shell with a muzzle velocity of 1.2 km/s at a target on the same
level but 15 km distant. See Fig. 5-10.

Fig. 5-10

I (a) Let  be the time it takes the shell to hit the target. Then, x = vt or { = x/v,. Consider the vertical
motion alone, and take up as positive. When the shell strikes the target, vertical displacement =0 =
vt + M —g)*. Solving this equation gives r =2, fg. But t = x/uv,,, 50

i=ﬂ or = 2ua, gy _ 21 005 #)(v, 5in H}= visin 20

Uy, £ E g g
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(b) From the range equation found in (a),

im0 =§=(9.a x 10" km/s)(1Skm) _

2 (1.2 km/s)

whence 26 = 5.9° and 8 =3.0°,

A rifle bullet has a muzzle velocity of 680 ft/s. (a) At what angle (ignoring air resistance) should the rifle be
pointed to give the maximum range? (b) Evaluate the maximum range.

I (a) By Prob. 5.19(a), the range is a maximum when sin 28 =1, or 8 = 45°

vi _ (680 ft/s)?

(b) oy =2 =S = 14450 .

A golf ball leaves the golf club at an angle of 60° above the horizontal with a velocity of 30 m/s. (@) How high
does it go? (b) Assuming a level fairway, determine how far away it hits the ground.

I (a) With up positive, 1y, = 30 sin 60° = 15V3m/s and, at maximum height, v, equals zero, Thus,

67
vi=vl+2ah  0=675-19.6h h=f9—i=34,4m
(5) By Prob. 5.19(a),
7
;=”“5‘“29=m(ﬂ‘f2)=w.5m
2 9g =0

Prove that a gun will shoot three times as high when its angle of elevation is 60° as when it is 30°, but will
carry the same horizontal distance.

F We assume that v, is the same at both angles. Maximum height is given by the condition v, = 0. Then,
v} =y, — 2gy yields y... = vi,/(2g). Noting that v, = v,sin 8, we have finally y,,, = (vjsin® 8)/2g.

Then Ymu(60°)/Vma(30°) = sin’ 60°/sin” 30° = 3. To show that the horizontal range is the same, we note that in
the range formula [Prob. 5.19(a)] cos 60° sin 60° = cos 30° sin 30° since 30° and 60° are complementary angles.

As shown in Fig. 5-11, a projectile is fired with a horizontal velocity of 330 m/s from the top of a cliff 80 m

high. {a) How long will it take for the projectile to strike the level ground at the base of the cliff? (&) How
far from the foot of the cliff will it strike? (¢) With what velocity will it strike?

330 m/'s
—

r

80 m

L

O Fig. 5-11

I (a) The horizontal and vertical motions are independent of each other. Consider first the vertical motion.
Taking down as positive we have y = vt + a %, or 80m =0+ 9.8 m/s*)¢*, from which t =4.04 s. Note that
the initial velocity had zero vertical component, and so v, =0 in the vertical motion,

(k) Now consider the horizontal motion. For it, a =0 and so §, = vy, = v, = 330 m/s. Then, using the value
of ¢ found in (@), x = ¥, = (330 m/s)(4.04 s) = 1330 m.

(c) The final velocity has a horizontal component of 330 m/s. But its vertical velocity at 1 =4.04 s is given by
Uy = Ug, + a,f a8 vy, =0+ (9.8 m/s°)(4.04 5) = 40 m/s. The resultant of these two components is labeled v in
Fig. 5-11; we have

v = V(40 m/s)’ + (330 m/s)’ = 332 m/s
Angle & shown is given by tan @ = 40/330 to be 6.9°.
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5.4 A stunt flier is moving at 15 m/s parallel to the fiat ground 100 m below. How large must the horizontal
distance x from plane to target be if a sack of flour released from the plane is to strike the target?

I Following the same procedure as in Prob. 5.23, use y = vyt + la,r* to get 100m = 0 + }(9.8 m/s*)¢*, or
t=45s Now use y = v,/ ={15m/s){4.55) =068 m, since the sack’s initial velocity is that of the plane.
5.25 A baseball is thrown with an initial velocity of 100 m/s at an angle of 30° above the horizontal. How far from
the throwing point will the baseball attain its original level?
I By the range formula,
visin26  10°(V3/2)
I= -
g 9.8

=E%m

5.26 A cart is moving horizontally along a straight line with constant speed 30 m/s. A projectile is to be fired from
the moving cart in such a way that it will return to the cart after the cart has moved 80 m. At what speed
(relative to the cart) and at what angle (to the horizontal) must the projectile be fired?

I To move horizontally with the cart, the projectile must be fired vertically with a flight time =x/v, =
(80 m)/(30 m/s) = 2.67 5. The initial velocity v, must satisfy y = vyt +ar/2, with y =0 and r = 2.67 s; thus
49t = L ii'ﬂd 0 v, = 13‘.[ m_f_ﬂ_ at @ =ﬂ

5.27 In Fig. 5-12, a particles from a bit of radioactive material enter through slit § into the space between two
large parallel metal plates, A and B, connected to a source of voltage. As a result of the uniform electric field
between the plates, each particle has a constant acceleration @ = 4 x 10" m/s* normal to and toward B. If
vy =6X 10°m/s and A = 45°, determine h and R.

I Here the electric force takes the place of gravity, but otherwise the analysis is the same. Choosing upward
as positive, i.e., the direction from B to A, we have a regular trajectory problem with v, =6 % 10° m/s;
B, =45% a, = =4 x 10" m/s’; a, =0. Then x = vyt = vycos Bt = (4.24 % 10°m/s)t; and similarly
¥ = gt + da,® = (4.24 % 10°m/s) — (2.0 % 10" m/s*)r*
v, =1y, +ad = (4.24 x 10°m/s) — (4.0 x 10" m/s*)
At the highest point, y = h, v, =0, and r = 1.06 % 10 7 s. Thus h = (4.24% 10°)(1.06% 10" 7) = (2.0x10'%) x

(1.06 % 107 ") = 0,225 m. The horizontal range R corresponds to x at the time the & particle returns to plate
B. By symmetry, this is 20 =2,12 % 10 "s. Then R = (4.24 ¥ 10" m/s)(2.12 x 107" 5) =0.90 m.

a-particle

Source \é;
Fig. 5-12

5.28 A ball is thrown upward from the top of a 35-m tower, Fig. 5-13, with initial velocity v, =80 m/s at an angle
1 =25% (a) Find the time to reach the ground and the distance R from P to the point of impact. (b) Find the
magnitude and direction of the velocity at the moment of impact.

I (a) At the point of impact, y = —35m and x = R. From y = —35 = (80 sin 25°) — 1(9.8), t = 7.8145. Then
x = R = (80 cos 25°)(7.814) = 566.55 m.

(b) At impact, v, = 80 sin 25° — (9.8)(7.814) = —42.77 m/s and v, = v, = 80 cos 25°=T72.5m/s. Thus v =
(4277 4+ 72.5°)"" = 84.18 m/s and tan B = —42.77/72.5, or f = —30.54°,



MOTION IN A PLANE | [ 83

P
NN
NN \\\\\\t \\\\\\\\\E‘:\:\E‘:}E\\\\\\\\\\ |

v Fig. 5-13

5.29 The arrangement in Fig. 5-14 is the same as that in Fig. 5-12 except that a particles enter slit § from two
sources, A, and A, at angles #, and #,, respectively. v, and a are the same for both groups. Given that

vp=6x10"m/s, a=4x10"m/s’, 8, =45+ 1°, 8, =45"— 1°, show that all particles are “focused” at a single
point P and find the value of R.

I Here we can use the horizontal range formula R = 2vj cos #, sin #,/a. Noting that for the first a particle
;= 8, = 46" and for the second a particle 8, = 8, = 44°, we see that the two are complementary angles. Then

cos 8, sin #, =sin &; cos ¥, and the ranges are the same. Indeed R = 2(6 x 10" m/s)*(0.719)(0.695)/
(4% 10" m/s") =090 m.

5.30 Again referring to Fig. 5-14, find h, - h,.

I For the vertical heights we have v¥ = v, + 2a,y with v, =0; g, = —|a| = 4 x 10" m/s’. Then
in 8% v sin @7
=S ovam R =SNO) o b —h=0.016m = 16mm
2a| 2 jal
* #+ - + A

i

WA
TII

Fig. 5-14

5.31 A ball is thrown upward with initial velocity v, = 15.0 m/s at an angle of 30° with the horizontal. The thrower

stands near the top of a long hill which slopes downward at an angle of 20°. When does the ball strike the
slope?

I We choose the launch point at the origin (see Fig. 5-15). The equations of motion of the ball are
x=vycos 3% =(13.0m/s)t vy =w,sin 307 — Lgr = (7.5 m/sit — (4.9 m/s)°

The equation of the straight line incline is y = —x tan 20° = —0.364x. We want the time at which the (x, ¥)
values for the ball satisfy this equation. We thus substitute the time expressions for y and x:
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Fig. 5-15

(7.5 m/s)t — (4.9 m/s")* = —0.364[(13.0 m/s)t], or 12.2t = 4.9¢". The solutions are ¢ =0 {corresponding to
x=v=0)and r=2.49s.
532 Referring to Prob. 5.31 determine how far down the siope the ball strikes.

I Referring to Fig. 5-15 we need the x and y components of the displacement to position A: x =
(13.0m/s)(2.495) =324 m; y = —=0.364x = ~11.8 m. Then L =Vx*+ y*=34.5m (or directly from x, L =
x/cos 20° = 34.5 m).

5.33 Referring to Prob. 5.31 indicate with what velocity the ball hits,
I For the velocity of the ball just before impact, v,

Uy = Vg c0s HP = 13.0m/s Uy, =sin 30° = gt =7.5m/s = (9.8 m/s*)(2.495) = -16.9 m/s

Thus
va= Vit vl =20l3m/s  6,=tan"’ %‘z =52.4°  below positive x axis
Ax

53 A bomber, Fig. 3-16, is flying level at a speed v, = 72 m/s (about 161 mi/h}, at an elevation of & = 103 m.
When directly over the origin bomb B is released and strikes the truck T, which is moving along a level road
(the X axis) with constant speed. At the instant the bomb is released the truck is at a distance x,=125m
from Q. Find the value of v, and the time of flight of B. (Assume that the truck is 3 m high.)

I The equations for x and y motion of the bomb are
x=vgd =vt=(72mis)  y =y + vyt = gr' =h = lgi’ = 103 m - (4.9 m/s*)*

The time for hitting the truck corresponds to y =3 m, so

3m=103m— (4.9 m/s") :%]=r’ r=4.52%

Then x = (72 m/s)(4.525) =352 m.

x-xn_325m—-]25m=44l2m .

U=

r 4.52s
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A projectile, Fig. 5-17, is fired upward with velocity v, at an angle 8. {(a) At what point P(x, y) does it strike
the roof of the building, and in what time? (b) Find the magnitude and direction of v at P. Let # = 35°,
vo=40m/s, a=30°, and h=15m.

d First note that (using notation X =v,, y = v,)
Xy =1v,c0s 35" =32.7661 m/s Vo= vysin 35" =22.943 m/s

and, from the equation of the roof,

v=h—xtan a = 15 = (0.57735)x (1)
(a) Eliminating  from y =yt = 4.9¢° by x = x,!, we have
%3 4. =
n o

for the path of the projectile. Equating y in (1) to y in (2) and inserting numerical values, 0.(04564x" —
1.277558x + 15 =0, from which x =12.28 m. Then y = h — (12.28) 1an o = 7.90 m. The time to strike is given
by 12.28 = 32.76611, or 1 =0.375s.

(b)Y AL P, E=x,=32T766m/s ¥=y,—9.8=22.943 — (9.8)(0.375) = 19.268 m/s

Thus v = (¥*+ y%)'"* = 38.0m/s and tan f = y/i = 0.588, or f = 30.46°, where g is the angle that v makes with
XatP

Roof: v=h-xtana

X Fig. 517

In Prob. 5.35, angle & can be adjusted. Find the value of @ for which the projectile strikes the roof in a
minimum time.

I Again y=yut— g =(vysin @y —4g  and y=h-xtanao

Equating these two expressions for y and eliminating x by x = X, = (v, cos 8)¢, we obtain the following
equation for the time of striking: lgr’ — v,{cos # tan o + sin 8)1 + h = 0. Or, using the addition formula
sin (8 + a) =sin 8 cos o + cos @ sin a,

2 b, .
%gr'—[;oﬁsnn[ﬁ+a]]:+h=ﬂ (1)

For a minimum ¢, we must have 4f/d8 = 0. Differentiating (1) with respect to & and setting dr/d® =0, we
obtain

—[ Yo cos (8 + r:r}]l,,.,,. =0
CO5 @
which implies that (since £, #0) cos (8 + a) =0, or § =%° - a.

This result means that the projectile should be aimed in the direction of minimum distance, just as though
the acceleration of gravity did not exist, However, gravity cannot be ignored in this problem. If we seek to
determine the value of £, by substituting & + a = 90° into (1) and solving, we obtain

_ un—\ruﬁ-z,gh cos® o

gcosa

Imi.n
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which is complex if v, < V2gh cos a. In other words, if v, < V2gh cos &, the projectile never reaches the roof,
whatever the value of #, and the concept of a minimum time becomes meaningless.

With reference to Fig. 5-18, the projectile is fired with an imitial velocity v, = 35m/s at an angle # =23°, The
truck is moving along X with a constant speed of 15 m/s. At the instant the projectile is fired, the back of the
truck is at x =45 m. Find the time for the projectile to strike the back of the truck, if the truck is very tall.

F 1n this case, the projectile hits the back of the truck at the moment of overtaking it, which is the moment
at which the distance of the back of the truck, x, =45 + 15t, equals the horizontal distance of the projectile,
x =(vycos @) =32.22

45

Thus I=m=2.6145
Y 15 mis
—l-.l-l.l--‘-.
o Truck
—_——f P
L] ¥
e . \
Fig. 5-18

What will happen if the truck of Prob. 5.37 is only 2.0m tall?

§ At:=2614s, when the projectile overtakes the back of the truck, its height is, noting v, sin # =
13.67m/s: v = (13.67)(2.614) — §(9.8){2.614)" =2.25m, i.e., 25 cm above the top of the truck. Since the
projectile travels faster horizontally than does the truck, it is clear that thereafter the projectile remains ahead
of the back of the truck, and so never hits the back.

The projectile will reach (for the second time) a height of 2m in a total time 1, given by 2=
(13.67)r, — §(9.8)13, or 1, =2.635s, that is, 2.635 — 2.614 = 0.021 s after overtaking the back of the truck. Thus
the projectile hits the top of the truck of a distance of (32.22 — 15)(0.021) = (.36 m = 36 cm in front of the rear
edge.

Referring to Prob. 5.37, find a value of v, all other conditions remaining the same, for which the projectile
hits the truck at ¥y =3 m.
I The time taken to overtake the back of the truck is given by

45

4 - " Uycos B — 15
SHISt=(vecos ) or  r=T—r TS

) 45 ' 45 :
at which time y= i= (u..sin 3}!’ - %[QE]P‘ = [U“ sin 3J(m) - %[9 8)(m)

Inserting the numerical values of sin & and cos #, we obtain the following guadratic equation for v,
vi(4.55) — v,(60.3) — 3532 = 0. Solving, v, =353 m/s.
The motion of a particle in the XY plane is given by x = 25 + fi*; y = =50 = 20¢ + 8. Find the following
mitial values: x;, Nioe o, };m Uy,
I Ati=0,x=x,=25m; y=y,=-50m.
v, =x =12t and vy, =X, =0m/s v =y= =20+ 16¢ and Uy, == —20m/s
Uy = {Uﬁx + Uizh}l.} =20m/s
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Find magnitude and direction of a, the acceleration of the particle in Prob. 5.40.

I a,=i =12mjs;a,=10,=16m/s.

Ta, 123
implies that 8, = 53° above the positive x axis. a = (12° + 16°)"? = 20 m/s".

Write an equation for the particle’s path (find y as a function of x) in Prob. 5.40.

I We climinate time between the two equations as follows: 1 = (x — 25)/6, or t = [(x — 25)/6]"%. Then
substituting into the y equation: y = —50 — 20[(x — 25)/6])"" + 8(x — 25)/6, or 6y = =500 + & — 120[(x —
25)/6]'".

A particle moving in the XY plane has X" and Y components of velocity given by
i=b+ct y=b.tcod

where x and v are measured in meters and ! in seconds. (@) What are the units and dimensions of the
constants b, and b7 of ¢, and c,? (&) Integrate the above relations to obtain x and y as functions of time.
{c) Denoting total acceleration as a and total velocity as v, find expressions for the magnitude and direction
a and of v. {d) Write ¥ in terms of the unit vectors.

I (a) Inspection of (1) shows that b, and b, must represent velocities in meters per second; unit-
dimensionally ¢, and ¢, must be |m/s’|, thus accelerations.

(b) x=xp+ba+ic,®  y =yt bt + et

where x;, ¥, are the values of x and y at r=10.
(¢) Dafferentiating (1) with respect to 1, ¥ =¢,, ¥ =¢;. Then
€y

H={f2+j2]|’2=[€?+cgrq tanl:r:%:_"
x ©

where w is the angle a makes with X" Note that a is constant in magnitude and direction. For the velocity,

b;"’{.‘!f
b+,

v=(E+ 3 =[(b, + o) + by + 2] tanf=
where f is the angle v makes with X. (d) v = (b; + c,t)i + (b; + cut)j.

A particle moves in the XY plane along the path given by y = 10+ 3x + 5x*. The X component of velocity,
x =4 m/fs, is constant, and at r=0, x = x,=6m. (a) Write y and x as functions of . (b) Find ¥ and ¥, the
components of acceleration of the particle.

I (a) y =35+ 10xi; #=4m/s at all times and x, = 6m. Then

x=x,+ it =6m+ (4 m/fs).

¥=10+ (18 + 12f) + 5(6 + 4¢)* = 208 m + (252 m/s)t + {80 m/s")r*
(b) i=0 j=160m/s’

A ball, B,, is fired upward from the origin of X, ¥ with initial velocity v, = 100 m/s at an angle 8, = 40°.
After ;= 105, as can easily be shown, the ball is at point P(x;, y;), where x, =766.0m, ¥, = 152.8 m. Some

87

(1)

of

time later, another ball, B,, is fired upward, also from the origin, with velocity v, at angle #, = 35", (a) Find a

value of v, such that B, will pass through the point P(x,, y,). (&) Find the time when B, must be fired in
order that the two balls will collide at P(x,, v,).

I (a) Let (x,, y,, t,) refer to the coordinates and time of B, and (X2, y2, #;) to those of B,. Since B, is to pass

through P(x,, v,),
X2= (0200835, = 766.0  y, = (v, sin 35°)1; — 4.9¢2 = 152.8
Eliminating t;, 766.0 )2

8 = (766. — (4.9 ——
152.8 = (766.0) tan 35° — ( g)(uzmsﬁ"

from which v, = 105.60 m/s.
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{b) Inserting the value of v, in x, = (v, cos 35°), = 766.0m, we find r, = 8. 848 5. Hence, with v, = 105,69 m/s
and #, = 35°, B, passes through P(x,, ;) 8.848 s after it 1 fired. But B, arrives at this point 10s after starting
Hence, if the two are to collide, the firing of B, must be delayed 10 — 8.848 = 1.152 5.

5.46°  The motion of a particle in the XY plane is given by
x =104 12t =20F vy =25+ 15+ 307
Find values of x,, %, y,, ¥ and the magnitude and direction of v,.
I Ati=0, x=x,=10; y = y, = 25. Differentiating we get £ = 12 = 40¢; ¥ = 154 60r; i, = 12; y, = 15.

' &' =51.3  above positive x axis

Xa

vy =i+ ¥ =19.2 a,=tan

5477  Referring to Prob. 5.46, find &, ¥, and a, the vector acceleration.
I We differentiate the expressions for £ and y to get ¥ = —40, ¥ =60. Acceleration is thus constant and
@ = VAU + 60° =72. The direction of a is given by

6l
pf=tan' |4—0| = 56.3° above the negative x axis

5.48 Referring to Probs. 5.46 and 5.47, state whether or not the motion is along a straight line.

I No: Since the lines of v, and a do not coincide the path must be parabolic, as in projectile motion. See
Prob. 5.57.

5.49° Can the motion of a particle be given by
=54+ 100+ 177 + 47 y =849 +20¢ - 6
if the particle is acted on by a constant force?

B 5 =10+34r+ 126, § =9+ 40t — 18¢%; § = 34 + 24¢; § = 40 — 36¢. But the acceleration is not constant, as it
must be for a constant force. Hence, the motion is impossible.

5.2 RELATIVE MOTION

5.50 An elevator is moving upward at a constant speed of 4 m/s. A light bulb falls out of a socket in the ceiling of
the elevator. A man in the building watching the cage sees the bulb rise for (4/9.8) s and then fall for
(4/9.8) s: at r = (4/9.8) s the bulb appears to be at rest to the man. Compute the velocity of the bulb at
1 = (4/9.8) s from the view of an observer in the elevator.

I Taking up as positive Uiupeiey = UVnuintigg — Veievoigg = U — 4 = —4 mfs. Alternatively, in the inertial frame of
the elevator,

u=y +ar=0+ (-‘9.8}(%) = _‘i_mﬁ

5.51 A ship is traveling due east at 10 km/h. What must be the speed of a second ship heading 30° east of north if
it is always due north from the first ship?

yr

W - E

5 Fig. 519
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¥ v, = velocity of first ship relative to the earth; v, = velocity of second ship relative to the earth. Let
¥, = relative velocity of second ship to first ship. Then v, = v, + ¥, (Fig. 5-19), where v, is due north. Thus
vy 8in 30° = v, = W0 km/h, and v,=20km/h.

During a rainstorm, raindrops are observed to be striking the ground at an angle of 35° with the vertical. The
wind speed is 4.5 m/s. Assuming that the horizontal velocity component of the raindrops is the same as the
speed of the air, what is the vertical velocity component of the raindrops? What is their speed?

I Let v = velocity of raindrops relative to earth, v, = wind velocity, v, =4.5m/s, v, = v,. From Fig. 5-20,

o= Y
' tan 35°

=6.43 m/s v=Vurl+uvi=T784m/s

Fig. 5-20

A rowboat is pointing perpendicular to the bank of a river. The rower can propel the boat with a speed of
3.0m/s with respect to the water, The rtiver has a current of 4.0m/s. {a) Construct a diagram in which the two
velocities are represented as vectors. (b) Find the vector which represents the boat’s velocity with respect to
the shore. (¢) At what angle is this vector inclined to the direction in which the boat is pointing? What is the
boat’s speed with respect to the launch point? {d) If the river is 100 m wide, determine how far downstream
of the launch point the rowboat is when it reaches the opposite bank.

i B e Dirtfti“"
of flow
{a) th) Fig. 5-21

I (a) Sec Fig. 5-21(a).

(b, €) The velocity with respect to the shore is given by v, = v, +v,.. Since v, and v, are perpendicular, we
have v, = Vvg+ vl = V3 + 4 =3m/s. The angle  shown in Fig. 5-21(b) is determined by tan ¢ = v, /v,.
For the speeds given, we find ¢ = 53.1°. The boat moves along a line directed 53.1° downstream from
“straight across.”

(d) Letting D = distance downstream, we have D/100m = v, /v, =4/3, so that D =133 m.

A swimmer can swim at a speed of 0.70 m/s with respect to the water. She wants to cross a river which is
50 m wide and has a current of (.50 m/s. (a) If she wishes to land on the other bank at a point directly across
the river from her starting point, in what direction must she swim? How rapidly will she increase her distance
from the near bank? How long will it take her to cross? (b) If, she instead decides to cross in the shortest
possible time, in what direction must she swim? How rapidly will she increase her distance from the near
bank? How long will it take her to cross? How far downstream will she be when she lands?

I (a) Let v, be the velocity of the current, v,, be the velocity of the swimmer with respect to the water, and
v, be the velocity of the swimmer with respect to the shore, Then v, = v, + v.. For a direct crossing, v, must
be perpendicular to v,. Therefore sin 8 = v, /v, as shown in Fig. 5-22. We are given the values v, = 0.50 m/s,
v, =0.70m/s, and d = 50 m; we find 8 = 45.6" upstream from the direction “straight across.” The swimmer
will increase her distance from the near shore at the rate v, = v, cos 8 = (.49 m/s. She will cross the river in a
time t =d/v, =102 5.
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(b) To maximize the component of her velocity perpendicular to the river bank. the swimmer should head
straight across the stream. She will cross in a time ¢ =d /v, = 71.4s, and she will land a distance
vt = (v /v, )d =35.7 m downstream from her starting point.

An armored car 2m long and 3 m wide is moving at 13 m/s when a bullet hits it in a direction making an
angle arctan (3/4) with the car as seen from the street (Fig. 5-23a). The bullet enters one edge of the car at
the corner and passes out at the diagonally opposite corner. Neglecting any interaction between bullet and
car, find the time for the bullet to cross the car.

I Call the speed of the bullet V. Because of the motion of the car, the velocity of the bullet relative to the
car in the direction of the length of the car is V cos 8 — 13, and the velocity in the direction of the width of
the car is V' sin @ (Fig. 5-23b). Then, from s = w,

2=(Veos8-13¢ 3=(Vsinéy

1,3 o 2
:—E(m-E)———O.ISS

Eliminate V to find

Uewr = 13 mis

f—2m —y
-
.
/:{; = arctan (3/4)
% £

(a) ) Fig. 5-23

im

Rain, pouring down at an angle a with the vertical, has a constant speed of 10 m/s. A woman runs against the
rain with a speed of 8 m/s and sees that the rain makes an angle § with the vertical. Find the relation between
a and f.

I From the vector diagram, Fig. 5-24,

Vaoman + Ve 5i0 @ 8+ 10sin o
Uysin COS ¥ 10 cos

tan f =
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Verify that the trajectory of Prob. 5.46 is a parabola by choosing coordinate axes parallel and perpendicular
to the constant acceleration vector.

ac--460

I

) [
\
!
'
1
=

\ Fig. 5-25

I Figure 5-25 shows the new coordinate system; from analytic geometry we have the relations
x’=xmsﬂ+ysin8——3—x+—2— '=-—xsinf+ycosh= 2 + 3
v vt YOTETR Y

Hence the equations of motion in the primed coordinates are

VI3x' = 3(10 4 121 = 207%) + 2(25 + 15¢ + 30¢%) = 80 + 66¢ (1
VI3y' = —2(10 + 121 — 206%) + 3(25 + 15¢ + 30¢%) = 55 + 211 + 1307 (2)

We can now solve (1) for ¢ in terms of x" and substitute the result in (2), obtaining an equation
y=ax"+bt'+c (3)
for definite constants a, b, ¢. Finally, completing the square on the right of (3), we transform it to
¥y =p=K@ -a) (4)

which is recognized as the equation of a parabola, with vertex at x' = &, y' = f§ and with axis parallel to the y’
axis.

Observer O drops a stone from the thirtieth floor of a skyscraper. Observer O, descending in an elevator at
constant speed V = 5.0m/s, passes the thirtieth floor just as the stone is released. At the time ¢ = 3.0s after
the stone is dropped, find the position, the velocity, and the acceleration of the stone relative to @. Then find
the position, the velocity, and the acceleration of the stone relative to 0.

I For O, the position of the stone is given by

ar’
X=IU+U‘DJ+?

where x = () at the thirtieth floor with the downward direction as the positive x direction. Thus, at ¢ = 3.0s,

9.8m/s’ x (3.05)° _

x=0+0+ +44m

Also, v=vy +ar gives v'=0+9.8m/s’ x 3.0s5=+29m/s. :

The acceleration of a freely falling body, as seen by the observer @ who is stationary with respect to the
earth, is known to be the constant gravitational acceleration. (Indeed, this underlies the validity of the two
calculations immediately above.) You thus have a = +g = +9.8 m/s”.

(7' measures position x', related to x via ¥’ = x — V. Hence, after 3.0s, v’ =44m-50m/s x 3.05=
+29 m. That is, the stone is located 29 m below observer O’ at the end of 3.0s5. The stone's velocity relative
to O isv' ' =v—=V; hence, at t =3.0s,

v=29mfs-50m/s=+24m/s

Since V is constant, 8" =a, and a" = +g = +9.8m/s*. Observer O' sees the stone to have the same downward
acceleration as that seen by O. (In general, accelerations are the same in all inertial frames.)
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5.61°

A truck is traveling due north and descending a 10 percent grade (angle of slope =tan ' 0.10=5.7") at a
constant speed of 90 km/h. At the base of the hill there is a gentle curve, and beyond that the road is level
and heads 30° east of the north. A southbound police car with a radar unit is traveling at 80 km/h along the
level road at the base of the hill, approaching the truck. What is the velocity vector of the truck with respect
to the police car?

d We use coordinate axes with & east, § north, and % vertically upward. We let v be the velocity of the
truck with respect to the ground and v, be the velocity of the police car with respect to the ground.
According to the information given, we have

vy = 0% + (90 km/h)(cos 5.7°)§ ~ (90 km/h)(sin 572 and
v, = (~80 km/h)(sin 30°)& ~ (80 km/h){(cos 30°)§ + 02

Reducing these, we find vp = (89.6§ — 8.94%) km/h and v, = (—40.0% — 69.3¥) km/h. The velocity u;, of the
truck with respect to the police car is given by

By =¥y — vp = (40.0% + 158.8% — 8.9%) km/h
A bird, in level flight at constant acceleration a, relative to the ground frame X, Y (Fig. 5-26), lets fall a
worm from its beak. What is the path of the worm, as seen by the bird?
I In the bird's noninertial coordinate system X', ¥* (Fig. 5-26), the equation of motion of the worm is
mﬁ-m -m or Ez ~ 8, = constant
d BT M dr BT MT

Thus the acceleration of the worm is constant, and its path is a straight line (supposing that it was dropped
from rest). The slope of the line with respect to the horizontal is tan @ = g/a,.

Y

X Fig. 5-26

Refer to Prob. 5.60 and Fig. 5-26. (a) Determine the path of the worm as seen from the ground. (b) Verify
that the two descriptions of the path are eguivalent.

[ | {a) In the ground frame X, Y, the worm has constant acceleration ¥ = —g and an initial velocity X, = v,
where v, is the speed of the bird at the instant the worm is released (call this time ¢ = 0). Hence

x=xtugt Y=y, — kgt (1)
and the path is a parabola.
(b) Let us suppose that at ¢ = 0 the two coordinate frames coincide. At time r, 0" will have advanced a
distance vgf + a,r* along the X axis, so that the coordinates (x, y) and (x', ¥*) of the worm in the two systems
are related by

x=x"+ (vt +lagt) y=y' (2)
The path in the X”, ¥ system 15 obtained by substituting the expressions (2) into (1):

X tugtt+ lagt = x ety =y - e
or
Y=Y _8&
x'—x; ag

which is a straight line of slope g/a,, as found in Prob. 5.60.
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X Fig. 527

A helicopter is trying to land on a submarine deck which is moving south at 17 m/s. A 12 m/s wind is blowing
into the west. If to the submarine crew the helicopter is descending vertically at 5 m/s, what is its speed
(a) relative to the water and (b) relative to the air. See Fig. 5-27.

' (‘} ‘rhell'\'lIEI;vllbf‘ﬂ'llﬂ-'—vhll'm: ]?j-{- l:_s}k=(l?j_5tl ml'fs‘
(b) Frevair = ¥ +w =¥ = Vogprwnser = (17§ — 5k} — 12§ = (= 12i + 17j = 5k} m/s
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6.1 CIRCULAR MOTION; CENTRIPETAL FORCE

6.1

6.2

6.3

6.4

A 0.3-kg mass attached to a 1.5 m-long string is whirled around in a horizontal circle at a speed of 6 m/s. {(a)
What is the centripetal acceleration of the mass? (b) What is the tension in the string? (Neglect gravity.)

v’ (6m/s)’
I @ ““R 15m

{b) The tension in the string exerts the centripetal force required to keep the mass in circular motion. This
force is T =ma = (0.3 kg)(24 m/s*) =7.2N.

=24m/s’

A small ball is fastened to a string 24 cm long and suspended from a fixed point P to make a conical
pendulum, as shown in Fig. 6-1. The ball describes a horizontal circle about a center vertically under point P,
and the string makes an angle of 15° with the vertical. Find the speed of the ball.

x 2
I Tcos15=mg  Tsinl5"= M andhence  tan15°=—
r g
Since r = 24 sin 15° = 24(0.259) = 6.22 cm,
UZ
Al = 4
tan 15 6.22(980) v =40.4cm/s

In the Bohr model of the hydrogen atom an electron is pictured rotating in a circle (with a radius of

0.5 % 107" m) about the positive nucleus of the atom. The centripetal force is furnished by the electric
attraction of the positive nucleus for the negative electron. How large is this force if the electron is moving
with a speed of 2.3 % 10°m/s? (The mass of an electron is 9 x 10" kg.)

I Force=(9x 10" kg2.3x 10°m/s)*/(5.0 % 107" m)=9.5x 10°*N

Find the maximum speed with which an automobile can round a curve of 80-m radius without slipping if the
road is unbanked and the coefficient of friction between the road and the tires is 0.81.

I First draw a diagram showing the forces (Fig. 6-2). If mg is the weight of the automobile, then the normal
force is N = mg. The frictional force supplies the centripetal force F.

F=puN=081mg

2 2
Also, E="0 08lmg=T  u'=081x80x9.8=252m)s
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N4
r - %
] F-:'.' HsN
b r
I
mg y Fig. 6-2

What is the maximum velocity, in miles per hour, for an automobile rounding a level curve of 200-ft radius if
u, between tires and roadbed is 1.0.

30 mi/h
44 ft/s

;#,mg;"T"' F‘*=% v = Vi,gr= V1.0 x 32.2 ft/s* x 200 ft = 80 ft/s = 80 ft/s x

54.5 mi/h

A car is traveling 25 m/s (56 mi/h) around a level curve of radius 120 m. What is the minimum value of the
coefficient of static friction between the tires and the road required to prevent the car from skidding?

v! v (25 m/s)*
F=m—=F = =),
I mo=hsumg e e (120m) 32
Traffic is expected to move around a curve of radius 200 m at 90 km/h. What should be the value of the
banking angle if no dependence is to be placed on friction?

Fig. 6-3

I see Fig. 6-3. we=mg=Ncosd and F=T=Nsind
g g -

Dividing the second by the first equation, tan & = v*/rg. Substitute the data, changing kilometers per hour
into meters per second:

(‘){] km/h x 1000 m,.fkm):

3600 s/h
tan 8 = 200m X 9.8 m/s =(.319 S0 #=17.7

As indicated in Fig. 6-4, a plane flying at constant speed is banked at angle & in order to fly in a horizontal
circle of radius . The aerodynamic lift force acts generally upward at right angles to the plane’s wings and
fuselage. This lift force corresponds to the tension provided by the string in a conical pendulum, or the
normal force of a banked road. (a) Obtain the equation for the required banking angle # in terms of v, r,
and g. {b) What is the required angle for v = 60 m/s (216 km/h) and r = 1.0 km?

I (a) Asin Probs. 6.2 and 6.7, tan 8 = v¥/rg.

I m: —
(1.0% 10°)(9.8)

(h) @ =1tan 20.2
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6.9

6.10

6.11

6.12

6.13

6.14

A car goes around a curve of radius 48 m. If the road is banked at an angle of 15° with the horizontal, at what
maximum speed in kilometers per hour may the car travel if there is to be no tendency to skid even on very

slippery pavement?
I Use the equation for banking of highways:

UZ

48(9.8)
v =0.268(48)(9.8) = 11.2 m/s = (11.2m/s){0.001 km/m)(3600 s/h) = 40.3 km/h

tan 15° =

tan # =

= |5,

A certain car of mass m has a maximum frictional force of 0.7 mg between it and pavement as it rounds a
curve on a flat road (u = 0.7). How fast can the car be moving if it is 1o successfully negotiate a curve of 15-m
radius?

J The centripetal force (muv*/r) must be supplied by the frictional force. In the limiting case, mv*/r = f with
f=0.7mg. Thus, v’ =0.7rg and v = 10 m/s.

A crate sits on the floor of a boxcar. The coefficient of friction between the crate and the floor is 0.6. What is
the maximum speed that the boxcar can go around a curve of radius 200 m without causing the crate to slide?

I As in other “unbanked-curve” problems (e.g., Prob. 6.5),

Vi = i,gr = (0L6)(9.8 m/s")(200 m) = 1176 m*/s® v, = V1176 m’/s" =34.3 m/s

A boy on a bicycle pedails around a circle of 22-m radius at a speed of 10 m/s. The combined mass of the boy
and the bicycle is 80 kg. (@) What is the centripetal force exerted by the pavement on the bicycle? () What is
the upward force exerted by the pavement on the bicycle? See Fig. 6-5.

mu®  80(10)°

1 @ E=T=T=3MN (b) N =mg =80(9.8)=T84 N

m =80 kg
r=22m
mg Fig. 6-5

Refer to Prob. 6.12. What is the angle that the bicycle makes with the vertical?

I For the bicycle not to fall, the torque about the center of gravity must be zero—see Chaps. 9 and
10—which means that the vector force exerted by the ground must have a line of action passing through the
center of gravity. Thus

Ind

F
tanf=="=—=1), =25
an N 754 (L4643 # =25°

A fly of mass 0.2 g sits 12 em from the center of a phonograph record revolving at 33} rpm. (@) What is the
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magnitude of the centripetal force on the fly? (b) What is the minimum value of the coefficient of static
friction between the fly and the record required to prevent the fly from sliding off?

27y 33-33min ' 2
I o) v==g 2afr 2;rr( 60 5/min ](IEXICI m)=0.419m/s
(0.2 % 107 keg)(0.419 5
F=ma=mL=! DOMIm/S)_ ) 07 % 10N
r 0.12m
292 x10*N

) F=292x10"N=sumg g =0.149

=
"T02%10 kg)(9.8m/s)

Find (&) the speed and () the period of a spaceship orbiting around the moon. The moon’s radius is
1.74 % 10°m, and the acceleration due to gravity on the moon is 1.63 m/s%, {Assume that the spaceship is
orbiting just above the moon's surface.)

v GM,,
{b) The circumference of the orbit is
d = 2aR,, = (6.28)(1.74 % 10° m) = 1.09 x 10* km

=g v=Vg,R,=V(01.63m/s)(1.74 x 10° m) = 1.68 ¥ 10° m/s = 1.68 km/s

50 the period is

;=—=—=6_5K1‘]]5=1@mi“

At the equator, the effective value of g is smaller than at the poles. One reason for this is the centripetal
acceleration due to the earth’s rotation. The magnitude of the centripetal acceleration must be subtracted
from the magnitude of the acceleration due purely to gravity in order to obtain the effective value of g.

{a) Calculate the fractional diminution of g at the equator as a result of the earth’s rotation. Express your
result as a percentage. (b) How short would the earth’s period of rotation have to be in order for objects at
the equator to be “weightless™ (that is, in order for the effective value of g to be zero)? (¢) How would the
period found in part (b) compare with that of a satellite skimming the surface of an airless earth?

I (a) Using R, =6.37 % 10°m and T =24 h =86400s, we find @ = v*/R, = 42°R,/T* = 3.37 x 107" m/s".
Therefore a/g = 3.44 x 10", Since g, =g — a, the fractional dimunition is (g — g.q)/g = a/g =0.344 percent.
(b) In order that g, =0, we need a =g =4x°R,/T;. Solving for T;, we find T, =27VR, /g =506 % 15 5=
84.4 min. {¢) Since an orbiting satellite has ma = mg and g, =0, its period equals T,.

A particle is to slide along the horizontal circular path on the inside of the funnel shown in Fig. 6-6. The
surface of the funnel is frictionless. How fast must the particle be moving (in terms of r and &) if it is to
execute this motion?

| 1
Iy
' Fig. 66
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6.18

6.19

J The funnel is equivalent to a road banked at an angle 90° — 8. Hence v*/rg = tan (90° - 8) =
cot B, or v = "Vrg cot 8.

An automobile moves around a curve of radius 300 m at a constant speed of 60 m/s [Fig. 6-7(a)]. (@)
Calculate the resultant change in velocity (magnitude and direction) when the car goes around the arc of 60°.
{b) Compare the magnitude of the instantaneous acceleration of the car to the magnitude of the average
acceleration over the 60° arc.

I (a) From Fig. 6-7(b), Av =60 ms and Av makes a 120° angle with v,.. (b) The instantaneous acceleration
has magnitude

Af = = e o 22
v v 60 3 ®
. Av 60 .
we have a—m—sms—ll.ﬁmgs

(®)

(@) Fig. 67

While driving around a curve of 200 m radius, an engineer notes that a pendulum in the car hangs at an angle
of 15° to the vertical. What should the speedometer read (in kilometers per hour)?

UI

z
I Tsing ="-":rl ; T cos 8 = mg where T = tension. Thus tan 8 = E or v=Vrgtan =23 m/s=82.5km/h

The bug shown in Fig. 6-8(a) has just lost its footing near the top of the stationary bowling ball. It slides
down the ball without appreciable friction. Show that it will leave the surface of the ball at the angle
8 = arccos § = 487,

() (h) Fig. 6-8
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J The centripetal force is given by
muv’(r=mgcos 8 — Fy (1)

At angle 6, the decrease in potential energy, mgh = mgr(1 — cos #), must equal the increase in kinetic energy,

muv°/2; hence,
mu®

= 2mg(1 - cos 6) )

Together, (1) and (2) give
Img cos 8 — F, =2mg (3)
At the instant the bug loses contact with the ball, F, = 0 and (3) yields cos 8 =1,

A 180-1b pilot is executing a vertical loop of radius 2000 ft at 350 mi/h. With what force does the seat press

upward against him at the bottom of the loop?
2 2
mu m
I F—mg=—" or F=
r

+ mg
First we change miles per hour to feet per second:

3S0mi/h=513ft/s
Substitute values:

_ 1801b x (S13 ft/s)’

= e 4 1RO b =915 |b
n2fys x2000h | o0 ib=2131b

How many g's must the pilot of the preceding problem withstand at the bottom of the loop?

I From the centripetal acceleration formula a, = v*/r. Substituting,

_(513ft/s)’

S0 132 ft/s”
Dividing this result by g (32.2 ft/s"), we obtain
o= 132 fifs* =4l
iy -k
lg

The designer of a roller coaster wishes the riders to experience “weightlessness™ as they round the top of one
hill. How fast must the car be going if the radius of curvature at the hilltop is 20m?

I To experience weightlessness, the gravitational force mg must exactly equal the required centripetal force
muv*/r. Equating the two and solving for v gives 14 m/s.

A huge pendulum consists of a 200-kg ball at the end of a cable 15m long. If the pendulum is drawn back to
an angle of 37° and released. what maximum force must the cable withstand as the pendulum swings back and
forth?

I The maximum tension will occur at the bottom when the cable must furnish a force mg + mv’/r. To reach
the bottom, the mass falls a distance h = (15 = 15 cos 37°) = 3.0 m. Its speed there will be v = (2gh)"* = (6g)"".
Therefore the tension will be T = 200g + 200{6g)/15 = 2740 N.

6.2 LAW OF UNIVERSAL GRAVITATION; SATELLITE MOTION

6.25

Two 16-1b shot spheres (as used in track meets) are held 2 ft apart. What is the force of attraction between
them?

I In American engineering units, 16 1b=0.497 slug and Newton’s law of gravitation has the form
F = G[(m,m,)/d?], with G =3.44 » 10 * b - ft*/slug”. Thus,

Ib- fﬁ) (0.49? slug x 0.497 slug
(2ft)’

F=(3.44>c1l] *

3 )=2.12><I0"Ih
. slug
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CHAPTER 6

Calculate the force of attraction between two 90-kg spheres of metal spaced so that their centers are 40 cm
apart.

# 1n SI units the gravitational constant has the value G = 6.67 x 107'' N - m*/kg’.

90(90)

— M1m2= -11
F=G——=(6.6Tx10 }{“-m]z

r!

=338 x10"N

Compute the mass of the earth, assuming it to be a sphere of radius 6370 km.

I Let M be the mass of the earth, and m the mass of a certain object on the earth’s surface. The weight of
the object is equal to mg. It is also equal to the gravitational force G{Mm)/r®, where r is the earth’s radius.
Hence, mg = G[Mm/r’], from which

_ g_r’ _{9.8m/ §°)(6.37 x 10° m)*
G 6.67x107"N-mi/kg’

=6.0 % 10* kg

The average density of solids near the surface of the earth is p = 4 > 10° kg/m®. On the (crude) assumption of
a spherical planet of uniform density g, calculate the gravitational constant G.

I The mass of the spherical earth is given by m, = pV = $7pR>. Insert this value into g = Gm,/R? and solve
for &, obtaining:
G= 3 _ Ix9.8m/¢
dxpR, 4dx x4 x100kg/m’ x 6.4 x10°m

=9x 10" N - m*/kg’.

This calculation most certainly overestimates G, since p (and hence m,) are underestimates.

A mass m, = | kg weighs one-sixth as much on the surface of the moon as on the earth. Calculate the mass
m; of the moon. The radius of the moon is 1.738 x 10° m.

I On the moon, m, weighs 1(9.8N).

1= L]
(1738 x 107

mym;

- —_— 1 — =11
m=G=7" Z(9.8)=667x10

S LaL
T (6)(6.67 x 107") —14_;(_1-92_15

The earth’s radius 15 about 6370 km. An object that has a mass of 20 kg is taken to a height of 160 km above
the earth’s surface. (@) What is the object’s mass at this height? (b) How much does the object weigh (i.e.,
how large a gravitational force does it experience) at this height?

d (a) The mass is the same as that on the earth’s surface. (b) As long as we are outside the earth's surface,
the weight (force of gravity) varies inversely as the square of the distance from the center of the earth. Indeed
w = GmM /[r*, where m, M are the masses of object and earth, respectively, and r is the distance to the center
of the earth. Thus wy/w, = ri/r3, since G, m, M are constant in this problem. For our case we set r, = 6370 km
and r, = 6530 km and w, = (20 kg)(9.8 m/s*) = 196 N. This gives w,=186.5 N. Note that we could use the fact
that w = mg and that m is constant to find the acceleration of gravity at the two heights. That is, g./g, = ri/ri.

The radius of the earth is about 6370 km, while that of Mars is about 3440 km. If an object weighs 200N on
earth, what would it weigh, and what would be the acceleration due to gravity on Mars? Mars has a mass 0.11
that of earth.

I Newton’s law of gravitation, w = GmM /r*, gives ws/w; = (M:/M,)(r}/r3). Letting 1 refer to earth and 2
refer to Mars, we have w, = 0.11(6370/3440)*(200 N) =75 N. The acceleration is gotten from wa/w, =g./g,, or
g2 = (75/200)(9.8 N) = 3.7 m/s*.

The moon orbits the earth in an approximately circular path of radius 3.8 x 10" m. It takes about 27 days to
complete one orbit. What is the mass of the earth as obtained from these data?

I The gravitational attraction between the earth and moon provides the centripetal force; therefore,

muifr = GMm/r®, where M is the earth’s mass. Then M =v’r/G = 0°r*/G. Now @ = 1 rev/27 days =
2.7%x10 % rad/s, r=3.8x10°m, and G =6.7x 107" in SI. Solving for M, it is 6.0 X 10* kg. (Compare Prob,
6.27.)
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The sun’s mass is about 3.2 X 10° times the earth’s mass. The sun is about 400 times as far from the earth as
the moon is. What is the ratio of the magnitude of the pull of the sun on the moon to that of the pull of the
earth on the moon? It may be assumed that the sun-moon distance is constant and equal to the sun-earth
distance.)

I Let m denote the moon's mass, M, the sun's mass, M, the earth’s mass, r,, the center-to-center distance
from the sun to the moon, and r,,. the center-to-center distance from the earth to the moon. We let E,,
denote the magnitude of the gravitational force exerted on the moon by the sun, and F,,, denote the
magnitude of the gravitational force exerted on the moon by the earth. Then E,,, = GM,m/r’, and
E..=GM.m/ri,, so that

Using the given numerical values, we find F,./F,. = 2.

Estimate the size of a rocky sphere with a density of 3.0 g/cm” from the surface of which you could just barely
throw away a golf ball and have it never return. (Assume your best throw is 40m/s.)

I The escape speed v, from a sphere of radius R and mass M is given by the energy-conservation equation
1 ., GmM
E muy = T

Substitution of M = p3aR" and solution for R gives

R =4y ——
"\NgaGp

If p=3%10"kg/m’, then R =0.77 % 10° v, where R is in meters and v, is in meters per second. Estimating
the highest speed at which a human can throw a golf ball as about 40 m/s, we find R =3 x 10* m = 30 km.

Newton, without knowledge of the numerical value of the gravitational constant G, was nevertheless able to
calculate the ratio of the mass of the sun to the mass of any planet, provided the planet has a moon.

(ﬂ} Sllml.' [hat fﬂf a [‘.ircular Urbits
M R.,. P

4

where M, is the mass of the sun, M, the mass of the planet, R, the distance of the planet from the sun, R,,
the distance of the moon from the planet, T, the period of the moon around the planet, and T, the penod of
the planet around the sun. (b) If the planet is the earth, R, = 1.50 % 10" km, R,, = 3.85 % 10" km,

T.. =27.3days, and T, = 365.2 days. Calculate M,/M,.

I (a) Applying Newton’s second law and the law of gravitation to each orbit, we find (expressing centripetal
force in terms of period, T, using v =2aR/T).
4t g,,{r R, _ GM,ZME and 4:r'n:R.,. - GM:Em
T R T R,

where m is the mass of the satellite. Solving the above equations for M,/M,, we obtain

M, (47°R})/IGT; _ (5)"(5)2

M, (4x°RL)/GT. ‘R./\T,
as desired. (&) Inserting the given numerical values, we find
M, 1.50::10')-‘( 27.3 5
M (3_35 x 10° 365.2) Side

{a) Find the orbital period of a satellite in a circular orbit of radius r about a spherical planet of mass M. (b)
For a low-altitude orbit (r =r,). show that for a given average planetary density {p} the orbital period is
independent of the size of the planet.
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U Fig. 121

Pd = I,w, where [, = (mi*}{3 is the moment of inertia of the bar about the pivot, Since the distance from A
to Cis [/2, we also have v, = (wl)/2. By combining the equations, we find m[(w!)/2]d = [(mI*){3]w, which

implies that d = 2{/3. [Note the reciprocity with Prob. 12.36: a blow to the end (c.p.) causes rotation about

the c.p. (end).]

Refer to Prob. 12.39. (@) What is the period of oscillation of the rod when it is suspended from A? (b) What
is the length of the simple pendulum having the same period? The length you obtain here should be the same
as the distance you obtained in Prob. 12.39. The center of percussion relative to A is also called the center of
oscillation relative to A.

I (a) The oscillation frequency is given by (see Prob. 12.38)
1 [

22V GE

T.=2n JE
3g

(b) The period of a simple pendulum of length L is given by 22V L/g. Therefore the length of a simple
pendulum with the oscillation period T, is L = 2{/3, which is equal to the distance found in Prob. 12.39.

V=

where G2 = L,/m = /3, Therefore we obtain

A ring of mass M and radius R is hung from a knife edge, so that the ring can swing in its own plane as a
physical pendulum. Find the period T, of small oscillations.

J The ring is shown in Fig. 12-12, with the knife edge at point A. We must find the period T; of small
oscillations in the plane of the paper. Taking the origin of a coordinate system at 0, the equilibrium position
of the ring's center, with the positive z axis emerging toward the viewer, the moment of inertia I, = MR*. By
the parallel-axis theorem, the moment of inertia about the knife edge is given by [,, = L, + MR* = 2MR?;
hence, G = 2R

Fig. 12-12
Substituting this and D = R in Eq. (1) of Prob. 12.38, we find

—
wem L and  T=tazrR
v g

12.42  Refer to Prob. 12.41. (a) Suppose that an identical ring is pivoted from an axis PP’ lying in the ring plane
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Fig. 12-13 Fig. 12-14
and tangent to the circumference (Fig. 12-13). This ring can execute oscillations in and out of the plane. Find
the period T; of those small oscillations. (b) Which oscillation has the longer period? How much longer?

J (a) Now the ring is pivoted about the axis PP’ as shown at right. By the parallel-axis theorem,

Ipp- =1, + MR®. As shown in Prob. 11.41, I, = (MR")/2, so I, = (3MR?)/2. With G} =3R*/2 and D =R,
(1) of Prob, 12.38 gives T, =1/v,=2xV3R/2g. (b) T\/T. = Vi =1.1547. The period for oscillations in the
plane is 15.5 percent longer than the period for oscillations about the axis PP'.

A uniform right-angle iron is hung over a thin nail so that the iron pivots freely at the bend (Fig. 12-14). Each
arm of the iron has mass m and length /. Find the period T of small oscillations (in the plane of the iron).

I The center of mass of the system is located on the angle bisector, at a distance D = (/\V2/4) from the pivot
A. The moment of inertia / about an axis through A and perpendicular to the xy plane is given by

(ml*)/3 + (ml*)/3 = (2mlI*)/3. Therefore the square of the gyration radius is given by G*=1/M =
[(2ml?)/3](2m) = I*/3. We can now apply (1) of Prob. 12.38:

1 G2 [P /2\/51
T=-=2a\|—=21\| ———=21\| —
v \/D: [(1V2)/4]g 38

Figure 12-15 represents a three-dimensional object (not necessarily of uniform density) whose center of mass
is at point C. The axis ZCZ' passing through point C has been chosen at random orientation. The body had
gyration radius G-(ZZ') about the axis ZCZ': the notation G-(ZZ') makes explicit the fact that the gyration
radius for an axis through C depends on the particular choice (ZZ') of axis.

Suppose that a physical pendulum is constructed by pivoting the body about the axis PP’, which is parallel
to ZCZ' at a distance D. Prove that the frequency v of small oscillations about equilibrium is given by

vl [DE
2r NGHZZ')+D?

Fig. 12-15

I The desired result follows at once from (1) of Prob. 12.38. It is seen that the frequency of pendulum
oscillations is the same for any choice of axis PP’ on a cylinder of radius D centered on ZZ'.

Figure 12-16 depicts the Kater pendulum, used to measure the acceleration of gravity with high accuracy. It
consists of a rigid rod on which a bob is mounted. The mass of the bob is sufficiently large so that the center
of mass of the pendulum is fairly far from the middle of the rod. The bob is mounted on a slide; by moving
the bob and then clamping it in position, the location of the center of mass of the pendulum can be adjusted.
There are two very precisely honed knife-edges mounted on the rod. The pendulum can be swung from
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| Knife-edge !

| Center of mass

D
1_._34__.,—— Knife-edge 2

[_____f Slide

_~Clamp
-

Fig. 12-16

knife-edge 1, and then reversed and swung from knife-edge 2. If G, is the gyration radius of the pendulum
about an axis through its center of mass, what are the expressions for the periods of small oscillations about
knife-edge 1 and knife-edge 27

d From (1) of Prob. 12.38,
2+ -] 2+D2
1"'=.1_=h‘|'u E=l= &
¥y D1S ¥2 DzK

Refer to Prob. 12.45; can T, = T; for D, # D,?

§ Yes. Consider T for an arbitrary D and fixed G,, T =2aV(Gj+ D7)/(Dg). If we plot T against D for D
between 0 and =, we note that T—= as D—0 and T—= as D— = Thus T has a minimum value, T, for
some [ = Dy,. Thus for any T > T,,, there are two D values, one greater and one less than D,,.

12.3 ANGULAR MOMENTUM

12.47

12.48

12.49

Find the rotational energy and angular momentum due to the daily rotation of the earth about its axis. Data:
M, =6x10"kg, R,=6.4x10°m, @ = 1/86 400 rev/s. Assume the earth to be a uniform sphere.

I K, =102 = [(2MF)/5)[(27/86 400)°)/2 = 2.6 » 10°* J. Angular momentum = fw = [{2Mr?)/5](2r /86 400) =
7.1 % 10* kg - m*/s. (The equivalent unit J - s is also used for angular momentum, especially in the
atomic domain.)

Each of the wheels on a certain four-wheel vehicle has a mass of 30 kg and a radius of gyration of 30 cm.
When the car is going forward and the wheels are turning at 5.0 rev/s, what is the rotational kinetic energy
stored in the four wheels? What is the angular momentum of the vehicle about an axis parallel to the wheel
axis and through the center of mass? Is the angular momentum vector directed toward the driver’s right or
left?

I K, =4(1w?/2) = 2(30)(0.30)*(10x)* = 5300 . The angular momentum vector for each wheel is along the line
described, so total L = 4(Iw) = 4(30)(0.09)(10x) = 340 kg - m°/s. Note that o must be in radians per second.
The total L will be in the same direction as the angular velocity, that is, to the driver's left.

In a common physics lecture demonstrations, a lecturer sits on a stool that can rotate freely about a vertical
axis on low-friction bearings. The lecturer holds with extended arms two dumbbells, each of mass m, and

kicks the floor so as to achieve an initial angular speed w,. The lecturer then pulls in the dumbbells, so that
their distances from the rotation axis decrease from the initial value R, to the final value R;. Determine the
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A student volunteer is sitting stationary on a piano stool with her feet off the floor. The stool can turn freely
on its axle.

{a) The volunteer is handed a nonrotating bicycle wheel which has handles on the axle. Holding the axle
vertically with one hand, she grasps the rim of the wheel with the other and spins the wheel clockwise (as
seen from above). What happens to the volunteer as she does this? (b) She now grasps the ends of the
vertical axle and turns the wheel until the axle is horizontal. What happens? (¢) Next she gives the rotating
wheel to the instructor, who turns the axle until it is vertical with the wheel rotating clockwise, as seen from
above. The instructor now hands the wheel back to the volunteer. What happens? (d) The volunteer grasps
the ends of the axle and turns the axle until it is horizontal. What happens now? (¢) She continues turning the
axle until it is vertical but with the wheel rotating counterclockwise as viewed from above. What is the result?

I Since the axle of the piano stool is frictionless, there are no vertical torques exerted on the stool-volunteer
system, so the vertical component of angular momentum is conserved. (There are horizontal torques; these
result from forces that the floor exerts on the base of the stool.)

(a) The initial angular momentum is zero, so the final angular momentum must also be zero. Therefore, the
volunteer spins counterclockwise. (&) The angular momentum of the wheel is now horizontal. The volunteer’s
vertical component of angular momentum must now be zero, 50 she stops spinning. (¢) When the wheel is
handed back to the volunteer, the system of wheel and volunteer has a downward vertical angular
momentum, all contributed by the wheel. The volunteer remains stationary. (d) Since the vertical component
of the total angular momentum must not change, the volunteer must rotate clockwise. {e) The wheel's angular
momentum is now upward. The volunteer must therefore have a downward vertical angular momentum to
keep the total angular momentum pointing down. She must therefore spin clockwise. (Her spin rate is twice
as fast as in part (d).)

A top consists of a uniform disk of mass m, and radius r, rigidly attached to an axial rod of negligible mass.
The top is placed on a smooth table and set spinning about its axis of symmetry with angular speed w,. How
much work must be done in setting the top spinning? Evaluate your result for m, =0.050 kg, r,=2.0cm, and
w, = 200 rad/s (or 6000 rotations per minute).

I The moment of inertia I, of the top is given by I, = Ymyrj. The work required to set the top spinning with
angular speed w, is equal to the spin Kinetic energy l,w?. For the given numerical values, we find
1, = (0.50)(0.050)(2.0 x 107** = 10" kg - m*. The work required is (0.5)(10*)(200x)* = 1.97 1.

Refer to Prob. 12.68. The center of the disk is a distance d from the top’s point of contact with the table. The
top is observed to precess steadily about the vertical axis with angular speed @,. Assuming that w, << a,,
write w, in terms of r,, d, w,, and g. Evaluate w, for d =3.0cm and g =9.80 m/s*, with the other quantities
as given in Prob. 12.68. Is your result consistent with the assumption w, << w,?

I For i, << o, the angular speed of steady precession is approximated by
gd 1
= G,
where G} = I,/m,= 1r;. With the numerical values given, we find

o = (9.80)(3.00 = 1074 1
P (0.5)(2.00 % 1077 200

The ratio of this angular speed to @, is (w,/w,) =3.72 x 10~°, The assumption that (w,/w,) << 1 is fulfilled.

=23 rad/s

As shown in Fig. 12-24, a solid conical top of mass M, height h, and radius R is spinning about its symmetry
axis 00" with spin angular speed w,. The axis 00’ makes an angle o with the vertical.
We note that for such a system the center of mass of the top is located along OO at a distance 3h/4 from
the vertex O, and the moment of inertia I about the axis 00" is given by I = sMR*. .
(a) Find the angular speed w, at which the top precesses about the vertical. (b) Consider a top for which
h=10.0cm and R = 3.0 cm. The top is spinning at 5800 rotations per minute. Using g = 9.80 m/s*, evaluate
the precession angular speed w,.

I (a) Under the assumption that @, << @,, we can assume that

__zg __(h/4)g _ She
“ = IiMyw,  (3RT10)w, 2R'w,
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I For a force F and displacement s,

2
k_;}_"_?_[].skg()l(zéﬁm!s) & =882 N/m

F=ks=(B82N/m)(0.05m) F=4IN m=450kg

A 10-kg mass is supported by a spring whose constant is 12 N/em. Compute the elongation of the spring.

- _F_mg_(10kg)98m/sT)
I F=mg s—-k-k_ 3 Niem s =817 cm

Note that the mixed units for & need not be converted since mg in newtons cancels the newtons in k.

A load of 1001b is applied to the lower end of a steel rod 3 ft long and 0.20in in diameter. How much will
the rod stretch? ¥ = 3.3 x 107 Ib/in® for steel.

_FlA o _LF_ (3 £t)(100 1b)
ai AY  7(0.1in?)(3.3 x 107 Ib/in%)
Note that the units of L and A need not agree as long as the units of A and Y agree, since (distance’) cancels
between these two last quantities,

I v

=29x10"ft or AL=35x10"in

A wire whose cross section is 4 mm® is stretched by 0.1 mm by a certain weight. How far will a wire of the
same material and length stretch if its cross-sectional area is 8 mm® and the same weight is attached?

d If the material and length are fixed as well as the stretching weight, then F, {, ¥ are fixed in the relation
Al = (FI}/(AY). Then

1 A 4 mm*
mm; A Al =const s A AL = A AL Al =I: Aly =§E-m—20.1 mm Al; =0.05mm

A steel wire is 4.0 m long and 2 mm in diameter. How much is it elongated by a suspended body of mass
20 kg? Young's modulus for steel is 196 000 MPa.

d Let AL be the elongation. Then, by Hooke’s law,

where Y is Young's modulus. The elongation is

JLE, _mel Q0)0.8)40) T
AL =g L= = (106 x 10001y = -3 % 10 ' m =123 mm

A copper wire 2.0 m long and 2 mm in diameter is stretched 1 mm. What tension is needed”? Young's modulus
for copper is 117 600 MPa.

F AL

AL .. 0.001 .
=Y —= =V — 4 = | = T
I 3 YL F YLA (117.6 % 10%) 5 7(0.001) = 1847 N

A wire is stretched 1 mm by a force of 1kN. (@) How far would a wire of the same material and length but
of four times that diameter be stretched? (b} How much work is done in stretching each wire?

I (a) The elongation is inversely proportional to the cross-sectional area, and so AL = (1)()* = {; mm.
{b) The work done in stretching the wire in the two cases is W = Fx. Since the force varies linearly with
distance,

 E+F 0 1
F=%1 50 w.=1mg+ (0001)=0.5] W= W= 003131

Given a 2.0-m length of steel wire with 1.0-mm diameter, about how much will the wire stretch under a
5.0-kg load? ¥ = 195000 MPa.

J Since tensile modulus is stress/strain, we have AL/L = (F/A)Y = [5(9.8)}/[7(5 x 107%)*(195 x 10%)] =
3.2% 10 " and AL=6.4%10"m.
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Approximately how large a force is required to stretch a 2.0-cm-diameter steel rod by 0.01 percent?
¥ =195 000 MPa.

I Solving Hooke's law for F, it is F = AY(AL/L) = x(0.01)*(195 x 10")(10~*) = 6100 N.

A platform is suspended by four wires at its corners, The wires are 3 m long and have a diameter of 2.0 mm.
Young's modulus for the material of the wires is 180 000 MPa. How far will the platform drop {(due to
elongation of the wires) if a 50-kg load is placed at the center of the platform?

§ AL=(LF)/(AY), where L=3m, A= (1.0 107" m)*=3,14 x 10"*m", and since each wire supports
one-quarter of the load, F = [(50 kg)(9.8 m/s*)]/4 =123 N.

AL< (3m)(123 N)

= B0 M8 X 107 Ny~ o %107 m  or  0.65mm

What is the minimum diameter of a brass rod if it is to support a 400-N load without exceeding the elastic
limit? Assume that the stress for the elastic limit is 379 MPa.

@ To find the minimum diameter, and hence minimum cross-sectional area, we assume that the force
F =400 N brings us to the elastic limit. Then from the stress, F/A = 379 x 10° Pa, we get A =
(400 N)/(379 x 10° Pa) = 1.0554 x 107*m?*, Then

_aD? _4A_4(1.0554x 10" m’)

A D? =134 x10""
4 T T
and D=v1.344x 10" m’ =1.16 % 10 *m=1.16 mm

A No. 18 copper wire has a diameter of (.04 in and is originally 10 ft long. {a) What is the greatest load that
can be supported by this wire without exceeding its elastic limit? (b) Compute the change in length of the
wire under this load. (¢) What is the maximum load that can be supported without breaking the wire? (d)
What is the maximum elongation? (Assume that the elastic limit stress is 23000 |b/in® and that the ultimate
strength stress is 49 000 Ibfin®.)

() {a) F/A =230001b/in’, 50 Fou= {Emﬂlbhnz}fl.
aD*  x(0.04in)’
AT

(b) Al =(F/A)(I/Y)=(230001b/in)10 ft/17 x 10° Ib/in = 0.0135 ft
(¢) F'/A = (49000 Ib/in®); F' = (49 000 Ib/in®)(4x x 10~*in®) =616 Ib
(d) Al' = (49000 Ib/in®)(10 ft/17 X 10° Ib/in®) = 0.0288 ft =0.346 in

=4 x 107 %in’ Fo =(23000){4r x 107*)=28.91b

A steel piano wire has an ultimate strength of about 35000 Ib/in®. How large a load can a 0.5-in-diameter
steel wire hold before breaking?

_ 7(0.05in%)

I F=(350001b/in)Aa A i

=1.964 x 10 7 in’ F = (35000 1b/in")(1.964 x 10" in°) =68.7 Ib
A wire of original length L and cross-sectional area A is stretched, within the elastic limit, by a stress t. Show
that the density of stored elastic energy in the stretched wire is T°/2¥.

d Let the total deformation be AL, so that = Y(AL/L), by Hooke's law. Again by Hooke’s law, the
stretching force at deformation x is given by F(x) = [(AY)/L]x. Hence the stored elastic energy is

LY N L'y 2
W=j F[x}dx=ATYf xdx=2rT,AL

But, neglecting a tiny change, the constant volume of the wire is V = AL; hence
w_r
LS

Note that the energy density is independent of the wire dimensions.

Determine the fractional change in volume as the pressure of the atmosphere (0.1 MPa) around a metal block
is reduced to zero by placing the block in vacuum. The bulk modulus for the metal is 125 D00 MPa.
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L

' gobp AV_ _Ap_—(=01)_
AV/IV v B 125000

8x10°7

13,38  Compute the volume change of a solid copper cube, 40 mm on each edge, when subjected to a pressure of
20 MPa. The bulk modulus for copper is 125 000 MPa.

-VAp - (40 mm)*(20 MPa) _
B 125 000 MPa

Note that the units of V and Ap need not agree because Ap/B is dimensionless.

1 AV =

—10 mm*

13.39  The pressure in an explosion chamber is 345 MPa. What would be the percent change in volume of a piece of
copper subjected to this pressure? The bulk modulus for copper is 138 GPa (=138 x 10° Pa).

J The bulk modulus is defined as B = —Ap/(AV V), where the minus sign is inserted because AV is
negative when Ap is positive.

345 x 10° 0.25%

AV Ap
00 | —| = 100 == 100 ——= =10.
! V| B 138 x 10°

13.40  The compressibility of water is 5 % 107" m*/N. Find the decrease in volume of 100 mL of water when
subjected to a pressure of 15 MPa.

T We note that the compressibity, k, is simply the reciprocal of the bulk modulus. Then AV = -Vk Ap =
={100 mL)(5 x 10" " m*/N)(15 x 10" N/m") = —0.75 mL. The decrease is thus (.75 mL.

13.41 How large a pressure must be applied to water if it is to be compressed by (.1 percent? What is the ratio of
this pressure to atmospheric pressure, 101 kPa? The bulk modulus of water is 2100 MPa.

I The volume strain AV/V,=1.0x 10""; set B =p/(AV/V,) to find p = (2.1 x 10")(1.0 x 10~*) = 2100 kPa.
Dividing by the atmospheric pressure, the ratio is 21.

13.42 By what fraction will the volume of a steel bar increase as the air is evacuated from a chamber in which it
rests? Standard atmospheric pressure = (101 MPa and B for steel is 160 000 MPa.
I AV|V,=—AP/B =0.101/160000 = 6.3 x 10~’

13.43  What increase in pressure is required to decrease the volume of 200 L of water by 0.004 percent? Find
AV. (B = 2100 MPa)

0.008 L
20L

i AV =0.00004200 L) =0.008L  Ap =B(-%=|{21{]0MP3}( )zﬂ.OBdMPan kP,

13.44  Compute the compressibility of glycerin if a pressure of 290 Ib/in’ causes a volume of 64 in’ to decrease by
3107 in’,

I The compressibility is the reciprocal of the bulk modulus, Thus

1AV 3x1070ind s
k= Ap Vo (2901b/in’)(64 iy~ L62210" in/lb

13.45 Two parallel and opposite forces, each 4000 N, are applied tangentially to the upper and lower faces of a
cubical metal block 25 cm on a side. Find the angle of shear and the displacement of the upper surface
relative to the lower surface. The shear modulus for the metal is 80 GPa.

I We use the approximate form § = F/(A¢) (Prob. 13.20), with § =8 x 10" N/m’, F =4000 N, and
A=(0.25m)"=6.25 % 10 *m’. Solving for ¢, we get
_ (4000 N)

(6.25 % 10" m*)(8 x 10" N/m")

The displacement of the upper surface is given by d = L¢, where L is an edge of the cube; d =
(8.0 107")(25 cm) = 2.0 x 10~ " cm.

@ =8.0x 10" rad
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The shear modulus for a metal is 50 000 MPa. Suppose that a shear force of 200 N is applied to the upper
surface of a cube of this metal that is 3.0cm on each edge. How far will the top surface be displaced?

I Shearing strain = AL/L = (F/A)/S = 200/[L*(5 x 10'")] = (4 x 10~°)/L?; solve for AL with L =0.030m,
AL=1.33x10"7"m=0.133 um.

A block of gelatin is 60 mm by 60 mm by 20 mm when unstressed. A force of 0.245 N is applied tangentially
to the upper surface, causing a 5-mm displacement relative to the lower surface (Fig. 13-2). Find (a) the
shearing stress, (b) the shearing strain, and (c) the shear modulus.

F—f=ﬁﬂrmn ta—mt— o = 5 mm
d ¢ o |
|

T
|
|
I
I

F  0.245
I (@ stress == =20~ ~ 68.1Pa
. d 5
(b) strmn-tanﬂ-;:z—u-w
FIA 684 .
(c) shear modulus = § by 0_25—2?2.4N{m

Two sheets of aluminum on an aircraft wing are to be held together by aluminum rivets of cross-sectional
area 0.25 in®. The shearing stress on each rivet must not exceed one-tenth of the elastic limit for aluminum.
How many rivets are needed if each rivet supports the same fraction of a total sheanng force of 25 000 Ib?
Assume that the elastic limit stress is 19000 1b/in®.

I FlA = {(190001bfin’) = 1900 Ib/in® maximum stress allowed for each rivet. This means a shearing force of
F = (1900 1b/in*)(0.25 in*) = 475 Ib/rivet. Number of rivets = 25 000 1b/(475 Ib/rivet) = 52.7, or 53 rivets.

A 60-kg motor sits on four cylindrical rubber blocks. Each cylinder has a height of 3 cm and a cross-sectional
area of 15 cm®. The shear modulus for this rubber is 2 MPa. (a) If a sideways force of 300N is applied to the
motor, how far will it move sideways? (b) With what frequency will the motor vibrate back and forth
sideways if disturbed?

I (a) We assume that the shear force is distributed evenly among the four cylinders. Then for a given
cylinder F=75N.

F 5N

=——= = -3
A5 (X 10 m)E X 10FN/m?) ~ > < 107 rad

¢

The displacement is then d = L¢ = (3.0cm)(2.5 x 10~ * rad) = 0.075 cm. {(b) Since the shear force on
each cylinder is proportional to ¢, it is also proportional to the horizontal displacement d.

F=AS¢ =[(AS)/L)d. Since there are four cylinders, the total external horizontal force, Fr, is given by
Fr =[(4AS8)/L])d. This force just balances the elastic restoring force, or effective “spring’ force, of the
system F = —[{4AS8)/L]d. If the shear force is removed, the system oscillates with an effective force
constant k = (4A5)/L = 4.0 x 10° N/m. Assuming that the masses of the cylinders are negligible, we have

1\/?_1 4.0 x 10°N/m
f 2t Nm 2n 60 kg 13Hz.

The twisting of a cylindrical shaft (Fig. 13-3) through an angle # is an example of a shearing strain. An
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Fig. 133

analysis of the situation shows that the angle of twist (in radians) is given by

.
- aSR*
where t = applied torque
I = length of cylinder
R = radius of cylinder
§ = shear modulus for material

If a torque of 100 b - ft is applied to the end of a cylindrical steel shaft 10 ft long and 2 in in diameter,
through how many degrees will the shaft twist? Assume that § = 12 2 10° Ib/in®.

I We are given § =12 10°Ib/in®, R = lin, = 1001b - ft = 1200 1b - in, [ = 10 ft = 120 in. Using the given
formula we find that
21l 201200 1b - in){ 120 in)

0= SR~ 2(12 % 107 b/in) (1 in)*

= 7.64 x 107" rad = 0.437°

13.51  An engine delivers 140 hp at 800 rpm to an 8-ft solid-iron drive shaft 2 in in diameter. Find the angle of twist
in the drive shaft. Assume that § = 10 x 10°Ib/in”.

I First calculate the torque, then apply Prob. 13.50.

ft - Ib/s
hp

P =140 hp(SSﬂ ) =7.7x 10"t - Ib/s; w = 2af = 2x (800 rad/s)(1 min/60s) = 83.78 rad/s,
P 77X 10°ft - Ib/s

= e radls =9191b - ft = 11 000 Ib-in.

P=rtw, 50

Finally

g2t _20110001b - in)(3 f1)(12 in/ft)
" asR* (10 % 10° Ib/in®)(1 in)*

=0.0674 rad = 3.86°
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OSCILLATIONS OF A MASS ON A SPRING

A spring makes 12 vibrations in 40's. Find the period and frequency of the vibration.
I T= elapsed time _ 40s - _ vibrations made _ 12
vibrations made 12 = "~ elapsed time  40s

A 50-g mass hangs at the end of a Hookean spring. When 20 g more are added to the end of the spring, it
stretches 7.0 cm more. (@) Find the spring constant. (&) If the 20 g are now removed, what will be the period
of the motion?

I (a) Since the spning is linear,

AF_ (0.020kg)(9.8m/s?)

k= i 0T o =2.8N/m
0,050 kg
(b) T=2n =1z ZSNJ’m_

A spring is stretched 4 cm when a mass of 50 g is hung on it. If a total of 150 g is hung on the spring and the
miass is started in a vertical oscillation, what will the period of the oscillation be?

I First find the spring constant k:

4 = (508)(980 em/s?)

4 o =12 250 dyn/cm

To find the period use

150
T= 2:r\/; 27\ 33555 = 27(0.1107) = 0.695 5

A body of weight 27 N hangs on a long spring of such stiffness that an extra force of 9 N stretches the spring
(.05 m. If the body is pulled downward and released, what is its period?

J The spring constant is k = 9/0.05 = 180 N/m, and so
T =9 \/_ 2?{ 9.8

A 3-1b weight hangs at the end of a spring which has k = 25 1b/ft. If the weight is displaced slightly and
released, with what frequenc;r will it vibrate?

I Using m =31b/(32.2 ft/s*) = 0.093 slug gives

—i\E—i [25Tb/ft _
I =32 N~ 2x Vo093 stug ~ 20112

A mass m suspended from a spring of constant k has a period T. If a mass M is added, the period becomes
3T. Find M in terms of m.

I The period varies as the square root of the mass. Thus the mass must increase ninefold, making M =8m.

A 0.5-kg body performs simple harmonic motion with a frequency of 2 Hz and an amplitude of 8 mm. Find
the maximum velocity of the body, its maximum acceleration, and the maximum restoring force to which the
body is subjected.

I We are given frequency v and amplitude R: v =2Hz; w = 27v = 47 rad/s; R = 0.008 m. Then we have



15.15

15.16

15.17

15.19

15.20

15.21

HYDROSTATICS [ 273

Find the ratio of a systolic blood pressure of 120 (in mmHg) to atmospheric pressure. Standard atmospheric
pressure is 1.01 % 10° Pa.

I Pressure due to 0.120 m of mercury = pgh = (13 600)(9.8)(0.120) = 0.16 x 10° Pa. Ratio =0.16/1.01 = (.16.
If the blood vessels in a human being acted as simple pipes (which they do not), what would be the difference

in blood pressure between the blood in a 1.80-m-tall man’s feet and in his head when he is standing? Assume
the specific gravity of blood to be 1.06.

[ Ap = pgh = 1060(9.8)(1.8) = 18.7 kPa.

What is the pressure due to the water 1 mi beneath the ocean’s surface if we assume the mean density of
seawater to be 1025 kg/m"? If its compressibility is the same as that of pure water (bulk modulus =
2000 MPa), by what percent has the density changed in going from the surface to this depth (1 mi = 1609 m)?

I Ap = pgh = 1025(9.8){1609) = 16.2 MPa. By definition of the bulk modulus, B = —Ap/(AV/V). But, for a
fixed mass m,

O=Am=p AV +V Ap whence Sy

Therefore B = Ap/(Ap/p), or

Ap Ap 162 g
_=_=—=ﬂ_ 1=0 1%
p =B 2000 08

A cylindrical tank 3 ft in diameter and 4 ft high is filled with water whose weight density is 62.5 Ib/ft". Find
the gauge pressure at the bottom of the tank.
¥ Use the equation for pressure at a depth y in a liquid. Ignore atmospheric pressure. p, =d,y =

62.51b/ft* x 4 ft =250 Ib/ft".

A tank contains a pool of mercury 0.30 m deep, covered with a layer of water that is 1.2 m deep. The density
of water is 1.0 x 10° kg/m® and that of mercury is 13.6 x 10° kg/m®. Find the pressure exerted by the double
layer of liquids at the bottom of the tank. Ignore the pressure of the atmosphere,

I First find the pressure at the top of the mercury pool. For a point below the surface of the mercury this
may be regarded as a source of external pressure p_,,. Thus

Pest = Paster8Mumer = (1.0 % 107 kg/m™)(9.8 m/5°)(1.2 m) = 12 kPa
The pressure p,,, exerted by the mercury column itself is found in the same manner:

Piont = Prncrc B mere = (13,6 % 10° kg/m*)(9.8 m/s*)(0.30 m) = 40 kPa
The total pressure at the bottom is thus 52 kPa.

How high does a mercury barometer stand on a day when atmospheric pressure is 98.6 kPa?

! P 98.6 % 10° N/m’
Prgg (136 % 10° kg/m’)(9.8 m/s%)

= 740 mm

Two liquids which do not react chemically are placed in a bent tube, as shown in Fig. 15-3. Show that the
heights of the liquids above their surface of separation are inversely proportional to their densities.

Fig, 15-3

J The pressure at the interface must be the same, calculated via either tube. Since both tubes are open to
the atmosphere, we must have p,gh, = p.ghs, or h/hy = p./p,.
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Assume that the two liquids in the U-shaped tube of Fig. 15-3 are water and oil. Compute the density of the
oil if the water stands 19 cm above the interface and the oil stands 24 cm above the interface.

I We apply the result of Prob. 15.21:

=(hs), 19cm )= »
Pot = (hm)p., —24cm(1000 kg/m’) =792 kg/m

A uniform glass tube is bent into a U shape such as that shown in Fig. 15-4. Water is poured into the tube
until it stands 10 cm high in each tube. Benzene (sp gr = 0.879) is then added slowly to the tube on the left
until the water rises 4 cm higher on the right. What length is the column of benzene when the situation is
reached? (Water and benzene do not mix.)

I An 8-cm column of water balances the benzene column; so by Prob. 15.21,

h, 8cm

hn=m=m=&l_¢m

_|—Benzene

Water -

Fig. 154 Fig 15-5

The manometer shown in Fig. 15-5 uses mercury as its fluid, If atmospheric pressure is 100 kPa, what is the
pressure of the gas in the container shown on the left?

I At points A and B pressures must be equal since the fluid is not moving. Therefore P = P, + pgh =
100 kPa + [(13.6)(9.8)(0.12)] kPa = 116 kPa.

A mercury barometer stands at 762 mm. A gas bubble, whose volume is 33 cm” when it is at the bottom of a
lake 45.7 m deep, rises to the surface. What is its volume at the surface of the lake?

I In terms of the weight density, pg, of water,
= - Pug <= =
Provom = PEY + Pam = PEY + P & ghu, = pg[45.7 + (13.6)(0.762)] = 45.7pg + 10.4pg = 56.1pg

For the bubble, Boyle's law states that pV = constant, assuming that the temperature stays fixed, Then,

56.1pg
10.4pg

Vwrh:e =M’n_ Vhounm =

x33=178 cm’

A small uniform tube is bent into a circle of radius r whose plane is vertical. Equal volumes of two fluids
whose densities are p and o (p > o) fill half the circle (see Fig. 15-6). Find the angle that the radius passing
through the interface makes with the vertical.
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I Of the external forces acting on the two fluid segments only the two weights, pgV and ogV, have torques
about the center O; the forces exerted by the container are purely radial. Thus, for equilibrium,

0= pgVrsin (45° — 8) — ogVrsin (45° + 6)
0= p(sin 457 cos B — cos 457 sin #) — o(sin 457 cos & + cos 457 sin §)

p=0
p+a

0=p(l —tan 8) — o(1 + tan #) tan 8 =

Rework Prob. 15.26 by requiring that the fluid pressures be equal at the interface.

I The pressure at the interface must be the same for the heavy and light liquids to have equilibrium.
Referring to Fig. 15-6, we calculate the pressure at the interface due to the heavy liquid and set it equal to
the pressure due to the light liquid. (The added contribution of the gas in the rest of the tube is the same for
both liquids and can be ignored. ) Then pgh, = ogh,, where h, and h; are the heights of the respective liquids
above the interface. We have, from Fig. 15-6,

hy=rcos 8 — r cos (W — ) = r(cos & = sin #) h.=rocos @+ rsin @ =r{cos @ +5in &)

Substituting into the pressure equation and canceling g and r for both sides, we have p(cos 8 — sin 8) =
o(cos  + sin #), or dividing by cos 8, p(1 — tan 8) = o(1 + tan ). Solving for tan 8, we get tan 6 =

(p=0o)p+o)

Water stands at a depth & behind the vertical face of a dam, Fig. 15-7{a). It exerts a resultant horizontal force
on the dam, tending to slide it along its foundation, and a torque, tending to overturn the dam about the
point . Find (a) the horizonal force, (&) the torque about O, and () the height at which the resultant force
would have to act to produce the same torque

=] ¥ F
i dy ]: B0 OO0 OO0 CRR0%
k R r h Pum{ dy
— Ry —
——y o] f *
AN NN NN R NN NN NN
(a) (b} (c)
Fig. 15-7

I (@) Figure 15-7(b) 15 a view of the face of the dam from upstream. The pressure at depth y is p = pgy. We
may neglect the atmospheric pressure, since it acts on the other side of the dam also. [The construction shown
in Fig. 15-7(c) may be used to justify the neglect of atmospheric pressure.] The force against the shaded strip
is dF = p dA = pgyl dy. The total force is

i Ih*

F = pgl I yay =%=

) 2
{b) The torgue of the force dF about an axis through O is, in magnitude, dr = (h —y) dF = pgly(h — y) dy.
The total torque about O is

L] -llh'
r=ﬂzfj;y{h —,vldy=%

(¢) If H is the height above O at which the total force F would have to act to produce this torque,

HF=1 or H=_=%—r—

A conical cup, r = (b - z) tan a, rests open-end-down on a smooth flat surface, as shown in Fig.15-8. The cup
is to be filled to a height h with hiquid of density p. What will be the hfting force on the cup?
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l Fig. 15-8

I Imagine that the inside surface of the cup consists of an infinite number of infinitesimal ring-shaped steps
(Fig. 15-8). The pressure p(z) acting on the vertical face of a step does not contribute to the lifting force,
since it acts horizontally. Thus, the infinitesimal lifting force is only the pressure force on the horizontal face
of the step:

dF, = p(z)dA = pglh — z)(2nr dr) = pg(h — z)[2x(b — z) tan a](—dz tan &)

Integrating to obtain the total lifting force, we get
3
F, = —2npg tan® o r(h —z}b—-2z)dz = :tpg(bh" —%—) tan® o
h

Redo Prob. 15.29 using the weight of the fluid and the force it exerts on the flat surface.

I The total force exerted by the pressure of a static fluid on its container is equal to the fluid’s weight.
Hence, for this problem, F, — F. = w, where F, is the downward force on the plane surface; F, is the lifting
force on the cup (by symmetry, the horizontal pressure forces on the cup cancel); and w is the weight of the

liquid. Now.
F, = p{0)A = pgh(xb® tan® )

and
h h]
w=pgV =pg L ar® dz = pga tan’ ar[(b —z)*dz = (pgx tan® nr)(bzh - bh* + ?)
Consequently, s
F,=F, - w=(pgn tan® a)(bhz - %)
as before.

As shown in Fig. 15-9, a weighted piston holds compressed gas in a tank. The piston and its weights have a
mass of 20 kg. The cross-sectional area of the piston is 8 cm®. What is the total pressure of the gas in the
tank? What would an ordinary pressure gauge on the tank read?

Fig. 159

I The total pressure in the tank will be the pressure of the atmosphere (about 1.0 x 10° Pa) plus the pressure
due to the piston and weights.
20)(9.8) N
p=1.0%10°N/m* + Z20RV T 1 05 10° N/ + 2.5 % 10° N/m? = 3.45 x 10° N/ = 345 kPa
A pressure gauge on the tank would read the difference between the pressure inside and outside the tank:
gauge reading = 2.45 x 10° N/m® = 245 kPa. It reads the pressure due to the piston and weights.

Refer to Prob. 15.31; assume that the area of the tank bottom is 20 cm®. (@) Find the total force on the
bottom of the tank and compare it with the weight of the piston plus the force of atmosphere on the piston.
{The weight of the compressed air is negligible.) () How do you explain the result?
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15.2 PASCAL'S AND ARCHIMEDES’ PRINCIPLES; SURFACE TENSION

15.39 A hydraulic lift in a service station has a large piston 30 cm in diameter and a small piston 2 cm in diameter.
(a) What force is required on the small piston to lift a load of 1500 kg? (b) What is the pressure increase due
to the force in the confined liquid?

I (a) Pascal's principle says that the pressure change is uniformly transmitted throughout the oil, so
Ap =F/[A, = EfA,, where F, and F, are the forces on the small and on the large pistons, respectively, and
A, and A; are the respective areas. Thus,

F _1500x9.8

n(2/4)  =(30°/4)
Multiplying both sides by x/4 and solving for F,, we obtain

F 03

N w— Y e— 2=
(b) Ap A, 21 Nfem® = 210 kPa

1540 A hydraulic lift s to be used to lift a truck weighing 5000 Ib. If the diameter of the large piston of the lift is
1 ft, what gauge pressure in Ib/in® must be applied to the oil?

I The gauge pressure in the oil acts, by Pascal’s principle, on the bottom of the large piston to produce the
force that lifts the load.
F 5000 5000 6370 _

Ap===—=——=63701b/ft’ = m 44.2 |b/in’

15.41  In a hydraulic press the large piston has cross-sectional area A, = 200 cm’ and the small piston has
cross-sectional area A, = 5cm’. If a force of 250 N is applied to the small piston, what is the force F, on the
large piston?

I By Pascal’s principle,
F_Fk

pressure under large piston = pressure under small piston A=A
1 r

A 200
F==FE="=(250N)=10kN
A, 5

15.42  For the system shown in Fig. 15-14, the cylinder on the left, at L, has a mass of 600 kg and a cross-sectional
area of 800 cm®. The piston on the right, at §, has cross-sectional area 25 cm” and negligible weight. If the
apparatus is filled with oil (p = 0.78 g/cm’), what is the force F required to hold the system in equilibrium as

shown?
F
L
Fig. 15-14
I The pressures at points H, and H, are equal since they are at the same level in a single connected fluid.
Therefore,

pressure at H, = pressure at M,

(pressurc due tu) - (pressure due to F
left piston and right piston
(600)(9.8)N F
0.08m*  25x107*m

) + {pressure due to 8 m of oil)

= + (B m)(780 kg/m*)(9.8 m/s%)

Solving for F gives it to be 31 N.
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A block of wood weighing 71.2 N and of specific gravity 0.75 is tied by a string to the bottom of a tank of
water in order to have the block totally immersed. What is the tension in the string?

J The block is in equilibrium under the action of three forces—the weight w = 71.2 N, the tension T, and the
buoyant force B, with B =w + T. We can determine B since B = p, gV}, where p, is the density of water and
Vg is the volume of the totally immersed block. w = pygVys, where p, is the density of the block. Then

w/B = pglp, = (spgrye =075, so B =w/0.75 =949 N. Finally, from our equilibrium equation, 94.9N =
MN2IN+T, or T=23TN.

A metal ball weighs 0.096 N. When suspended in water it has an apparent weight of 0.071 N. Find the density
of the metal.

I The desired density is given by p = m/V. But since the volume V of the ball is also the volume of
displaced water, the buoyant force is given by B = p,,...gV. Thus,
 (mg)P e (0.096 N){1 x 10" kg/m")
P B (0.096 - 0.07T1) N

= 3840 kg/m*?

A block of material has a density p, and floats three-fourths submerged in a liquid of unknown density. Show
that the density g, of the unknown liquid is given by p, = ip,.

I By Archimedes’ principle, p, Vg = p,(3V /4)g, which gives p,=ip,.

The density of ice is 917 kg/m’, and the approximate density of the seawater in which an iceberg floats is

1025 kg/m". What fraction of the iceberg is beneath the water surface?

I By Prob. 15.45, fraction submerged = p,/p; = 71 = 0.89.

A block of wood has a mass of 25 g. When a 5-g metal piece with a volume of 2 cm” is attached to the bottom
of the block, the wood barely floats in water. What is the volume V of the wood?

I The effective density of the system is 30/(V + 2) g/em’; hence, by Probs. 15.45 and 15.46,

0NV +2)

1 = fraction submerged = 1

Solving, V =28ecm’.

A piece of wood weighs in mass units 10.0 g in air. When a heavy piece of metal is suspended below it, the
metal being submerged in water, the “weight” of wood in air plus metal in water is 14.00 g. The “weight”
when both wood and metal are submerged in water is 2.00 g. Find the volume and the density of the wood.

I Since in both cases the metal is submerged, the difference in weight is only the buoyant force on the
wood, or (12.00 x 107%)(9.8) N. Therefore, the volume of the wood can be found by equating the weight of
displaced water, 1000(9.8)V, to this. Then V =12 x 10~*m". Its mass is 10 % 10" " kg and so its density is
(10 107%)/(12 x 10"°) = 830 kg/m".

What is the minimum volume of a block of wood (density = 850 kg/m") if it is to hold a 50-kg woman entirely

above the water when she stands on it?

f The woman’s weight plus the block's weight must be equal to the buoyant force on the just barely
submerged block, S0g + 850Vg = 1000Vg, which leads to V =0.33 m".

A man whose weight is 667 N and whose density is 980 kg/m"* can just float in water with his head above the
surface with the help of a life jacket which is wholly immersed. Assuming that the volume of his head is & of
his whole volume and that the specific gravity of the life jacket is 0.25, find the volume of the life jacket.

I The man's volume is

_w__ 667
pg (980)(9.8)

Equating the buoyant force to the weight of the man plus the weight of the life jacket,

Prsie: B[RV + V] = 667 + (025000 08V

Vv =0.07m’
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Solving,

v (667/pue) ~ (14/15)gV _ 0.667 - (14/15)(9.8)(0.07)
" 0.75g N (0.75)(9.8)

=0.04m* or 4L

An irregular piece of metal “weighs™ 10.00 g in air and 8.00 g when submerged in water. () Find the volume
of the metal and its density. (b) If the same piece of metal weighs 8.50 g when immersed in a particular oil,
what is the density of the oil?

# Buoyant force = (2 x 10" ")g N, with g = 9.8 m/s’. This equals the weight of the displaced water, p,Vg.
Equating and using p,, = 1000 kg/m’ gives V =2 x 10°*m’. The density = mass/V = (10 x 107})/(2 x 107%) =
5000 kg/m®*. The buoyant force in oil is (1.50 ¥ 10" ")g N. The weight of the displaced oil is p,(2 x 10" %),
from which p, = 750 kg/m".

A beaker partly filled with water has a total mass of 20.00 g. If a piece of wood having a density of
0.800 g/em® and volume 2.0 em’ is floated on the water in the beaker, how much will the beaker “weigh™ (in
grams)?

I The scale must support both the original 20 g and the (0.80 g/fem®)(2 em?) = 1.60-g block, so the
“weight” =21.6g.

A beaker when partly filled with water has total mass 20.00 g. If a piece of metal with density 3.00 g/fem® and
volume 1.00 cm® is suspended by a thin string so that it is submerged in the water but does not rest on the
bottom of the beaker, how much does the beaker then appear to weigh if it is resting on a scale?

I The tension in the thread is equal to the weight of the metal less the buoyant force. The buoyant force will
be (1 x 107* m*)(1000 kg/m")g = 10 g N, where g = 9.8 m/s". The weight of the metal is 3 x 107°¢g N.
Therefore, the thread exerts an upward force of 2 x 10™"g N. Hence the scale supports the total weight less
the tension in the thread. Therefore, the apparent weight read by a scale will be (23 — 2} g, or 0.206 N.
Equivalently we can get the result by noting that if the water exerts an upward buoyant force of
10g =9.8 % 10"* N on the metal, by Newton's third law the metal exerts a like force downward on the
water. Thus the scale balances the weight, 0.196 N, plus the downward force of the metal, 0.0098 N, for a
total of 0.206 N.

A solid cube of material is 0.75 cm on each edge. It floats in oil of density 800 kg/m* with one-third of the
block out of the oil. (@) What is the buoyant force on the cube? (b) What is the density of the material of the
cube?

I (a) The block is in equilibrium 50 pyVsg = BF = py(2V,/3)g. Since V =4.22 % 107" m" and p, =
800 kg..fm’, BF =2.21 x 10 * N. (b) Since BF = PaVag, we find pp =2p,/3 =533 kg!m’.

A cubical copper block is 1.50 cm on each edge. (@) What is the buoyant force on it when it is submerged in
oil for which p = 820 kg/m’? (b) What is the tension in the string that is supporting the block when
submerged? pc, = 8920 kg/m".

I (a) The buoyant force equals the weight of the displaced liquid, BF = p_,V..g, with the volume
V=338x10""m’ and p =820 kg/m’. Thus BF = 0.027 N. (b) The forces acting on the block are the tension
T up, BF up, and the block weight pe, Vg = 8920(3.38 x 10°)}(9.8) = (.295 N acting downward. Then
T=0.205-0.027=0.268 N.

A balloon having a mass of 500 kg remains suspended motionless in the air. If the air density is 1.29 kg/m’,
what is the volume of the balloon in cubic meters?

d By equilibrium and Archimedes’ principle, 500g = 1.29¢V, or V =388 m’.

A cylindrical wooden buoy, of height 3 m and mass 80 kg, floats vertically in water. If its specific gravity is
0.80, how much will it be depressed when a body of mass 10 kg is placed on its upper surface?

I By Archimedes’ principle, the submerged height, &, of the unloaded buoy is given by

Do BAN = PocagA(3) o h =223 (080)(3)=2.40m

water
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Under loading, the submerged height is directly proportional to the total weight or mass.

h+Ah B0+10 10 10
h = 80 ar ah—@h—s—ﬂlm-ﬂ..’t{]m

15.58 A tank contains water on top of mercury. A cube of iron, 60 mm along each edge, is sitting upright in
equilibrium in the liquids. Find how much of it is in each liquid. The densities of iron and mercury are
7.7x10% kg/m* and 13.6 % 10" kg/m”, respectively.

Water

"
s
iron
e

Mercury

Fig. 15-15

I Let x equal the distance submerged in mercury. Then (0.06 — x) equals the distance protruding into the
water. The net vertical force due to the liquids is p,A — p, A, where p,, p, are the pressures at the lower and
upper face of the block (see Fig. 15-15) and A is the face area of the block. For equilibrium we have the
weight of the iron w; = p;A — p,A = (p.— p,)A. The pressure difference is just p, — p, = p.g(0.06 — x) +
puggx. Then (p; — pi)A = p.g(0.06 — x)A + pygxA. [Note that the two terms on the right represent the
weight of displaced water and mercury, respectively; and the expression on the left is the buoyant force. Thus
Archimedes’ principle holds even when two (or more) liquids are displaced. This is true for any shape object.]
We can now solve for x from the equilibrium equation, noting that w, = p;gV, = p.g(0.06 — x)A + pygxA;

or canceling the g, we have

(7.7 % 10" kg/m")(0.06 m)* = (1.0 x 10" kg/m*)(0.06 m — x)(0.06 m)* + (13.6 x 10° kg/m")x(0.06 m)*
and  7.7(0.06) = (0.06 = x) + 13.6x 0,40 =12.6x
x =0.032 m = 32 mm = depth submerged in mercury, and 28 mm protrudes into water.
1559 A slender homogeneous rod of length 2f floats partly immersed in water, being supported by a string fastened

to one of its ends, as pictured in Fig. 15-16. If the specific gravity of the rod is 0.75, what is the fraction of the
length of the rod that extends out of the water?

B} — Fig. 15-16

I Since the buoyant force acts through the center of gravity of the displaced water, the condition for
rotational equilibrium is, taking moments about a point O along the line of action of T,

0=23 1,=wlcos 6 — Fn(zf - %) cos 8 = p g A(21)(] cos ) - p..,mgﬂx(zf -%) cos f

- (%pw..ug.d cos B') (f —dle + 4 ;;“’ F) where A = cross sectional area
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From this, x° = 4{x + 3.00/* =0, or x =/, 3/ Discarding the nonphysical root, we see that one-half the rod
extends out of the water.

Strictly speaking. the above solution is only approximate since the water surface does not cut the rod
perpendicularly. However, the error will be negligible if A is small.

The weight of a balloon and the gas it contains is 11.12 kN, If the balloon displaces 1132 m’ of air and the
weight of 1 m” of air is 12.3 N, what is the acceleration with which the balloon begins to rise?

I The equation of motion of the balloon is

Fp—w (1132)(12.3) — (1.112 = 10%) .
= - = = = =747 =
YF=F,—w=ma or a —~ (L112 X 10)/9.8 2.47m/s

Note that we have ignored viscous forces. This is justified if the velocity is negligible.

A small block of wood, of density 0.4 x 10" kg/m’, is submerged in water at a depth of 2.9 m. Find (a) the
acceleration of the block toward the surface when the block is released, and (b) the time for the block to
reach the surface. Ignore viscosity.

I (a) By Archimedes’ principle, the net upward force on the block is F = gy 8V = PuwagV. where Vis
the volume of the block. Then

F waler V- e v weader 1 -
a=t=BunaB? = Peocal =(‘” —]Jg=(—~1)(9.8]=14.?m,{5'

m pMu\dV pu.lm 0.4
b, 25 [2(2.9)
(b) 5—-211'1 or t ""'{a “V7a7 =(L63s

A body of density p° is dropped from rest at a height A into a lake of density p, where p > p'. Neglect all
dissipative effects and calculate (a) the speed of the body just before entering the lake, (b) the acceleration of
the body while it is in the lake, and {¢) the maximum depth to which the body sinks before returning to float
on the surface.

I (a) The speed just before entering can be determined from conservation of mechanical energy in free fall,
or directly from the kinematic equations of free fall, vielding v = V’iﬁ (B) The bouyant force of the lake, B,
is greater than the weight of the body, w, since p = p'. Choosing upward as positive, we have

B-—w=ma  where B = pgV w=p'gV  m=p'V  and V = volume of body

Then, canceling ¥ on both sides,

[

, . g=p 2
(p-p'lg=pa or a=g— = (—.—1. upward
4 P sp ) pw

{c} To find the maximum depth we have v® = v} + 2ay, with v, the velocity at y =0 (from part a), v =0 is the
velocity at maximum depth, and y is the negative displacement from the surface to the maximum depth, Then

?= _ _— E-] =i1:'= ZSh = hpl
1H 2ay and {—y) = depth 3 o p—p
23(; -1)

A soap bubble has a radius of 5cm. If the soap solution has a surface tension T = 30 x 107* N/m, what is the
gauge pressure within the bubble?

I Consider a hemis_phere of the bubble {Fig. l.S—i'J'j. The downwlard force l-:;f Isudalue tension on each of the
two bubble surfaces, inside and outside, is 2xrT. For both surfaces the total force Fis F=2(2arT) = Ap A,
where A is the area of the flat circular face of the hemisphere. (See, e.g., Prob. 15.36.) Since A = ar’,

_4T_4(30x10°%)
r

4P
0.05 24Fa

4T
dmrT = Ap(ar®) 5= Ap  Ap

Find an expression for the height & that a liquid of density p will rise in a capillary tube of radius r if the
surface tension of the liquid is ¥ and the meniscus makes an angle & with the tube, as shown in Fig. 15-18.

I v is a force per unit length and points in different directions around the tube, as shown. At equilibrium,
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The opening near the bottom of the vessel in Fig. 16-9 has an arca a. A disk is held against the opening to
keep the liquid, of denisty p, from running out.

{a) With what net force does the liquid press on the disk? (b) The disk is moved away from the opening a
short distance. The liquid squirts out, striking the disk inelastically. After striking the disk, the water drops
vertically downward. Show that the force exerted by the water on the disk is twice the force in part a.

‘ .

I (a) The hydrostatic pressure on the inside surface of the disk is given by p, = p,.., + pgh. The air pressure
of the outside of the disk is p, = p,... Since the disk has area a, the net outward force is (p, — p,)a = pgha.
(b) Once the disk is removed, the fluid quickly attains a (relatively) steady flow. Torricelli's theorem implies
that the exit speed is v = \-'ri-gﬁ Since friction is being ignored. this is the exit speed across the entire opening.
Therefore the mass flux @ = pav = paV/2gh and the flux of rightward momentum is (pav)v = 2pgha. If the
water loses its entire rightward momentum as it strikes the disk, the disk must absorb momentum at the rate
2pgha. That is, it will experience a rightward force 2pgha, which is twice the hydrostatic force found in part
a. Note that the force due to the atmosphere cancels on the left and right of the disk.

A flat plate moves normally toward a discharging jet of water at the rate of 3m/s. The jet discharges water
at the rate of 0.1 m*/s and at a speed of 18 m/s. (@) Find the force on the plate due to the jet and
(b) compare it with that if the plate were stationary.

§ We do part b first. With no other information we assume the plate stops the forward motion, but there is
no bounce back, i.e., the water splashes along the plate at right angles to the original motion. Then the force
normal to the plate equals the time rate of change of momentum along the direction of the water jet, or

F = (pav)v, where the term in parentheses is the mass/time hitting the plate and a is the cross-sectional area
of the jet. We are given v = 18m/s and av = 0.1m"/s. p = 1000 kg/m®. F = (1000 kg/m*)(0.1 m*/s)(18 m/s) =
1800 N.

In part @ the plate is moving toward the stream at 3 m/s. Two things effect a change in the momentum
change/time. First if the liquid again splashes at right angles to the plate it has picked up a velocity of 3 m/s
opposite to the jet’s direction. The total change in forward velocity is therefore not v = 18 m/s but =
18 + 3 =21m/s. Second, the mass of water hitting the plate per second increases from av to a(v + 3). Noting
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that a = (0.1 m*/s)/v we have for the force

0.1 (1000 kg/m*)(0.1 m*/s)(21 m/s)*
Fep(2 )w+3)w+3)= =
o)+ +3) Ty 250N

16.29 A pump draws water from a reservoir and sends it through a horizontal hose. Since the water starts at rest
and is set into motion by the pump, the pump must deliver power P to the water when the flow rate is @,
even if fluid friction is negligible. A new pump is to be ordered which will pump water through the same
system at a rate @' =2%. What must be the power P’ of the new pump? Assume that friction is still
negligible.

I By the work-energy theorem,

A

KE imparted to the water KE vol. water
= = X P Ry=u

time vol. water time

P

The mass flux @ is proportional to v so that P = ®*, Thus if ¢’ = 2@, the new power P'=8P.

16.30  The U tube of Fig. 16-10 contains a length L of a zero-viscosity fluid. Show that the fluid column oscillates
like a simple pendulum of length L/2.

Fig. 16-10

I Let p denote the density of the fluid, M the mass of the fluid, and A the cross-sectional area of the tube.
If one end of the fluid column is depressed a distance x below the equilibrium level, the other end must
{assuming incompressibility) rise an equal distance x. The weight due to the height difference, 2x, is a
restoring force, F = —pgA(2x)= —kx. Thus we have SHM, of frequency

L [k_ 1 [ZpgA 1 [2gA_ 1 (g
F=52 VM~V "2 pAL 21 VL2

16.2 VISCOSITY, STOKES' LAW, POISEUILLE'S LAW, TURBULENCE, REYNOLDS
NUMBER

16.31 A number of tiny spheres made of steel with density p,, and having various radii r,, are released from rest
just under the surface of a tank of water, whose density is p.
{a) Show that the “net gravitational force™ acting on a sphere (the combined effect of weight and
buoyancy) has magnitude (4/3)r}(p, — p)g. (b) Assuming that the fluid flow around each descending sphere
is laminar, find the terminal speed v of a sphere in terms of r,, p,, p, and the viscosity i of the water.

. 4 4 4
I (@) (weight) — (buoyant force) = .o.g(§ m,) - ﬁs(i :rr;“) =3 (o —ple.

(b) When the sphere is descending at terminal speed, the net force must vanish, so we can equate the
downward, “‘net gravitational force” to the upward viscous drag, which by Stokes’ law = 6nr,v. Thus

dmr}
3

(p. = p)g = 6ayrv
Solving for the terminal speed, we obtain 2
r
=—(p — 1
V=g PR M)

16.32  Describe an idealized experiment for defining the coefficient of viscosity, 7.

I Figure 16-11 shows two very large parallel plates A and B, separated by a distance d. The space between
them is filled with luid. A constant force F must be applied to plate B to keep it moving at a constant speed
v, with respect to plate A. If a thin lamina of fluid at a uniform distance y from plate A moves with a speed
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Plate A Fig. 16-11

v(y) =wvyy/d, the flow is laminar. Then it is found that o,, the shear stress on the liquid, is proportional to
ve/d and the proportionality constant is the viscosity, . Thus

a, = nu,ld (1)

From (1) it is seen that the SI unit of viscosity is the pascal - second or poiseuitle: 1Pl=1Pa-s=1N-s/m’.

A rotating-cylinder viscometer is employed to measure the coefficient of viscosity of castor oil at a
temperature of 20°C. The radius of the inner cylinder is r, = 4.00cm, and the radius of the outer cylinder is
r: =4.28 cm. The inner cylinder 1s submerged in the oil to a depth A =10.2 cm. When the outer cylinder is
rotating at 20.0 rev/min, the torsion balance reads a torque T = 3.24 x 107* N - m. Find the viscosity of the
castor oil.

I The cylindrical space between the outer and inner cylinders of the viscometer is not a bad approximation
to the ideal flat-plate system of Fig. 16-11. Hence, by (1) of Prob. 16.32, i = g,(d/v,).

The wetted area of the inner cylinder is @ = 2arh. Thus you have o, = F(2anh, where Fis the drag force
applied to the inner cylinder by the fluid, which is driven by the outer cylinder. This force results in a torque
T =r F, which can be read on the scale of the torsion balance. In terms of this torque, the shear stress is
a, = T/(2Zarih).

Since the inner cylinder is at rest, the relative speed v, of the two cylinders is given by v, = wr;, where w is
the angular speed of the outer cylinder. And the distance between the cylindersis d =r, - r,.

Using the above values of o,. v, and 4, you obtain

_T(n-rn)
T 2rwrinh
Inserting the numencal values gives
(3.24 % 107° N - m){0.28 % 107* m)
(20.0 rev/min ¥ 27 rad/rev
2r -
60 s/min

=0.99 Pl

n=

){4.{]0}: 107 m)*(4.28 x 107" m)(10.2 x 10"* m}

How tast will an aluminum sphere of radius 1 mm fall through water at 20 °C once its terminal speed has been
reached? Assume laminar flow. [spgr (Al)=2.7; fyu., =8 % 107 PL]

I Substituting the data in (1) of Prob. 16.31, we find v = 4.6 m/s. (Actually, the assumption of laminar flow
for this problem is not realistic; see Prob, 16.51.})

A typical riverborne silt particle has a radius of 20 um and a density of 2 x 10" kg/m®. The viscosity of water is
approximated by 1.0 mPl. Find the terminal speed with which such a particle will settle to the bottom of a
motionless volume of water. (Unless the speed of internal fluid motions is smaller than this settling speed, the
silt particles will not settle to the bottom.)

I Using (1) of Prob. 16.31,

©_2(20x 10"°[(2.0 = 1.0) X 10°)(9.80)
Y= 9(1.0% 10

=87 x 10" m/s = 0.87 mm/s

Refer to Prob. 16.35. Suppose that you filled a 1-L bottle of 50-cm® cross section with water from a muddy
river, such as the lower Mississippi. After all internal motions of the water itself had stopped, about how long
would it take for all the silt to settle to the bottom?

F Since the height of the bottle will be about 200 mm, and since all silt particles (in particular, those at the
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top of the bottie, which govern the overall settling time) take negligible time to achieve the terminal speed,

1l settling ti c-—z-n—oﬂml in
overall setting tm _U.ETmmfs

A tiny glass sphere (density 2600 kg/m) is let fall through a vat of oil (p = 950 kg/m®, n = 0.21 PI). In 1005 it
is observed to drop 43 cm. How large is the sphere?

# Substitute the data and v =4.3 % 10" m/s in {1) of Prob. 16.31 to find r, = 0.50 mm.

In a certain centrifuge the liquid is rotated at 20 rev/s at a radius of 10cm from the axis of rotation. Tiny
spherical particles of radius b and density 1020 kg/m" in a dilute water solution (density 1000 kg/m’) are
placed in the centrifuge. Find the terminal speed with which they settle out of the solution, Ignore the effect
of gravity. 1., =8.0x 107" PL

J The particle needs a centripetal force ma’r = [(42b°p)/3](20 X 22)*(0.10) = 6.75 % 10°6” N 1o keep it
moving in a circle. A liquid (water-composed) particle also needs a centripetal force to keep it moving in a
circle. Since only the surrounding liguid can supply the centripetal force, particles more dense than water will
pass through to the outer edge of the centifuge. This is then very similar to particles falling through water in a
gravitational field. The actual static force supplied by the water in the centrifuge is just the effective “buoyant
force™ and must equal the centripetal force on an equivalent volume of water (using the same reasoning as
that for Archimedes' principle in a gravitational field). Hence, BF = (1000/1020)6.75 x 10°b" = 6.61 x 10°b".
The remaining force is supplied by the viscous friction force (6anbv). Hence, 6anbe = 0.14 x 10°%°, with
n=8.0x10"*Pl, yields v = 9.3 x 10°6* m/s.

The viscous force on a liquid passing through a length L of pipe in laminar flow is given by £, =4anluv,,
where 1 is the liguid viscosity and v,, 15 the maximum velocity of the hquid (i.e., along the central axis of the
pipe). Find an expression for v, in a horizontal segment of pipe in terms of p, and p,, the pressure at the
back and forward ends of the pipe, and in terms of , L, and r, the radius of the pipe.

I In steady flow the viscous force is balanced by the force due 1o the pressure difference at the back and
front ends. Thus p,ar’ — p.7r’ = 4anlv,,. Solving for v,, we have v, =[(p, — p2)r*}/(4nL).

What is the pressure drop (in mmHg) in the blood as it passes through a capillary 1 mm long and 2 gm in
radius if the speed of the blood through the center of the capillary is (.66 mm/s7 {The viscosity of whole
blood is 4 x 107* P1).

I By the result of Prob. 16.39,

_(4)(4x 107 Pa-s)(10 " m)(6.6 X 10 *m/s) _ B 1 mmHg}
pr—pa= ax 10 m) —mpa—(zﬁmpa)( s )-15‘.5mmHg

Using the result of Prob. 16.39, find an expression for the volume flow rate of fluid through a segment of
pipe. In laminar flow the average fiow velocity over a cross section is v,,/2.

I The volume flow rate, H, is the product of the cross-sectional area of the pipe and the average
flow velocity. Thus H = (ar’v,,)/2. Using the expression for v,, from Prob. 16.39, we have H =
[ar'(p, = p2))/(BnL). This is known as Poiseuille's law.

How much power is delivered at the back end of the capillary of Prob. 16.40 in pushing the blood through?
Assume p, = 10.0 kPa.

I r= power = force X velocity = (p,ar')(v,,/2) = p, H, by Prob. 16.41. Thus

p o (LOX 10" N/m?)(3.14)(2 x 10~ m)*(0.26 x 10* N/m?)
B 8(4 % 10 PIY(10 " m)

=41x10""W

Assuming all else remains the same, how would the flow rate, H, change if the radius of a pipe is doubled?
How would the power necessary to push the fluid through change? How would the fluid velocity change?

[ ] Referring to Poiseuille’s law (Prob. 16.41), and assuming that p,, p,. n, and L remain constant, we see
that doubling r will increase H sixteen-fold. For the power P we have from Prob. 16.42 P = p,H and the
power increases sixteen-fold as well. The velocity varies as r* (see Prob, 16.39) and therefore only quadruples.
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pV _(1.52 x 10°){(107%) _

RT- @3n@ss15) omel

(b) The atomic mass of hydrogen is 1.008, so that 1 mol of hydrogen (H.) contains 2.016 g, or 2.016 % 107" kg.
The density of the hydrogen is then

I (a) n

(6.13)(2.016 x 10
107

M
p=tre = 1,24 kg/m’

(c) The atomic mass of oxygen is 16, so that 1 mol of O, contains 32 g, or 32 x 107" kg. The density of the
oxygen is then

p="M_(613)(32X107)

v = =19.6 kg/m’

A compressor pumps 70 L of air into a 6-L tank with the temperature remaining unchanged. If all the air is
originally at 1 atm, what is the final absolute pressure of the air in the tank?

I Use Boyle's law, since the temperature is constant.
poVa=pV  py=1latm Vi=T0+6=T6L V=6L
1(7T6)=p(6)  p=12.7 atm absolute pressure

A 0.025-m’ tank contains (.084 kg of nitrogen gas (N,) at a gauge pressure of 3.17 atm. Find the temperature
of the gas in degrees Celsius. (p,, = 1.013 x 10" Pa).

I We note that the mass of 1 kmol of N, is 28 kg. From the ideal gas law, pV = nRT, with n =
0.084/28 kmol, p =3.17 + 1 =4.17 atm = 4.17 % 1.013 x 10° N/m?, R = 8314 J/kmol - K. Substituting,

4.17(1.013 x 10°)(0.025) = (0.084/28)(8314)T  and

7 < 28(417)(1.013 x 10°)(0.025)
B 0.084(8314)

=423 K =150°C

A partially inflated balloon contains 500 m® of helium at 27 °C and 1-atm pressure. What is the volume of the
helium at an altitude of 18 000 ft, where the pressure is 0.5 atm and the temperature is —3 °C?

I For a confined gas,
Ve p:W; 1(500) _0.5V;

T. T 300 270

y, = 300@70)

3
=300(0.5) ~ 2m

An air bubble released at the bottom of a pond expands to four times its original volume by the time it
reaches the surface. If atmosphenic pressure is 100 kPa, what is the absolute pressure at the bottom of the
pond? Assume constant T,

[ ) Po= vaﬂ = (100 kPa)(4) = 400 kPa

A pressure gauge indicates the differences between atmospheric pressure and pressure inside the tank. The
gauge on a 1.00-m* oxygen tank reads 30 atm. After some use of the oxygen, the gauge reads 25 atm. How
many cubic meters of oxygen at normal atmospheric pressure were used? There is no temperature change
during the time of consumption.

I Since the temperature is fixed we use Boyle's law to solve the problem. The total pressure in the tank has
been reduced from 31 to 26 atm. At the latter pressure, the gas originally in the tank would occupy & m’.
Since 1.00 m® remains in the tank, the amount of gas used was 3 m” at 26 atm. At the same temperature and
at atmospheric pressure, this would occupy a volume 26 times as large: 5.00 m”,

An air bubble of volume V; is released by a fish at a depth & in a lake. The bubble rises to the surface.
Assume constant temperature and standard atmospheric pressure above the lake; what is the volume of the
bubble just before touching the surface? The density of the water is p.

I Equating p,V, at depth h to pV at the surface leads to the equation (p + pgh)V, = pV, from which
V =(1+pgh/p}V,.
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If 2.1212 g of a monatomic gas occupies 1.49 L when the temperature is 0°C and the pressure is 810.6 kPa,
what is the gas?

] pV =(m/M)RT, where m = mass of gas and M = molecular weight.

(21212 x 107" kg)(8.314 J/mol - K)(273.15K)
a M

M =399 x 10" kg/mol = 3.99 g/mol = gas is helium

(810.6 x 10* Pa)(1.49 x 10" m")

Use the general gas law to compute the density of methane, CH,, at 20°C and 5-atm pressure. A kilomole of
methane is 16.0kg.

I pV =nRT, with T=20+273=293K, R =8314]/kmol - K, n =1 kmol, and p = 5 atm =
5{1.013 x 10°) N/m’. Then

S(L013 X 10°)V =8314(293) and V =48m’ d=(g)=£§£=3.33k5,’m‘

Solve Prob. 20.15 without finding the volume.
I Use pV =(m/M)RT and p=m/V 1o give

_pM (5% 1.013 % 10° N/m*)(16 kg/kmol)
TRT (8314 J/kmol - K)(293 K)

p =333kg/m*

A 100-ft” volume of nitrogen at 27 °C and 151b/in° is compressed to fill a tank that is initially empty and has a
volume of 5 ft". If the final temperature of the nitrogen is 17 °C, what is the absolute pressure in the tank?

T Use the Kelvin scale and the general gas law in the form

Vi _paVe o 15(100) _ pslS) _1500(290) »
T - T st m+n P speny o 2nibin

In the preparation of a sealed-off 20-mL tube at low temperatures, one drop (50 mg) of liquid nitrogen is

accidentally sealed off in the tube. Find the nitrogen (N) pressure within the tube when the tube warms to
27*C. Assume ideality. Express your answer in atmospheres (1 atm = 101.3 kPa).

I Use pV = (mRT)/M. M is 28 for N, Use T=300K, m =5 x I(J""kg. V=2x10"m’, and R =
8.314 kI/kmol - K, giving p =223 kPa = 2.20 atm.

A car tire is filled to a gauge pressure of 24 psi (Ib/in®) when the temperature is 20°C. After the car has been
running at high speed, the tire temperature rises to 60 °C. Find the new gauge pressure within the tire if the
tire's volume does not change.

35K

BK- 4.0 psi or  29.3 psi gauge pressure

T, .
[ | P =Pu? = “_1""1'.—1II +24) PSl]

In a diesel engine, the cylinder compresses air from approximately standard pressure and temperature to
about one-sixteenth the original volume and a pressure of about 50 atm. What is the temperature of the
compressed air?

I Use (PV)IT,=(RV))/T; to find T, = (B/B)(V,/ Vi) T, = (50)(1:)(273) = 853 K.

One way to cool a gas is to let it expand. Typically, a gas at 27°C and a pressure of 40 atm might be
expanded to atmospheric pressure and a volume 13 times larger. Find the new temperature of the gas.

I Asin Prob. 20.20, T, = (P/B)(Vi/ V) Ty = (5)(13)(300) =97.5K (—176°C).

A vertical right cylinder of height & = 30.00 ¢cm and base area A = 12.0cm” is sitting open under standard
temperature and pressure. A 5.0-kg piston that fits tightly into the cylinder is now placed into the cylinder and

allowed to fall to an equilibrium height within it. What then is the height of the piston and what is the
pressure within the cylinder? Assume the final temperature to be 0°C.

I Pressure in the cylinder is increases by Ap = (mg)/A = (5.0kg)(9.8 m/s")/(12.0 x 10" * m?) = 41 kPa, giving
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A volume of 30 m* of air with 85% humidity at 20 °C is passed through drying equipment that removes all the
moisture. How many kilograms of water are removed?

I Use the ideal gas law and Table 20-1 to calculate the density of the water vapor at 20°C:

_Mp _ (18 kg/kmol)(0.85 x 2.31 kN/m?)
RT  (B.314kN-m/kmol - K)}{(293 K)

Hence. (30 m®)(0.0145 kg/m") =0.435 kg water removed.

=0.0145 kg/m"

If the air in @ room has a dew point of 11°C, what is its relative humidity at 21 "C?
I By the arguments of Probs. 20.71 and 20.73,

svpat 11°C  1.34
H=—m————— = . = {475
svp at 21°C  2.50 4%

If a sample of air at 68 °F and 55% relative humidity is slowly cooled, condensation will occur at what
temperature?

I we again use the reasoning of Prob. 20.73. From Table 20-1, the saturated vapor pressure at 68°F = 20°C
is 2.31 kPa. (0.55)2.31) = 1.27 kPa, which is the saturated vapor pressure at (appox.) 10°C = 50°F,

The relative humidity of a room is 75% at 23 °C. If the temperature falls to 19 °C, what will the relative
humidity be?

§ We again use the reasoning of Prob. 20.73. From Table 20-1 the saturated vapor pressure of water vapor
at 23°C is 2,88 kPa, giving an actual pressure of (0.75){2.88) = 2.16 kPa. From the table, the saturated vapor
pressure at 19°C is 2.20 kPa. The new value is therefore relative humidity = 2.16/2.20 = 98G;.

What is the dew point if the air has a relative humidity of 60% at 25°C?

I From Table 20-1 the saturated vapor pressure of water vapor at 25°C is 3.26 kPa; hence p = (0.60)(3.26) =
1.96 kPa. The dew point is the temperature at which the corresponding vapor pressure is the saturated vapor
pressure. From the table, then, dew point = 17°C.

If the normal lapse rate (decrease of temperature with altitude) prevails, and the temperature at ground level
is 21 °C, what will the air temperature be at height of 1100 m?

I The normal decrease of temperature with altitude is about 1°C per 110 m. (1100/110)(1°C) = 10°C
decrease. 21 °C — 10°C =11 °C. (Note that 294 K — 284 K is a small percentage decrease on the Kelvin scale.)

(a) Pilots of light planes must be careful to calculate the loads on warm days. Why must pilots leaving from
or landing at high elevation (for example, Denver, Colorado, or Mexico City) be particularly careful?
{b) Compare the density of the air at 0°C to the density at 30 °C. Assume identical pressures.

I (a) In relatively sparse air, there will be less lift on the wings of the airplane. Other factors being equal,
take-off runs will be longer, climbing rates will be smaller, and the descent during landing approaches will be
more rapid in the less dense air at high elevations and/or on warm days. (b) At constant pressure, density
and temperature are inversely proportional p,/p, = T\/T;. With T; =273.15K (¢;=0°C) and

T,=303.15K (¢, = 30°C), we find p,/p, = 303.15/273.15= 1.11. That is, at 0 °C the density is

11 percent higher than it is at 30 °C.

Compare the density of the air at Logan Airport in Boston (elevation 0m) at 0°C to the density of air at
Stapleton Field in Denver (elevation 1600 m) at 30 °C. At constant temperature, the atmospheric pressure p
obeys approximately the equation p = p.e "™ if the elevation z is expressed in meters, and p, is the
atmospheric pressure at 0 m.

§ We begin by determining the pressure at Stapleton Field with the help of the hydrostatic isothermal
profile. Using the subscripts { and s to refer to Logan and Stapleton, we have

p =Pf£-“’ RS0
£
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We now determine the density which corresponds to p, and the given temperature T, If the temperatures
were equal (7, = T;), the density ratio p,/p; would equal the pressure ratio p,/p, (by Boyle's law). Since

T, # T, we must use the more general relationship (p/pT) = constant (since the gas composition is assumed to
be the same at the two locations). That is,

E: EE.’ - E g PRS0
pe Lp T,
With T,=0°C=27315K, T,=30°C=303,15K, and z, — z; = 1600 m, we obtain
. (27315 )
o= (S )e = 0.9010) =074
() *

Under the given conditions and assumptions, the density is 26 percent lower at Stapleton Field than at Logan
Airport. Equivalently. the density at Logan Airport is 35 percent higher than that at Stapleton Field.

Derive the law of atmospheres from the Maxwell-Boltizmann statistical law which states that the number of
particles (in an equilibrium ensembile) with energy £ is proportional to e AT assume constant temperature
over the heights being considered. {See Prob. 20.79.)

I Since the only term in the energy of air molecules that depends on the vertical height. =, is the
gravitational potential energy, mgz (measured from ground zero). where m is the average mass of a molecule
of air, the particle density n,(z) obeys (Maxwell-Baltzmann): n,(z) = e 156957 = pomedd apg
[r.(2))/[n(0)]) = ™"*T/1. Since the density of air, p, is proportional to n,, we have p(z)/plo) = ™7,
Finally, at constant temperature, p(z) = p(z): so p(z) = p(o)e ™ *7, which is the law of atmospheres.

Find the uniform temperature at which the ratio of the densities of mercury vapor at the top and bottom of a
2.0-m-high tank would be 1/e. (Assume an ideal gas could be obtained.) (Molecular weight of mercury = 201.)

I From the law of atmospheres, p,/p; = exp [(—mgh)/(kT)]. Hence 1/2.718 = exp {[-m(9.802)]/(kT)}
where m = 201/N, = 3.34 x 10" * kg. Invert and take natural logarithms of each side to find 1 = 19.6m/kT.
Solving for T yields T =0.47 K.

A gas of dust particles fills a 2.0-m-high tank. At equilibrium (27 °C), the density of particles at the top of the
tank is 1/e the density at the bottom. Find the mass of a typical particle and find how many times more
massive it is than a nitrogen molecule.

I Proceeding as in Prob. 20.83, (mgh)/(kT) = 1. This gives m = (kT)/(gh) = 2.1 % 10~ kg. The mass of a
nitrogen molecule is 28/N, = 4.65 x 107 * kg and so the mass of the dust particle is 4500 times greater.

Infer the law of atmospheres from the ideal gas law.

plz) Fig. 20-7

I Figure 20-7 shows a thin slab or air at altitude z. For equilibrium of the slab,

d
[p(z) - p(z + Az)]JA=pgA Az or £=—pg

From the ideal gas law,

m

kT
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where m is the average molecular mass for air. Thus

dp_ _mg

dz: kr?

Ignoring the variation of T and g with altitude,
fdp  mg L" .
—=—-—1 dz and = pge EETI
I p kT pep

Using the Dulong—Petit law, estimate the high-temperature specific heat capacity (in J/kg - K) for uranium
metal (M = 238.)

I From the Dulong-Petit law the molar heat capacity at constant volume C, = 3R. Thus, ¢, = (/M =
[3(8314)]/238 = 105 J/kg - K.

The Dulong=Petit law was used early in this century to determine the molecular weights of crystalline solids.
A certain pure metal has a specific heat of 230 J/kg - K at high temperatures. What is the molecular weight of
the metal?

I Again use C, =3R and M = C,./c, =3(8314 J/kmol - K)/(230 ] /kg - K) = 108 kg/kmol.

Show how the equipartition theorem (Prob. 20.38) leads to the law of Dulong and Petit.

I At high temperatures. it may be supposed that essentially all the internal energy of a metal is due to the
vibrations of the atoms about their equilibrium positions in the crystalline lattice. If we picture each atom as
connected to its neighbors by springs, then the atom will have kinetic and potential energies along three
mutually perpendicular directions—six modes in all. By the equipartition theorem, its total energy will be
6(1kT) = 3kT, giving a molar energy of E = N,(3kT)=3RT and a molar heat capacity of C,, = dE/dT =3R.

The Dulong-Petit law holds true surpnsingly well for solids if the temperature is high encugh. To predict the
behavior of the heat capacity at lower temperatures, a quantum-mechanical model must be used. One such
model, originally used by Einstein, assumes that all atoms in a solid vibrate at the same frequency v. The
total energy of a solid of N atoms is then the same as the energy of 3N one-dimensional oscillators. The
correct guantum-mechanical expression for the average energy of this collection of oscillators is (E} =
INhv[i + 1/(e™ = 1)], where i = 1/kT. and h = 6.63 x 107" ] - 5. Show that this model gives the molar heat
capacity as

(=

3

8)‘3;‘:_1__1_}:

C= JR(?
where @ = hv/k.

I Writing A for Avogadro's number, we have, for one mole of material,

1 1
{E}=3Ahv[5+e’"*—r—]i| El}
so the molar heat capacity is given by
d{E) (1) '-}nr) , hvy' "
C=02 s gany — 0 (Tt oy qp(2E) £
dT YETy (77 )e '[""“(kr} @1y @

Since Ak = R, the gas constant, Eq. (2) becomes

e)l eH.'J" {3}

C= J.Jre(:—r

where we have put 8 = hv/k.

Refer to Prob. 20,89, Determine the behavior of C in the limit T > 0, and in the limit T < 8.
I For T:>©, we have 8/T <« 1, so Eq. (3) vields

[+(8/T)+--]

. {GIT]‘[HBJT]_’:&R
N+(e/Ty+---]-1)

3R

which is the Dulong—Petit result.
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In a p-V diagram (Fig. 21-2) an adiabatic and an isothermal curve for an ideal gas intersect. Show that the
absolute value of the slope of the adiabatic is y times that of the isotherm. Hence the adiabatic curve is
steeper because the specific heat ratio y is greater than 1.

I Denote the intersection point by (p,, ¥,). Then the isothermal curve is given by pV =p,V,, or

Pio=pPaVo V™' (1)
while the adiabatic curve is described by pV7™ =p, V7, or
Paa=pPoViV'™T (2)

The slope of the isothermal curve at {p,, ¥;) is found by differentiating Eq. (1) and evaluating the derivative
at ¥V =V,

dp 2| _ZPo
(Eﬁ)im =—py WV “ = Ta (3)
Using Eq. (2), the slope of the adiabatic curve at (p,, V5) is
(G0) = -woovavr| =2 )
Equations (3) and (4) show that
@)=+ 1),
dV/ 4 dV /i

for the curves intersecting at {p,, Vo).

THE FIRST LAW OF THERMODYNAMICS, INTERNAL ENERGY, p-V DIAGRAMS,
CYCLICAL SYSTEMS

What is the change in internal energy of 0.100 mol of nitrogen gas as it is heated from 10 to 30°C at
{a) constant volume and {(b) constant pressure?

I Internal energy for an ideal gas is lincarly related to the temperature of the gas with AU = nC, AT so the
answer to parts {(a) and (b) is the same; AU = (0.100 mol){4.96 cal/mol - K}(20K) =9.92 cal =41.5].

When 50 L of air at STP is isothermally compressed to 10 L, how much heat must flow from the gas?
{(Pam = 100 kPa.)

I Since the process is isothermal, and we assume an ideal gas, AU =0. Then AQ = AW, But AW =
ART In (Vo/V)) = PV, In (Vo/V)). The substitution makes use of the ideal gas law, F,V, = nRT;, and recognizes
that T is constant. In this case, AQ = (1 x 10°)(3 % 107%) In 10/50 = —B050 J; i.e., 8.05 k] flows out.

An ideal gas in a cylinder is compressed adiabatically to one-third its original volume. During the process,
45 ] of work is done on the gas by the compressing agent. (@) By how much did the internal energy of the gas
change in the process? (#) How much heat flowed into the gas?

J 1In this case, AQ =0, so AU = —AW = —(—45 J)=451; (b) the heat flow in the adiabatic process is zero.
In each of the following situations, find the change in internal energy of the system. {a) A system absorbs

500 cal of heat and at the same time does 400 J of work. (b) A system absorbs 300 cal and at the same time
420 ] of work is done on it. {¢) Twelve hundred calories is removed from a gas held at coustant volume.
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I @ AU = AQ — AW = (500 cal)(4.184 T/cal) — 400 ] = 1700 ]
(b) AU =AQ — AW = (300 cal)(4.184 /cal) — (—420J) = 1680 ]
() AU =AQ — AW = (—1200 cal)(4.184 J /cal) — 0 = — 5000 ]

Note that AQ is positive when heat is added to the system and AW is positive when the system does work.
In the reverse cases, AQ and AW must be taken negative.

21.31  Rederive the result of Prob. 21.25 using the first law of thermodynamics and the facts that €, - C, = R and
C,/Cy = y for an ideal gas, where C denotes molar heat capacity.

I Let the heat flow be denoted by AH, and the internal energy change by AE. Since the process is
adiabatic, AH = 0 and therefore AW = —AE. But AE =nCy(Tz — T,). and furthermore R=C, - C, =
{y ~ 1)Cy. Hence we can express the energy change as

nk
l&_Ez.-..——-- T - T
Gon T
But the ideal gas law yields nRT = pV, so we obtain
_ —psVe+pa VA_FA v, 'PRVR

AW = —AE =
y=1 r=1

in agreement with the result of Prob, 21.25.

21.32  Find AW and AU for a 6-cm cube of iron as it is heated from 20 to 300°C. For iron, ¢ = 0.11 cal/g - °C and
the volume coefficient of thermal expansion is § = 3.6 x 10 " *C"'. The mass of the cube is 1700 g.

) AQ =cm AT = (0.11 cal/g - *CH{ 1700 g)(280 °C} = 52 000 cal
The volume of the cube is ¥V = (6cm)’ =216 ecm’. Using (AV)/V = 8 AT, we have
AV=VAAT =(216 x 10 *m*)(3.6 ¢ 10 *°C ")(280°C) = 2.18 x 10 " m’

Then, assuming atmospheric pressure to be 1 x 10° Pa,

AW=p AV =(1x 1" N/m*)(2.18 x 10 "m")=0.221]

But the first law tells us that
AU=AQ - AW = (52000 cal)(4.184 Jjcal) - 0.22T = 218000 J = 0.22 T = 218000 ]
Mote how very small the work of expansion against the atmosphere is in comparison to AU and AQ. Often
AW can be neglected when dealing with liquids and solids.
21.33 A cubic meter of helium originally at 0°C and 1-atm pressure is cooled at constant pressure until the volume

is 0.75 m". How much heat was removed?

I Use the general gas law to find the final temperature. Then use the first law of thermodynamics.

AL
E A

Then
1075
273 T,

AQ =AU + AW; and for an ideal gas, AU =me, AT. Thus, AQ =mc, AT +p AV =nC, AT +p AV. Noting
that at STP, 1 kmol occupies 22.4 m’,

L=205K

__ _ (LO13x 10075 -1) .~ -
AQ =55 BH205=2T3) + 1184 ==911-6.05= =15.2 kcal

The minus sign means that heat is removed.

21.34  The volume of 1 kg of water at 100°C is about 1 x 10" *m". The volume of the vapor formed when it boils at
this temperature and at standard atmosphenc pressure is 1.671 m’. (a} How much work is done in pushing
back the atmosphere? (b) How much is the increase in the internal energy when the liquid changes to vapor?
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I (a) The work done by the water is given by
AW =p,. AV =(1.013 x 10° N/m*)[(1.671 — 0.001) m*] = 169 kJ.

(b) According to Table 17-2, the latent heat of vaporization of water is L = 540 kcal/kg. This is the heat per
kilogram that must be added to vaporize 100-°C water at a constant pressure of 1 atm. The change in the
internal energy of 1kg of water when it is boiled at 1 atm is therefore given by

AE =AH — AW = Lm = AW = (540 keal/kg)(1.00 kg)(4.184 kJ /keal) = (169 kJ) = 2090 k]

A tank contains a fluid that is stirred by a paddle wheel. The power input to the paddle wheel i1s 2.24 kW.
Heat is transferred from the tank at the rate of 0.586 kW. Considering the tank and the fluid as the system,
determine the change in the internal energy of the system per hour.

I AE=0-W=-0586-(-224)=1.654 kW =1.654 kJ/s = 5954 kJ/h
or about 6 MI/h.

A spring having a spring constant 5 N/m is compressed 0.04 m, clamped in this configuration, and dropped
into a container of acid in which the spring dissolves. How much potential energy is stored in the spring, and
what happens to it when the spring dissolves?

I The spring in being compressed acquired elastic potential energy of amount U, = Yex® = J{(5)(0.04) =

0.004 J. When the spring is dissolved, this ordered potential energy is converted into disordered potential and
kinetic energy of the system. Overall, energy is conserved.

One pound of fuel, having a heat of combustion of 10 000 Btu/Ib, was burned in an engine that raised 6000 1b
of water 110 ft. What percentage of the heat was transformed into useful work?

work done by engine (6000 1b)(110 ft)

ficiency = =
I ethciency = ork equivalent of heat supplied (10 000 Btu)(778 ft - 1b/Btu)

=(.085=8.5%

A sample containing 1.00 kmol of the nearly ideal gas helium i1s put through the cycle of operations shown in
Fig. 21-3. BC is an isothermal, and p, = 1.00 atm, V,=22.4 m*, ps =2.00 atm. What are T,, Ty, and V.7

B

A s

¥ Fig. 21-3

[ ) Applying the perfect gas law, we have

_PaVa__ (QOBXICP224m) .
nR  (1.00 kmol)(8.314 x 100 J/kmol - Ky =
Because the process AB shown in Fig. 21-3 is isometric, Ty = (pa/p.)Ts. With pg = 2.00 atm = 2p,,, we find

that T = 546 K. The process CA is isobaric, so Charles’ law applies. Thus V/T- = V,/T,, so that
Ve =(T./T,)V,. But BC is an isothermal process, so that T, = T = 2T,,. Therefore V. =2V, = 44.8m’.

I

Refer to Prob. 21.38 and calculate the work output during the cycle.

I The work done by the gas along AB is zero, since dV = 0. The work done on the gas along the isotherm
BCis
Ve " RT, Ve
AWae=| pav= dV =RT,In (F) = RT, In2 = (8.314 kI /kmol - K)(546 K)(0.6931) = 3150 kJ

Vg Vg v B
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. 2.-0. T,-T. 500- Q. 590 -390
E]C] ) = =
! elaency=""o, T, 500 590

500 - @, = 169 kcal and (. = 331 keal delivered to the sink
W =0, - Q. = 169 keal = 169(4.184) =710 kJ.

A steam engine operating between a boiler temperature of 220 °C and a condenser temperature of 35°C
delivers B hp. If its efficiency is 30 percent of that for a Carnot engine operating between these temperature
limits, how many calories are absorbed each second by the boiler? How many calories are exhausted to the
condenser each second?
. . 308
I actual efficiency = (0.30)(Carnot efficiency) = {0.30}(1 - ﬁ) =.113
But from the relation
1 calfs
746 W —]
efficiency = output work input heat/s = output work,n’s_ (Bhp)(746 Ihp)(st.l&d W/ 12.7 keal
%Y input heat pu efficiency 0.113 = Lo Thealys
To find the energy rejected 1o the condenser, we use the law of conservation of energy:
input energy = output work + rejected energy
Thus,
rejected energy/s = (input energy/s) — (output work/s) = (input energy/s)[1 — (efficiency)]
=(12.7 keal/s){1 — 0.113) = 11.3 keal/s
How many kilograms of water at 0°C can a freezer with a coefficient of performance 5 make into ice cubes at
0°C with a work input of 3.6 MJ (one kilowatt-hour)? Use Table 17-1 for data.
I By Prob. 22.3, the coefficient of performance is Q,/W.
5= mL  m(B0 kcal/kg)(4184 J/kcal)
36x10°0 3.6%10°)
Solving, m = 54 kg.
A refrigerator removes heat from a freezing chamber at —5°F and discharges it at 95 °F. What is its maximum
coefficient of performance?
# For a Carnot refrigerator, Q,/W = T./(T, = T.). Use absolute temperatures (Rankine). Then
Q. -5+ 460 _ 455 ,
W (95 + 480) — (=5 7 480) =% = 4.55 coefficient of performance
A freezer has a coefficient of performance of 5. If the temperature inside the freezer is —20°C, what is the
temperature at which it rejects heat? Assume an ideal system.
253
W T-T. T, - 253
Solving, we get T, = 304 K =31 °C.
ENTROPY

22.18° Give a mathematical definition of entropy and discuss its relation to the second law of thermodynamics.

I Any thermodynamic system has a state function S, called the enrropy. By this is meant that S—like p, V,
and U—is always the same for the system when it is in a given equilibrium state. Entropy may be defined as
follows. Let a system at absolute temperature T undergo an infinitesimal reversible process in which it absorbs
heat AQ. Then the change in entropy of the system is given by

AQ

AS= T or ds =£,I£ for infinitesimals
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Note that d @ is not the differential of a true function. Entropy will have the units J/K.

The Clausius equation, dS =d /T, holds only for reversible processes. However, since § is a state
function, the entropy change accompanying an irreversible process can be calculated by integrating  Q/T
along the path of an arbitrary reversible process connecting the initial and final states.

The importance of the entropy function is exhibited in the following form of the second law of
thermodynamics: In any process, the iotal entropy of the system and its surroundings increases or (in a
reversible process) does not change. The second law applies to the system alone if the system is isolated; that
is, if it in no way interacts with its surroundings.

Define entropy in terms of order/disorder, and discuss briefly.

I The second law of thermodynamics indicates that entropy is a measure of irreversibility. Irreversibility is
associated, on the molecular level, with the increase of disorder. Molecular systems tend, as time passes, to
become chaotic, and it is extremely unlikely that a more organized state, once left, will ever be regained.
Another, fully equivalent, definition of entropy can be given from a detailed molecular analysis of the system.
If a system can achieve the same state (i.e., the same values of p, ¥V, T, and U) in £ different ways (different
arrangements of the molecules, for example), then the entropy of the state is § = k In &, where In is the
logarithm to base ¢ and k is Boltzmann’s constant, 1.38 x 107 J/K.

A state that can occur in only one way (one arrangement of its molecules, for example) is a state of high
order. But a state that can occur in many ways is a more disordered state. To associate a number with
disorder, the disorder of a state is taken proportional to Q, the number of ways the state can occur. Because
5=kIn%Q, the entropy is a measure of disorder.

Spontaneous processes in systems that contain many molecules always occur in a direction from

(statc that can exist) N (state that can exist)
in only a few ways in many ways

Hence systems when left o themselves retain their original state of order or else increase their disorder.

For a heat engine, over one cycle, AS = AE = (, since the engine returns to its original state. The first law of
thermodynamics then gives for the work done by the engine per cycle.

T,
W= Qr-m(l - 'Tﬁ} = T A8 =W = T g AS (1)

et
where W* is the work that would be done by a Carnot engine operating between the same two temperatures,
and AS,., is the entropy change of the universe (in this case, the entropy change of the hot and cold
reservoirs) during one cycle. Derive (1) and show its significance for the second law.

I For any engine operating between the temperature reservoirs, we have W = Q,,, — Q. since ALU=0
over a cycle. (Here Q. is defined as positive when heat leaves the engine, as is usual in engine and
refrigerator problems.) In addition the changes in entropy of the hot and cold reservoirs are related to the
heat transfers at constant temperature by Q.. = — Ty, ASio) Q= Toaia ASua. Then, noting AS,., =

AS o+ AS g, we have Ty AS o = Qi — (TooOhor)/ Thor- Thus W= 0 — 0 = Qa1 = (T s/ Tiad] -
T s AS .- Since the efficiency of a Carnot cycle is W*/ Q. = 1 = (T i/ Thod). we have the remainder of our
result: W =W?* =T _, AS,..... We thus see that for a given Q.. W=W* S AS =0. Or, in terms of
efficiency, p =5 "< AS=0.

When 100 coins are tossed, there is one way that all can come up heads. There are 100 ways that only one tail
is up. There are about 1 % 10" ways that 50 heads can come up. One hundred coins are placed in a box with
only one head up. They are shaken and then there are 50 heads up. What was the change in entropy of the
coins caused by the shaking?

I From Prob. 22.19,
AS =k(lnQ, —In Q) = (1.38 x 10" J/K)[In {1 x 10*) — In 100]
=(1.38 x 107" I/K)(27 In 10) = 8.6 X 10" = I/K
using In 10 = 2.303.

The number £ of states accessible to N atoms of a monatomic ideal gas with a volume V, when the energy of
the gas is between E and E + dE, can be shown to be Q = A(N)VYE™? where the factor A(N) depends only
on N. (a) Find the entropy § as a function of ¥ and E. (b) Using this entropy function and the definition of
the Kelvin temperature, 1/T = (35/3E),., show that E = JNkT.
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while the instantaneous transverse velocity is

%#m sin [k(x — vr) + 8] @)

Comparing Egs. (2) and (3), we see that

y__1%
& var ®

as desired.
Give the general mathematical form of a wave traveling at constant speed, without dissipation, along the x
axis, and show that it satisfies the standard wave equation.

d A wave y(x, 1) traveling along X with an unchanging form and speed v is given by y = f(x £ vt), where the
minus and plus signs refer to wave propagation in the positive and negative X directions, respectively.
These functions satisfy the one-dimensional wave equation
Fy_18y
axt 1?ar
as can immediately be seen by setting = x £ vf and using

a}" d}' Su a}r d}' Su ] )
3x dudrx A fi ther ch f
x dudxr 3t dudt or either choice of u

Sketch the profile of the wave f(x, 1) = Ae ®* " atr=0sandr=1s, using A=1.0m, 8=1.0m, and
v=+20m/s.

§ See Fig. 23-5. Note that peak-to-peak distance divided by time interval equals v.

Fig. 23-5

Verify by partial differentiation that the wave function of Prob. 23.35 satisfies the one-dimensional wave
equation.

I We begin with the proposed solution

2

fla, )= Aem " (1
Differentiating with respect to x, we find that
g - Bix-wr)?
" =2AB(x - vt)e (2)
and
a:f r | 2, — Hix—a)?
52=[—2AB+4AB {x —vi)’e {3)
Differentiating with respect to ¢, we find that
a .
—f= 2ABu(x — pr)e Y (4)

ar
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support; at the other end, a tension of 100N is applied. If a transverse blow is struck at one end of the tube,
how long does it take to reach the other end?

T Iill]il]
[ | U= /==y /——=183m/s s=w 50 50=18.3% and 1=0.27s
I 0.30

Refer to Prob. 23.43. What frequency of vibration must be applied to the tube to produce a standing wave
with four segments in the length of the tube? (This frequency is called the fourth harmonic frequency.)

I We have 4(4/2) =5.0m, or A=2.5m. Then v =uv/A=183/2.5=7.3 Hz.

Standing waves are produced in a rubber tube 12 m long. If the tube vibrates in five segments and the velocity
of the wave is 20 m/s, what is (a) the wavelength of the waves, (b) the frequency of the waves?

I @ 5(%)!12m or A=48m
_20mfs
(b) oy =4.17 Hz

A string has a length of 0.4 m and a mass of 0.16 g. If the tension in the string is 70 N, what are the three
lowest frequencies it produces when plucked?

I ey N . _
I v—\/;— {Ol[mwmd)-vl?SDﬂJ-MSm!s.

The fundamental frequency v, corresponds to a wavelength of 2(0.4) = 0.8 m; thus,

, 48 m/s
' 08m

=523 Hz

The second and third harmonic frequencies are then 2v, = 1046 Hz and 3v, = 1569 Hz.

The third overtone produced by a vibrating string 2 m long is 1200 Hz. What are the frequencies of the lower
overtones and of the fundamental? What is the velocity of propagation?

I The third overtone is the fourth harmonic v,. v, = 1200 Hz implies that v, = 1200/4 = 300 Hz. Then
v;=2v, =600 Hz, and vy=3v,=900Hz. v = A,v,= (1 m)(1200 Hz) = 1200 m/s (or v =4,v, =
{4 m)(300 Hz) = 1200 m/s).

A 160-cm-long string has two adjacent resonances at frequencies of 85 and 102 Hz. (a) What is the
fundamental frequency of the string? (b) What is the length of a segment at the 85-Hz resonance?
{c) What is the speed of the waves on the string?

I (a) The fundamental is f, = v/(2L), the nth harmonic frequency is nf, = 85 Hz while the next harmonic
frequency is (n + 1)f, = 102 Hz. From these we obtain f, = 17 Hz and n = 5. (b) For n = 5, there are five
segments; the length of each is 160/5 =32 cm. (¢) From f, = 17 = v/[2(1.6)], v = 54.4m/s.

A vertically suspended 200-cm length of string is given a tension equal to the weight of an 800-g mass. The
string is found to resonate in three segments to a frequency of 480 Hz. What is the mass per unit length of the
string?

I In the third harmonic, (34)/2 = 2.00 m; so that v = fi = 480(1.33) = 640 m/s. We then use the relation
v*=T/u to find u = (mg)/v’ = [0.800(9.80)]/640° = 1.91 x 10"* kg/m.

The equation for a particular standing wave on a string is y = 0.15 (sin 5x cos 300¢) m. Find the (a) amplitude
of vibration at the antinode, (b) distance between nodes, (c) wavelength, (d) frequency (e) speed of the wave.

I (a) By comparison with y, = A sin [(2x)/A] cos (2nfr) we have A =0.15m. (b) When the argument of
the sine =0, &, 2, ..., we have nodes. Since x =0 is a node we have for the next node 5x = 7 and
x=ma/5=0.628 m. (c) The wavelength is twice this, s0 A = (2x)/5 = 1.26 m. (d) Since 2af = 300, f = 150/x =
47.7Hz and (e) v = Af =[(2x)/5)(150/x) = 60 m/s.
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An organ pipe 1t long is open at both ends. If the velocity of sound is 1100 ft/s, what are the frequencies of
the fundamental and of the first two overtones?

I As can be seen from Fig. 23-8. n(4/2) = L holds for an open organ pipe as well as a string. Thus, the
fundamental frequency is v, = v/2L = (1100 ft/s)/2 ft = 550 Hz. The first overtone is the second harmonic, and
vy =2v, = 2(550) = 1100 Hz. Similarly v, = 3v, = 3(550) = 1650 Hz (second overtone).

——t =1t

Fundamental
Ay o= 2L

First overtone

A= L Fig. 23-8

A closed organ pipe 2.5 ft long is sounded. If the velocity of the sound is 1100 ft/s, what are the fundamental
frequency and the first two overtones?

I For a “closed” pipe (that is, open at one end) (2n — 1)(A/4) = L, as can be seen from Fig. 23-9. Hence
Voo =(2n = ljw/4L = (2n = 1)v,, so only the odd harmonics appear. For our case, 4, =4L =4(2.5) = 10ft.
=4 or 1100 = v,(10) and v, = 110 Hz. The first overtone is the third harmonic, so A, =4.L/3 and
vy=0{A;=3vf4L = 3v, =3(110) = 330 Hz. Similarly, v = 5v, = 550 Hz.

Yy X :'

l \/ NS Fig. 23-9 P | Fig. 23-10

A sounding tuning fork whose frequency is 256 Hz is held over an empty measuring cyhinder. See Fig. 23-10.
The sound is faint, but if just the right amount of water is poured into the cylinder, it becomes loud. If the
optimal amount of water produces an air column of length 0.31 m, what is the speed of sound in air to a first
approximation?

T The loudest sound will be heard at resonance, when the frequency of vibration of the air column in the
cylinder is the same as that of the tuning fork. Since the air column is open at one end and closed at the
other, we conclude that the wavelength of the vibration is four times the length of the column:

A=4L =(4)0.31 m) = 1.24 m. Here we have assumed that the observed resonant oscillation of the air column
is its fundamental oscillation. Since the frequency v = 256 Hz, the sound speed v = vi = 317 m/s, This is an
underestimate since the displacement antinode (or the pressure node) which is located a distance of



378

23.57

U CHAPTER 23

A uniform string (length L, linear density u, and tension F) is vibrating with amplitude A, in its nth mode.
Show that its total energy of oscillation is given by E = a*viAlul.

I The displacement of the string is given by
yix, 1)=A,sin ? cos (2av,t + 8)

so the transverse velocity 1s
ay

. nix |
=2 —_— +
a 2xv, A, sin sin (2av,t + &)

The string's total energy of oscillation is equal to the maximum kinetic energy. (Note that all points on the
string achieve their maximum kinetic energy at the same time, when y =0 for all 1.) Since dm = p dx, we

have
B B INTENY } [1JL (ay° ]
E_K”“_m”[EJ(a:) dm | =max|3 | a:) dx
The maximum value occurs when sin® (27v,r + 8) = 1, so we find that
1.

E= g [Lw,,A,,):-L sin’ H—L-mdx
The average value of sin® [(nax)/L] over any number of half cycles is given by 1. so the integral has the
value L/2. Therefore E = 23°uviAL(L/2) = a'vaAsuL, as desired. [Compare with the result for a traveling
wave, Prob. 23,29.]

A taut square membrane 85 cm on a side is fastened to a rigid frame on its edges. When tapped lightly at its
center, it gives off a tone of about 200 Hz. Assuming it to be resonating in the mode shown in Fig. 23-12,

what is the wave speed in the membrane?

Fig. 23-12

I The resonant frequencies of a rectangular drumhead are given by the formula
2 [ ai?

=i (E) + ()

where m and n are the respective numbers of half-wavelengths that fit into the dimensions L, and L,. Figure

23-12 shows the mode m =n = 1; hence,
v Ii 2
) == 4| ——
2 Y{0.85)°

giving v = 240 m/s.
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Helium is a monatomic gas that has a density of 0.179 kg/m” at a pressure of 76 cm of mercury and a
temperature of 0°C. Find the speed of compressional waves (sound) in helium at this temperature and
pressure.

I v=VB/p, where B is the adiabatic bulk modulus. For an ideal gas, B = yp (see Prob. 21.24), and
¥ = 1.67 for a monatomic gas. Then

1.67(1.013 x 10°) N/m’
P = =97
! \/ 0.179 kg/m’ 972 mis

Using the fact that hydrogen gas consists of diatomic molecules with M = 2 kg/kmol, find the speed of sound
in hydrogen at 27 °C.

J For ideal gases v = [(yp)/p]"* = [(¥RTI/M]'?, so
v =[(1.40)(8314 J/kmol - K)(300 K)/(2 kg/kmol)]'? = 1321 m/s

From the fact that the molecular weight of oxygen molecules is 32 kg/kmol, find the speed of sound in oxygen
at 0°C.

I Asin Prob. 242, v = [(1.40)(8314)(273)/32]"* = 315 m/s

The velocity of sound in a container of hydrogen at —73°C is approximately 4000 ft/s. What would the
velocity be (in ft/s) if the temperature of the hydrogen were raised to 127 °C without a change in volume?

I Since v =[(yRT)/M]'* we have, assuming constant ¥, v = v,\'T/T, = (4000 ft/s)\(400 K)/ (200 K) =

5657 ft/s.

What is the speed of sound in air when the temperature is 35 °C? The speed of sound in air at 0°C is 331 m/s,
I v =xVT=V273+1:50if v, =speed at 1 =0°C, v = v,(1 + 1/273)"* = 331(1 + 35/273)"* = 3516 m/s.

By how much must the temperature of air near 0°C be changed to cause the speed of sound in it to change
by 1 percent?

1 (273 + )" = (273"

273"
Noting [1+/273)"% =1 + /546, we get (1/546)(100) = 1.0, which leads to r=3.5°C,

=(0.01

A certain gas mixture is composed of two diatomic gases {molecular weights M, and M:). The ratio of the
masses of the two gases in a given volume is mr,/m, = r. Show that the speed of sound in the gas mixture is as
follows if the gases are ideal:

[L30RT M; + M,
N MM 1+

=

I v=[{yp)p]"", but p=m/V = (m, + m.)/V, and (Dalton’s law) p = p, + p.= (1, + n)[(RT)/ V)], with
ny=m, /M, and n.=m./M., so that p/p=[(m /M, +m /MIRT]/(m,+m.) = [(1/M, +r/M)RT]/(1 +r),
with r = m.{m,. Substitute p/p and y = .40 into the expression for v to find the required result.

Suppose (with Newton) that the compressional vibration in a gas were isothermal in character rather than
adiabatic. Find the expression equivalent to (yp/p)'” for the speed of sound in that case.
I ForpV aconstant, A(pV)=p AV +V Ap =0, or AV/Ap = —V/p. But AV/Ap = —V/B from the

definition of B. Therefore, B=p and v = (B/p)"" = (p/p)"". Thus v,/v,. = y""
379
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249 A 1000-Hz sound wave in air strikes the surface of a lake and penetrates into the water. What are the
frequency and wavelength of the wave in water? Assume that the speed of sound in water is 1500 m/s.

I The number of complete waves passing any point in air and in water in unit time is the same, so
f = 1000 Hz for both media. Therefore,
v, 1500m/s

A, =leo STOWWE
~ = = T000s ¢

2410 An underwater sonar source operating at a frequency of 60 kHz directs its beam toward the surface. What is
the wavelength of the beam in the air above? What frequency sound due to the sonar source does a bird
flving above the water hear? Assume that v in air =330 m/s.

I As indicated in Prob. 24.9, f remains constant—in this case at 60 kHz. The wavelength = v/f =
330/(6.0 x 10%) = 5.5 mm.

24.11  Define pitch, loudness, quality, decibel, reverberation time. interference, beats, Doppler effect, supersonic
velocity, shock wave, and Mach number.

I Pitch is a sound characteristic that depends on the frequency of the fundamental. Higher pitch means
higher frequency.

Loudness refers to the strength of the auditory sensation produced by a sound. It depends on the intensity
and frequency of the sound.

The quality (or imbre) of a sound depends on the number and intensities of the overtones.

Decibel (dB) is the unit of intensity-level, n, of sound. One dB is ten times the log of an intensity ratio of
1.26:1. The equation for n is n = 10 log ([/1,), where I,= 107" W/m’.

The reverberation time of a room is the time required for the sound level to fall 60 dB after the sound
source is shut off; that is, for the intensity to decrease by a factor of a million.

Interference is the superposition of sound waves to produce either constructive or destructive addition.

Beais are fluctuations in sound intensity that occur when there is interference between two sound waves of
equal intensity and slightly different frequency.

The Doppler effect is the apparent change in frequency as the source of a sound and an observer of the
sound move relative to each other.

A supersonic velocity is one that is greater than the local velocity of sound.

A shock wave is the wave motion accompanying objects traveling at supersonic speeds.

Mach number 1s the ratio of the velocity of an object, or of a shock front, to the local velocity of sound.

24.12  Two closed organ pipes sounded simultaneously give five beats per second between the fundamentals. If the
shorter pipe is 1.1 m long, find the length L of the longer pipe. Assume that v in air = 340 m/s.
J Each pipe is occupied by a quarter-wave (refer to Prob. 23.52); hence,

340 rn.-'s'_ 340 m/s
4.4m 4L

SHz=v,—v.=

Solving, L =1.18 m.

24.13  Two open organ pipes. one 2.5 ft and one 2.4 ft in length, are sounded simultaneously. How many beats per
second will be produced between the fundamental tones if the velocity of the sound is 1100 ft/s?

I Each pipe is occupied by a half-wave (see Prob. 23.51), so

100 /s 1100 ft/s
4.8t sof - 2He

Y= V=

24.14  Four beats per second are heard when two tuning forks are sounded simultaneously. After attaching a small
piece of tape to one prong of the second tuning fork, the two tuning forks are sounded again and two beats
per second are heard. If the first fork has a frequency of 180 Hz, what must the original frequency of the
second fork have been?

I The frequency of the second fork must be higher than that of the first fork or adding the tape would have
increased the number of beats. Therefore, v, = 180 =4 or v, = 184 Hz.

24.15° Some of the low keys of the piano have two strings. On a particular key one of the strings is tuned correctly
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V =gq/C gives

3 4. . ,
3»:;?1; EoIE O 4i=075q

Substitution of this in the previous eguation gives
0.75qi+gi=6uC or qa=23.43 uC
Then g3 =0.75g,=2.57 uC.
Two capacitors, C, =3 uF and C, =6 uF, are connected in series and charged by connecting a battery of

voltage ¥V = 10V in series with them. They are then disconnected from the battery, and the loose wires are
connected together. What is the final charge on each?

I The capacitors are charged in series so they originally have equal charges. When the loose wires are
reconnected, they neutralize each other giving zero final charge.

G
a6 G o G = C|._|Cz
i S
fun
¥ I
I v

Before After Fig. 26-33 Before After Fig. 26-34

Repeat Prob. 26.107 if after being disconnected from the battery, the capacitors are disconnected from each
other. They are now reconnected as shown in Fig. 26-33. What is the final charge on each?

I The original charge on each is @ = €,V = 20 uC. After being connected as shown, 0, + 0, =20 =40 uC.
Also ¥V, =V, and so ,/C, = Q,/C,. Solving these two equations simultaneously gives for the two charges
26.7 uC on the 6 uF and 13.3 uC on the 3 uF.

If two capacitors €, =4 pF and - = 6 uF are originally connected to a battery V = 12V, as shown in Fig.
26-34, and then disconnected and reconnected as shown, what is the final charge on each capacitor?

I Originally, @, =48 uC, @, =72 uC; hence, Q)+ 03 =T72 - 48 =24 uC. Also, V| =V} gives 0}/C, =
Q3/C;. Solving simuitaneously gives 9.6 and 14.4 uC.
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OHM'S LAW, CURRENT, RESISTANCE

TABLE 27-1 Resistivities (p) at 20°C and
Temperature Coeflicients (a).

material pR2-m a,*C™"
Silver Lex 10" I&x 10t
Copper 1L7=10" 39x 1077
Aluminum 28x10°° 39x 10"
Tungsten Sex10" 4.5= 10"
Iron 0= 10" S0x it
Graphite (carbon) 3500 % 107" -05=x10"

What is the relation between resistance and resistivity?

J The resistance R of a wire of length L and cross-sectional area A is

L
R=p (-— ]

Pla
where p is a constant called the resistivity and is a characteristic of the material from which the wire is made.

For Linm, A in m°, and R in ©Q, the units of p are Q@ -m.

How does the resistance of a conductor vary with temperature?

I 1f a wire has a resistance R, at a temperature T, then its resistance R at a temperature T is
R=R,+ aR T -~ T,), where a is the temperature coefficient of resistance of the material of the wire. Usually
& varies with temperature and so a linear relation is applicable only over a small temperature range. The units
of o are K ™' or°C™'

A similar relation applies to the variation of resistivity with temperature. If p, and p are the resistivities at
T, and T respectively, then p = p,+ apdT - T,,).

Table 27-1 lists the resistivities of a number of conductors for T, = 20°C, as well as temperature coefficients
of resistance.

How are current and current density related?

I The rate of flow of electric charge across a given area (within a conductor) is defined as the electric
current I through that area. Thus,

dg

! & (A)
The electric current density J at a point (within a conductor) is a vector whose direction is the direction of flow
of charge at that point and whose magnitude is the current through a wnit area perpendicular to the flow
direction at that point. Thus, the current through an element of area dS, arbitrarily oriented with respect to
the flow direction, is given by (see Fig. 27-1} dI =J - d§ = J dA, where dA = d5 cos £ is the projection of d5
perpendicular to the flow direction. The total current through a surface § (e.g., a cross section of the
conductor) 15 then

r=f:-d5=[m.4
5 5
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Starting from the standard form of Ohm's law, ¥ = IR, find the relation between J, the current density, and
E, the electric field in a current-carrying conductor.

I We consider a conductor of uniform cross-sectional area A and length L. The resistance R = p(L/A),
where p is the resistivity. The current can be expressed as [ =Jd, and the potential drop across the resistor is
related to the average electric field by ¥V = EL. Then V = IR becomes EL =JA[p(L/A)], or E = pJ. Often
one specifies the conductivity, o, instead of the resistivity, where ¢ = 1/p. Then J = oE. This result can be
generalized to an arbitrary conductor in the vector form: J = ¢E, which holds at each point in the conductor.

How many electrons per second pass through a section of wire carrying a current of 0.7 A?

I =07 A means 0.7 C/s. Dividing by ¢ = 1.6 % 10~ C, the magnitude of charge on a single electron, we
get number of electrons per second = 0.7/(1.6 % 107") = 4.4 % 10",

A current of 7.5 A is maintained in a wire for 45s. In this time (a) how much charge and (b) how many
electrons flow through the wire?

I (a) g=1=(7.5A)(455)=1337.5C (b) The number of electrons N is given by

g 33.5C .,
=mm— . =2 1 x 10
e Lax10"C

where e = 1.6 x 107" C is the charge of an electron,
If 0.6 mol of electrons flow through a wire in 45 min, what are (a) the total charge that passes through the
wire, and (b) the magnitude of the current?
I (a) The number N of electrons in 0.6 mol is
N = (0.6 mol)(6.02 x 10™ electrons/mol) = 3.6 % 10™ electrons
g=Ne=(36x107)1.6x 107" C)=578 x 10°C
(b) t = (45 min}{60 s/fmin) =2.7 = 10" s

_q_5T8X10°C _
I_r_ 2. 7% 10 s =2l4A

An electron gun in a TV set shoots out a beam of electrons. The beam current 15 10 g A. How many electrons
strike the TV screen each second? How much charge strikes the screen in a minute?

I Let n, = number of electrons per second. n, = I/e = (1.0% 10°° C/s)/(1.6 x 107" C) =
6.3 % 10" electrons per second. The charge Q striking the screen obeys Q] =JT = (10 uC/s)(60s) = 600 uC.
Since the charges are electrons, the actual charge is 0 = —600uC.

In the Bohr model, the electron of a hydrogen atom moves in a circular orbit of radius 5.3 % 107" m with a
speed of 2.2 % 10" m/s. Determine its frequency f and the current [ in the orbit.
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™~ Fig. 27-50

switch is closed the capacitor will discharge through resistance R. Find an expression for (1), the charge on
the capacitor at any time .

I With the switch closed we must have for the loop equation g/C + IR = 0. Since I = rate of discharge,
I = dg/dr. Then, substituting in the loop equation, we get dg/di = —(1/RC)q, or dg/q = —(1/RC) dt.
Integrating.

g’ "1 q I
——==| —d and In~=-—
L q' L RC 0 RC
Then g = Qe ", The quantity RC = 1 is called the time constant of the circuit: the larger r, the longer the
discharge time.

In the laboratory, a student charges a 2-uF capacitor by placing it across a 1.5-V battery. While disconnecting
it, the student holds its two lead wires in two hands. Assuming that the resistance of the body between the
hands is 60 k€2, what is the time constant of the series circuit composed of the capacitor and the student’s
body? How long does it take for the charge on the capacitor to drop to 1/e of its orgiinal value? To 1/1007
(Hing: In 100 =230 jog 100.)

I t=RC=(6x102% 10 "y=0.12s. Now Q@ = 0, exp (—1/RC) = Qyexp(—¢/0.12). If exp (—1/0.12) =
exp (~1), then r =0.12 5. If exp (—1/0.12) = 0.01, then exp (r/0.12) = 100, or 1/0.12 = In 100 = 2.30 log 100 =
4.60; so 1 =0.555.

In a certain clectronic device, a 10-uF capacitor is charged to 2000 V. When the device is shut off, the
capacitor is discharged for safety reasons by a so-called bleeder resistor of 1 MQ placed across its terminals.
How long does it take for the charge on the capacitor to decrease to 0.01 of its original value?

F We recall that Inx = 2.30logx; r = RC = 10s. We wish that Q/Q, = exp(—¢/t) =0.01. From this,
/10 =230 log 100, which gives { = 465,

A 400-uF capacitor is connected through a resistor to a battery. Find (a) the resistance R and (b) the emf of
the battery ¥ if the time constant of the circuit is 0.5 s and the maximum charge on the capacitor is 0.024 C.

r 0.5 g 0.024C
e ——————= . e — —
! C 400x10"“F =00 ¢ C 400x 10°*F 0y

A S0-F capacitor initially uncharged is connected through a 300-£2 resistor to a 12-V battery. (a) What is the
magnitude of the final charge g, on the capacitor? (b) How long after the capacitor is connected to the
battery will it be charged to ig,? {¢) How long will it take for the capacitor to be charged to 0.90q,?

I 1n charging we have g = (1 — e "), with g, = CV. (a) g, = CV = (50 X 10 *F)(12 V) = 600 uC.

(b) r=RC=(30QN50x 10 "F)=15x ]l.‘.l"‘s=l_5_rr_|§. From the formula the charge reaches %q‘. in the time r
such that e " = §, or t/(RC) =1/t =In2=(L7. Thus: 1, =0.7r =10.5 ms. (c) Similarly, e "= 0.1 and
tftr=In10=23, Thus f,,= 2.3t =3.5ms.

A 150-pF capacitor is connected through a 500-€2 resistor to a 40-V battery. (@) What is the final charge g, on
a capacitor plate? (b) What is the time constant of the circuit? {¢) How long does it take the charge on a
capacitor plate to reach 0.8¢,7

I (@) go=VC=(20V)(150 % 10 “F)=6.0mC. (b) t=RC =(500Q)(150 % 10 °F) =75 ms.
(c) Following the procedure in Prob. 27.145: —rfr=In0.2 or ¢/t =In5=1.6. Then 7 = (1.6)(75 ms) = 120 ms.
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v’ (3% 10° mfs)’
[f) r_d_l.ﬂlxlulszsz_m

If it is assumed that a circular path around the earth (radius = 6400 km) can be found upon which the earth’s
field is horizontal and constant at 0.50 G, how fast must a proton be shot in order to circle the earth? In what
direction?
I The centripetal force (muv®)/r is furnished by the force evB,,. Then v = (eByr)/m =[(1.6 % 107"} x
(5 = 107 %)(6.4 x 10)]/(1.67 x 10" ") = 3.1 x 10" m/s. It must be shot westward, since the field points north.
Why is the solution to Prob. 28.13 faulty?
I The speed of the proton cannot exceed the speed of light. Evidently, the relativistic equation of motion
should have been employed.
Alpha particles (m = 6.68 x 10 7" kg, g = +2¢), accelerated through a potential difference V to 2-keV, enter a
magnetic field B = 0.2 T perpendicular to their direction of motion. Calculate the radius of their path,
I The KE of a particle is conserved in the magnetic field:
1, 2Vq
grvisve o v= S
They follow a circular path in which

my_m Vg _1 [2Vm_ 1 2(1000 V)(6.68 x 10" kg) _

"= BN m BV g 02T 32x10°°C Lmm

After being accelerated through a potential difference of 5000V, a singly charged carbon ion moves in a circle
of radius 21 cm in the magnetic field of a mass spectrometer. What is the magnitude of the field?
I Following the approach of Prob. 28.15,

24 L . 2Vme  2(5000 V)(19.9 % 1077 kg)
= i - =19, - s = =
me=(12u)(1.66 x 10" kg/u) = 19.9x 10" kg i g (021 my(16x10°C)

=ZER2x10°T" "B=0168T

A particle with charge ¢ and mass m is shot with kinetic energy K into the region between two plates as
shown in Fig. 28-2. If the magnetic field between the plates is B and as shown, how large must B be if the
particle is to miss collision with the opposite plate?

X X X
X X X
i — |
x X X |

'"K—K—K‘l Fig. 28-2

§ To just miss the opposite plate. the particle must move in a circular path with radius d so from Bgd = mu;
and using K = (mv")/2, we have B = (2mK)"?/{gd).

A cathode-ray beam (an electron beam; m =9.1 x 107" kg, g = —¢) is bent in a circle of radius 2cm by a
uniform field with 8 = 4.5 mT. What is the speed of the electrons?
I To describe a circle like this, the particle must be moving perpendicular to B. Then

L 2raB _(0.2m)(1.6x 10 " C)4.5x 10 'T) _
om 9.1 % 10 " kg

L.58 = 107 m/s

In Fig. 28-3(a), a proton (g = +¢, m = 1.67 x 10" *" kg) is shot with speed 8 » 10° m/s at an angle of 30° to an
x-directed field B =0.15T. Describe the path followed by the proton.
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I Here,
v
E=_k=(5x10% V/m

and the Lorentz equation gives
Fo..= (3% 107°)[(5 x 10°)k + (4 x 10*)(0.766§ + 0.643k) x (1.5k)] = (3 x 10" *)[(5 x 10")k + (4 x 10°)(0.766)(1.5)i]
=0.1397i + 0.15k N

The value of e/m, can be obtained by using a specially designed vacuum tube illustrated in Fig. 28-7. It
contains a heated filament F and an anode A which is maintained at a positive potential relative to the
filament by a battery of known voltage V. Electrons evaporate from the heated filament and are accelerated
to the anode, which has a small hole in the center for the electrons to pass through into a region of constant
magnetic field B, which points into the paper. The electrons then move in a semicircle of diameter d, hitting
the detector as shown. Prove that e/m, = 8V /(Bd)’.

—d—

—|
+
v Fig. 28-7
# Refer o Fig. 28-7. Newton's second law implies that (m.v")/r =evB, where r = id is the radius of the

electron’s orbit. Solving for the speed, we find that

_eBr_ eB
S om, 2m,

v d (1)

Since the electrons have been accelerated essentially from rest through a potential difference V, each has
kinetic energy tmv? = eV, so that

2eV

9= - (2)
Combining Eqs. (1) and (2), we obtain
(¢ -4
2m, m,
Solving for the charge-to-mass ratio, we have

which was to be shown,

If in a mass spectrograph carbon ions move in a circle of radius ro = 9.0 cm and oxygen ions move in a circle
of radius r;, = 10.4 cm, what is the mass of an oxygen ion?

d We assume that V and B are the same for both jons, so that from Eq. (3) of Prob. 28.28,
m = (B*r*e)/(2V) and

2 0.4 2z
mo _ro _(W4cm) 1.33

me re (9.0cm)

That is, the mass of an oxygen ion is 1.33 times the mass of a carbon ion. Since the mass of carbon is defined
to be exactly 12 u, the mass of oxygen is mg, = 1.33m-=(1.33)(12u) = 16 u.
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over the volume of the wire. The magnetic energy dU,, contained in a cylindrical shell of length /, inner radius
r, and outer radius r + dr is

Bi(r il
dU, =€, dV =22 2apt dr = 25 1 ar
2u, 4ma
Hence the magnetic energy per unit length contained in the wire is
U _1 =£f,~d,=_&-f_‘(f_‘ “)Jﬁ
I I " dmat b dma* \ 41|,/ 167

The external magnetic field of a spherical object of radius R, surrounded by vacuum and carrying an
{idealized) central point magnetic dipole, contains magnetic energy U = (a/2){{B2R")/(2u,)]. The quantity B,
is the maximum magnetic field strength at the surface of the object—that is, the value of B at the object’s
magnetic poles.

(a) The earth’s external magnetic field is not that of a pure centered point dipole, nor is the earth
surrounded by a perfect vacuum. Nevertheless, a reasonable estimate of the energy content U in the external
field is U = (B;R")/(2u,). Evaluate this, using 8, =6.0x 107 T and R =6.4 % 10°m,

(b) Compare the energy U to the total annual usage of electric energy in the United States. It was
1.7 % 10" kW - h in 1972.

I (a) With B, =6.0% 107" T, R = 6.4 x 10" m, and p, =47 x 10" N/A®, we have

- BiR' (6.0 x 10 *)(6.4 x 10%)°

v 240 2(4a ¥ 1077)

=38x10"J

(b) The electric energy usage in the Unites States for 1972 was
E=17%10"kW-h=(1.7x 10")(10° J/s){3600 5) = 6.1 x 10" ]

MAGNETS; POLE STRENGTH

Describe how the torgue on a bar magnet placed in a magnetic field can be expressed in terms of pole
strength.

I When a bar magnet is placed with its axis perpendicular to a uniform magnetic field of intensity B, it
experiences a torque = Bm = Bpl, where m is the magnetic moment, [ is the length of the magnet, and p is
the pole strength of the magnet. Fundamentally, this torque arises from the interaction between the magnetic
induction and the infinitesimal current loops associated with the orbits and spin of certain of the magnet’s
electrons. An alternative approach, frequently convenient, is to endow the magnet with a pair of equal and
oppositely signed peles at its two ends, and to attribute the torque to the equal and opposite forces exerted by
the field B on these poles. When a pole of strength p is placed in a magnetic field of intensity B, the pole
experiences a force F = Bp. In general, T =m8 sin 8, where 8 = angle between m and B.

An iron bar magnet of length 10 cm and cross section 1.0 em® has a magnetization of 10° A/m. Calculate the
magnet's magnetic pole strength.

I The magnetic moment of a bar magnet of length 2d has magnitude m = 2 |p| d, where |p| 1s the pole
strength. In terms of the magnetization M, the magnetic moment of the bar magnet is m = M({2ad), where a is
the cross-sectional area, Hence |p|=m/2d =aM. With a =1.0em*= 100 % 10 *m® and M = 1.00 % 10° A/m,
we obtain [p] = (L00 % 107 {100 107 =L00 % 10 > A - m.

The field of a bar magnet can be considered to be caused by a surface current flowing on the surface of the
magnet. If a bar magnet is to act like a solenoid whose interior field is 0.3 T, how large a surface current must
flow on each centimeter length of the bar?

I In Fig. 29-7 take segment length / = 1.0 cm. Since B is axial and ~0 outside the solenoid, the circuital law
yields BI equal to pul,., 5o £, =0.3(10 *)/(47 x 107") = 2390 A/m = 23.9 Afcm.

What is the relationship between the magnetization (or Amperean) surface current £, in a long bar magnet
and the pole strength?

I From Prob. 29.35, p = aM. Applying the circuital law for B to the magnet (Fig. 29.7), and noting that
B = p,(H + M) and that H cannot contribute since there are no true currents, we get M{ =/,: Then p =
al /I
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Reconsider Prob. 36.40 when the source emits a continuous mixture of wavelengths. The resolving power, at
wavelength A, of the grating is defined as R = /8, where & is the smallest wavelength difference for which
the spectral lines A — 16 and A + 14 are resolvable. Find R,,, the resolving power in the mth order.

I According to Rayleigh's criterion, two peaks are just resolvable when their angular separation is half the
angular width of either peak. This minimal separation is given by (1) of Prob. 36.40 as

A A

{aﬂlmn=m or dwsa{&ﬂ}mm=ﬁ-

Differentiation of the grating equation, d sin # = md, gives
deos@A@=m AL whence  dcos B(AB),.,=md

Comparing the two expressions for d cos 8({Af),,, gives R, = mN.
Note that the resolving power is the same for all wavelengths.

A transmission grating is used with light incident normal to its plane. The width of each slit is one-third the
spacing between slits. By considering single-slit diffraction, show that the third-order (j = 3) muluslit
diffraction maxima are missing from the diffraction pattern of the grating.

I As discussed in Prob. 36.35, the intensity profile in the overall diffraction pattern due to N slits of finite
width is the product of the “ideal” N-slit intensity profile and the single-slit profile. According to Eq. (1) of
Prob. 36.35, the jth maximum of the ideal N-slit profile occurs at an angle 8, such that

sin e,=%‘ (1)

where d is the slit spacing. However, if each slit has width w = d/3, then Fig. 36-14b [or (1) of Prob. 36.33]
implies that the single slit profile has zeros at angles given by

. _mi _3mk
sin 8,, = = (2)

form =0, 1, £2, £3. Equations (1) and (2} show that the overall profile must have a zero at every third
maximum of the ideal N-slit pattern. In particular, the third-order maxima (j = +3) are removed by the first
minima (m = £1) of the single-slit pattern.

A beam of light of wavelength 4 falls on a diffraction grating of line spacing [ at angle of incidence ¢
measured from the normal to the plane of the grating. Show that the maxima in the diffraction pattern occur
at angles @ which are determined by the equation jA = D (sin # —sin ¢), where j=0, £1, £2, £3,....

I The situation is indicated in Fig. 36-17. The initial beam direction is assumed to be perpendicular to the

4 As" = DEin 8

Fig. 36-17
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now polarized at 30° to the axis of the analyzer, so the intensity of the light passing through the analyzer is
I' = I cos® 8 = 0.75], cos® 30° = 0.5634,.

Polanized light of intensity I, is incident on a pair of Polaroid sheets. Let #, and &, be the angles between the
incident amplitude and the axes of the first and second sheets, respectively. Show that the intensity of the
transmitted light is [ = I, cos® 8, cos” (8, — 8.).

I The intensity of the light after passing through the first polarizer is [ = I, cos® #,. This light is polarized in
the direction of the axis of the first sheet, and so its axis makes the angle 8. — 8, with the axis of the second
sheet (see Fig. 36-25). Consequently, the intensity of the light after passing through the second polarizer is

I'=1cos* (8, — 8,)=IL,cos* 8, cos* (6. — 8,)

/‘.

Fig. 36-25

Two Polaroids are aligned with their axes of transmission making an angle of 45°. They are followed by a
third Polaroid whose axis of transmission makes an angle of 90° with the first Polaroid. If all three are ideal,
what fraction of the maximum possible light (if all Polaroids were at the same angle) passes through all three?

I The reduction factor for either of the last two Polaroids is cos® 45° = 1/2; so the overall factor is (ir=1

The axes of a polarizer and an analyzer are oriented at right angles to each other. A third Polaroid sheet is
placed between them with its axis at 45° to the axes of the polarizer and analyzer. (@) If unpolarized light of
intensity [, is incident on this system, what is the intensity of the transmitted light? (b) What is the intensity
of the transmitted light when the middle Polaroid sheet is removed?

I (a) The light that passes through the polarizer has an intensity of i, and is polarized at 45° to the middle
sheet, Thus the light that passes through the middle sheet has the intensity / = L[, cos® 45° =0.25[, and is
polarized 45" to the axis of the analyzer. Thus the intensity of the light passing through the analyzer is

I' = I cos® 45° = 0.1251,. (b) If the middle Polaroid sheet is removed, we have a crossed polarizer-analyzer and
no light gets through. (Compare Prob. 36.68.)

Four perfect polarizing plates are stacked so that the axis of each is turned 30° clockwise with respect to the
preceding plate; the last plate is crossed with the first. How much of the intensity of an incident unpolarized
beam of light is transmitted by the stack?

I The first plate transmits one half of the incident intensity. Each succeeding plate makes a vector resolution
at angle 30°, transmitting the fraction cos 30° of the amplitude, or cos® 30° =  of the intensity, leaving the
preceding plate. The fraction of the initial intensity transmitted by the stack is then ()" =0.211.

A gquarter-wave plate is made from a material whose indices of refraction for light of free-space wavelength
dg=589nm are n, = 1.732 and n = 1.456. What is the minimum necessary thickness of the plate for this
wavelength?

I The optical path length (Prob. 34.53) of the ordinary wave in a plate of thickness [ is n, [ and the optical
path length of the extraordinary ray is n /. Since the two rays must emerge from the plate with a 90° phase

difference, the optical paths must differ by (k + )4, k=0,1,2,.... The minimum thickness thus satisfies
Ag Ao 589 nm
—=/ - = = -
g - famm) o or dn.—n) d(1732- 1455 >4nm
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Equations (11) and (12) agree with Eqgs. (5} and (&) of Prob. 37.1; the inversion of the y' and z* equations is
trivial.

For the situation of Prob. 37.1, suppose that at the instant origin @' coincides with @ {at r=¢"=10), a
flashbulb is exploded at this common origin. According to observers in £, a spherical wavefront expands
outward from O at speed c¢. Show that, even though ¥ is moving relative to ¥ with velocity v, observers in
¥" note an exactly similar wavefront expanding outward from O'.

I The equation of the wavefront in £ is
x!+y3+23=£,2£2 (]}
The Lorentz transformation of (1) is {Egs. (5) to (8), Prob. 37.1)
X' +ur' ]’+ "2 -z_cz[fr‘*("l“ffz] ?
Vi) OV EATTRTS

which reduces to

@+ (F + P =) @)
Equation (2) represents a spherical wavefront expanding outward from O’ at speed c.

Actually, the reasoning goes the other way round. The & and ¥’ observers must see exactly the same kind

of wave, by the postulates of special relativity. This {almost) forces the relations between the coordinates in
the two frames to have a particular form—that of the Lorentz transformations. See Prob. 37.5.

When inertial reference frames ¥ and ¥’ coincide, let a flash of light be produced at the common origin.
Each observer is justified in considering himself at the center of an expanding sphere of light. Experiment has
revealed that each obtains the same value ¢ for the speed of light. The galilean transformation, 1" = x = v,
does not give this result. Therefore try a modification, x’ = y(x — vr), where y is to be determined. The
principle of equivalence requires that this equation hold for the inverse transformation, x = y(x' —v't') =
y{x' + w'). In this equation, we use the assertion that v’ = —uv. But for generality, the possibility has been
allowed that r' may be different from r.

If x and x' are the intersections of the sphere with the axis at times  and ', respectively: (@) To what is
x'/t" equal? (b) To what is x/t equal? (¢) Use the results of parts (a} and (b) to eliminate x and x* in the
transformation equations and thus to determine y.

# We note that the problem statement includes the tacit assumption that y* = y when v" = —u.

{a) At time 1", the light sphere observed by ¥’ intersects the positive x' axis at a coordinate x' = ¢f’.
Therefore x'ft' =c. {b) At time 1, the light sphere observed by ¥ intersects the positive x axis at a coordinate
x = ¢1. Therefore x/t =c. (¢} Since the equations obtained in parts (a) and (b) refer to the same point event,
we use x' = ¢t and x = ¢f in our equations to get

ct' = y(cr—w) (1)
and = yict' +vi') {2)
Multiplying Eqgs. (1) and (2) we have

i’ =yt — v’
Solving this for y, we find
1
= 3
V- wie) )

Continuing with the results of Prob. 37.4, use the relation for v, express t' in terms of ¢ and x.

I When Eq. (3) is used in the transformation equations (Prob. 37.4), we obtain

SR SN
1 —mix ur) 4
and = ﬁ {(x"+w") (5)

These equations relate arbitrary event-coordinate observations of observers O and O'. Using Eq. (4) to
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eliminate x* from Eq. (5), we find that
{x = ur) ut’
x= < + =
T=(v/e®) 1= (v¥ich

Solving this for 1’, we find (after some algebra) that

, 1 ux
VIS (-%)

which is the standard Lorentz transformation equation for /'

7.6 As measured by ¥ a flashbulb goes off at x = 1 km, y = 10km, z = L km at ¢ = 0.5 ms. What are the
coordinates x’, y', z', and 1" of this event as determined by a second observer, #', moving relative to ¥ at
—(0.8c along the common xx' axis?

I From the Lorentz transformations,

xr—vt  100km—(-0.8x3x 10° km/s)(5 % 10 *s)

x'= VicoTs ioE =367 km
- (v/e ) 5% 107%s — [(—0.8)(100 km)] /(3 % 10° km/s)

"= — = = 1.28 ms.
V1= (v V1-1(0.8)°

y'=y=10km '=z=1k

na At time " = 0.4 ms, as measured in &', a particle is at the point x" = 10m, y' =4 m, ' = 6m. (Note that
this constitutes an event.) Compute the corresponding values of x, ¥, z, ¢, as measured in %, for
(@) v=+500m/s, (b) v ==500m/s, and (¢) v =2 % 10" m/s.

I From the inverse Lorentz transformation, Prob. 37.1,

10+ (500)(4 % 107

(a) S TVI= 0o =10+ (500)4x10 %) =102m y=4m :z=6m
p= X109 + (SO0
V1 = (500°/c7)
_lo-s00)@xio Y 4= = -
(b) Vi i Easm ysinsen
_ (@ x107) ~ [(500)a0))/e* _ p
r \,r’l_;w dx 1 s
(©) _104@x109@x 107 _8001x 100 o y=4m z=6m

V1-(2/2.997925)F  0.744943
, 2 @x107Y + @2 x 10Y(10))c?
V1= (v¥/c%)

=5.3Tx10""s

37.8 At t=1ms (in X}, an explosion occurs at x = 5 km. What is the time of the event for the #" abserver. if for
him it oceurs at x' = 35,354 km?

I From the Lorentz transformation for x*,
Sx 107 — (10
% or v=-3x10m/s

Then, from the Lorentz transformation for ',

35354 x ¥ =

. 107+ [(3 % 107)(5 = 107))/*

= 1.0067 ms.
V1—=(v¥/c)
3.9 A spaceship of (rest) length 100 m takes 4 us to pass an observer on earth. What is its velocity relative to the

earth?
I The observer measures the length of the spaceship to be {= 100V - (u:,i'{':j {m}, where v is the velocity of
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I The rest mass lost in the formation of a deutron is
(m, +m.)—m,=(1.67261 + 1.67492 - 3.34357) x 1077 =3.96 x 10 Y kg
which is equivalent to a rest-energy loss
AE,=3.96%x 107" =356 x 107" ] = 2.22 MeV

Hence, by energy conservation, the surroundings must gain exactly 2.22 MeV of energy. This same amount of
energy, the binding energy of the deuteron, would have to be supplied to the deuteron to tear it apart into an
infinitely separated proton and neutron.

Determine the mass and speed of an electron having kinetic energy of 100 keV (1.6 x 107" 1]).

I The kinetic energy is K =mc® —mgc?®, or 1.6 % 107" T = (m — mx)(3 % 10° m/s)*, and m —my=1.78 %

107* kg. In Prab. 37.49 we are given m,=9.11 X 10" kg; so m = (9.11 + 1.78) = 107 kg = 1.089 x 10" kg.
To get velocity we note that m = my/V1 = (v/c’), or 1 — (v¥/c?) = (my/m)* = 0.700. Then v/c = 0.548, and

v=164 x 10" m/s.

Find the speed that a proton must be given if its mass is to be twice its rest mass of 1.67 X 10™% kg. What
energy must be given the proton to achieve this speed?

J Use the mass-increase formula.

F
m= ma/\ﬁl——l 2my = m/\lil—— 1——-— =1 :Lz-% v = (.866¢
= (m — my)c* = (Imy — mg)e* = (1.67 % 10°7 kg)(3 < 10° m/s)*=1.50 X 107" J = 938 MeV
How much energy must be given to an electron to accelerate it to 0.95¢7

I Use the mass-increase formula.

m 9.1% 107" kg
M= = == 29.1 X 107" k
Vi—@id)  VI-095 &

AW =(m —mp)c®=[(29.1 = 9.1)(10"*)](9 x 10"*) = 1.8 x 107" J = 1.125 MeV
A 2-kg object is lifted from the floor to a tabletop 30 cm above the floor. By how much did the mass of the
object increase because of its increased PE?
I We use AE = (Am)c?, with AE = mgh. Therefore

AE_mgh _(2kg)(9.8m/s*)(0.3m)

A =6.5x10""
mEE T (3% 10°m/s)? =63x10 kg

The rest mass of a proton is m, = 1.672614 x 10" kg. Its laboratory speed after having fallen through a high
difference in potential, AV, is u =2 x 10°m/s. (@) Evaluate AV. (b) Find the total energy of the proton.

I (a) The kinetic energy of the proton is

K=(m-mc*= [ﬁ__(;_,f_r— l]m¢c2=eﬁ1ﬂ'
—(u*/c%)

_[(1/0.744943) — 1)(1.672614 x 10-7)(2.997925 x 10°)° _
1.602 % 107"

(b) The rest energy of the proton is myc® =938.3 MeV, and so the total energy is
E=9383+ 321 =1259.3 MeV

from which 321 MV

Show that KE = (m — my)c” reduces to KE = im,v” when v is very much smaller than c.

I KE={m—m}c2=(L—m)cz=m (1 —vife?) -1
u _"n,'—_'[—ﬁrc—]-z L] L [{ ) ]
Let b= —v*/c® and expand (1 + b)”"* by the binomial theorem. Then
L : 4
Aoy =1 (-hp e Ty g 130

2 26 B¢t
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Thus the desired relation is
E'=E}+(pe) (n

Because of the form of (1) momenta are often specified in MeV/c, on the atomic level, where energies are
given in eV or MeV. (See Prob. 37.63.) (b) The total energy of the electron is its rest energy, 0.511 MeV,
plus its kinetic energy, 1 MeV. Then (1) gives 1.511° =0.511° + (pc)*, from which pc = 1.42 MeV, or
p =142 MeV/c.

Compute the conversion factor between the ordinary units of momentum and MeV/c.
I 1 MeV/ic=(1.6x10""1)/(3x10°m/s) =533 x 10" kg - m/s.

Show that rest mass is not conserved in a symmetrical, perfectly inelastic collision.

F Let two identical bodies, each with rest mass m,, approach each other at equal speeds u, collide, and stick
together. By momentum conservation, the conglomerate body must be at rest, with energy Myc®. The initial
energy of the system was 2[moc*/V1 — (u*/c%)]. Hence,

2mec® _ 2mg
V"l—{u!!c!]_Mncz o M"_\h—(u%‘]

It is seen that the final rest mass, M, exceeds the initial rest mass, 2m,.

In newtonian mechanics the relation dE/df = F - v is valid, where E is the total energy of a particle that is
moving with velocity v and is acted on by a net force F. Show that this relation is also valid in relativistic
mechanics. (Assume that Newton's second law is valid under special relativity.)

I As shown in Prob. 37.62, the particle’s instantaneous momentum p(t) and instantaneous energy E(r) are
related by
E*=c'p-p+ (myc’y (1)
Differentiating Eq. (1) with respect to time, we find that
dE__ . dp
G =Ty

dE_c’p dp

dt E dt 2)

or

But p=mv = ym,¥ and E = mc® = ym,c?, so (cp)/E =v. Using this in Eq. (2), we obtain

dE_ﬂ_ _E.
@ dt v=F-v (3

since F=dp/dr
Show that the components of the velocity of a particle of energy E and momentum p are given by

_%E _9E _GE
. &, T dp
These relations apply in both the relativistic and newtonian domains,

vy

I The energy is given in terms of the momentum by

E = VT + (moc™) = Ve (pl + pl + pl) + (moc)

Differentiating with respect to p,, we find that

FE 1 2c°p, c’p.  cymgv,

. 2Vpitpitp)F(mecy E yme

The proofs for the vy and z components follow the same procedures.

Since the newtomian result 15 just the low-velocity limit of the relativistic result, the above relations hold in
tne newtonian domain. They may also be easily derived from E = p*/(2m,) = pi/(2mg) + pif(Zmg) + pi/(2my).
Then ¢E/3p, =p./my=v,, etc,
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so the magnetic field magnitude at distance r" is
o o pel” (2 1077)(1.06 % 1071)

S 2ar 2mr 1.00 % 1072
Finally, F,, = ev[B" = (1.6 x 107")(5.294 x 107)(2.12 % 10 ") =1.79 x 10"™ N toward the beam.

A large cyclotron is designed to accelerate deuterons to 450 MeV of kinetic energy. This means that their
speed will become a substantial fraction of ¢. Hence their mass will become substantially larger than the rest
mass. If the magnetic field is everywhere of the same value, this requires that the frequency of the oscillating
potential difference applied between the Dees be decreased dunng the acceleration of a group of deuterons.
What is the ratio of the final to the initial frequency? The rest mass of a deuteron is 3.3 x 107" kg,

2.120nT

I For a particle circling at relativistic speed in a magnetic field, the relativistic force, F = dp/dr, is still
correctly given by the Lorentz formula:

dp
F=—=gvXB 1
== (0

The momentum is given by p = ymgv, where y = [1 — {v*/¢®)] "% If the particle is circling with angular
velocity m,, we have, since the magnitude of p is constant,

d
= w.Xp=yma,x) )

Equations (1) and (2) imply that, in magnitude,

mf=§=f"3 3)

where m = ym, is the relativistic mass. Since the deuterons are initially nonrelativistic, Eq. (3) implies that

wy 11
2 I~ @
We Y ¥y
In terms of the final kinetic energy K, we have
_ K, + Mgc”
n="t ®)

The rest energy of the deuteron is

s (33 %1077 kg)(3.00 x 10° m/s)’
1.60 % 1077 J/MeV

Then with K, = 450 MeV, Eqgs. (4) and (5) yield

w1 1860

mMyC = 1.86 x 10" MeV

w. y 50+ 1860 8L
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A desk lamp illuminates a desk top with violet light of wavelength 412 nm. The amplitude of this
electromagnetic wave is 63.2 V/m. Find the number N of photons striking the desk per second per unit area,
assuming that the illumination is normal.

I From £ = (hc)/A and the energy density formula, (€,E})/2, for a wave with electric field amplitude E,
(Prob. 33.64)

_ heoEY (412 107")(8.85 % 107")(63.2°) 19 2
N= TN 26.6%10°) = 1.10 x 10" photons/s - m

A sensor is exposed for 0.1 to a 200-W lamp 10 m away. The sensor has an opening that is 20 mm in
diameter. How many photons enter the sensor if the wavelength of the light is 600 nm? Assume that all the
energy of the lamp is given off as light.

J The energy of a photon of the light is

_he _ (6.63 % 107%)(3 % 10%) o
E= = T =33 X107

The lamp uses 200 W of power. The number of photons emitted per second is therefore

n = 6.1 x 10® photons/s

“33x10"

Since the radiation is spherically symmetrical, the number of photons entering the sensor per second is n
multiplied by the ratio of the aperture area to the area of a sphere of radius 10 m:

(6.1 X 107) %’ 1.53 x 10* photons/s

and the number of photons that enter the sensor in 0.1s is (0.1)(1.53 x 10") = 1.53 x 10",

What is the momentum-energy relation for photons?
I From Prob. 37.62, € = (pc)’ + (moc”). But a photon has zero rest mass, so & = pc.

What is the momentum of a single photon of red light (v = 400 x 10" Hz) moving through free space?
I The momentum is given by p =h/4 = (hv)/c. Hence

_(6:6X107°9(400x 107)
P= 3x 10" -

Bx 107" kg - m/s.

What wavelength must electromagnetic radiation have if a photon in the beam is to have the same momentum
as an electron moving with a speed 2 x 10° m/s?

I The requirement is that (M) = (A /&) pnesen- From this,

_h_ 6.63%x107™)-s
mu (9.1 107" kg)(2 x 10° m/s)

This wavelength is in the x-ray region.

3.64 nm

A stream of photons impinging normally on a completely absorbing screen in vacuum exerts a pressure 9.
Show that P = [fc, where [ is the irradiance.

I The time rate of change of momentum equals the force, that is, Ap/At = F. The force per unit area, F/A4,
is the pressure, and so

P=

N
2l&

But & = ¢p for photons, which means that A€ = ¢ Ap and
1 A%

Ac At
Since irradiance by definition is energy per unit area per unit time, we obtain 2 =[/c.
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A collimated beam of light of flux density 30 kW/m” is incident normally on a 100-mm® completely absorbing
screen. Using the results of Prob, 38.14, determine both the pressure exerted on and the momentum
transferred to the screen during a 1000-s interval.

I The pressure is simply

1 3x10*

-
c'sxm‘_m

=

1
=™

i

A and  Ap=2A Ar=(107(10")(10*) = 10 kg - m/s
{One could actually build an interplanetary sailboat using solar pressure.)

‘What is the largest momentum we can expect for a microwave photon?
I Microwave frequencies go up to 3 x 10" Hz. Therefore, since p = h/A = (hv)/c,

(6.6 107 *)(3 X 10")
p= ax10*

=66%x10 kg - m-s'

How many red photons (4 = 663 nm) must strike a totally reflecting screen per second, at normal incidence, if
the exerted force is to be 0.225 1b?

I We know that F = Ap/[Ar and, in this case, Ap is fwice the incident momentum. Thus, if N is the number
of incoming photons per second, F = N[(2h)/4]. Since 0.2251b= 1N, we have F =1, and

A 663x107°
=-—---—v---—-—-—_-—-—=
N= 2(6.63 x 10°™) 3 107 photons/s

What potential difference must be applied to stop the fastest photoelectrons emitted by a nickel surface under
the action of ultraviolet light of wavelength 2000 A? The work function of nickel is 5.00 eV,

] hc_lz-i-ﬂe\’-nm_

Then, from the photoelectric equation, the energy of the fastest emitted electron is 6.20eV — 5.00eV =
1.20eV. Hence a retarding potential of 1.20 V is required.

The work function of sodium metal is 2.3 eV. What is the longest-wavelength light that can cause
phatoelectron emission from sodium?

I At threshold, the photon energy just equals the energy required to tear the electron loose from the metal,
namely, the work function W,,,.

_ 1240 eV - nm _

W = A= =
i or 336V 540 nm

-|F

What is the work function of sodium metal if the photoelectric threshold wavelength is 680 nm?

he  1240eV -nm
' k i = . =h L e B e = ]
work function = W, = hv,, 1 0 1.83eV

Will photoelectrons be emitted by a copper surface, of work function 4.4 eV, when illuminated by visible
light?
I As in Prob. 38.19,

he  1240€V -nm
W ddcv colnm

threshold 4 =

Hence visible light (400 to 700 nm) cannot eject photoelectrons from copper.

Light of wavelength 600 nm falls on a metal having photoelectric work function 2 eV. Find (a) the energy of a
photon, (b) the kinetic energy of the most energetic photoelectron, and (¢) the stopping potential.

I ) E=sm="""""""02207eV
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(b) Kew=E-W,,=201-2=0.07eV
(c) eV, =K_.,.=007eV or V=007V
38.23 [t takes 4.2 eV to remove one of the least tightly bound electrons from a metal surface. When ultraviolet

photons of a single frequency strike a metal, electrons with kinetic energies from zero to 2.6 eV are ejected.
What is the energy of the incident photons?

I WF=4.2eV KE,..=2.6eV  and Epoton = WF+KE .., =4.2+2.6=68¢eV

38.24 A photon of energy 4.0 eV imparts all its energy to an electron that leaves a metal surface with 1.1eV of
kinetic energy. What is the work function W, of the metal?

I Wa=hv—Kpn=40-11=29eV
38.25 Determine the maximum KE of photoelectrons ejected from a potassium surface by ultraviolet light of

wavelength 2000 A. What retarding potential difference is required to stop the emission of electrons? The
photoelectric threshold wavelength for potassium is 4400 A.

he  12400eV - A

I Work function= W, = 7Ty W 2.82eV
he  he 12 400
then I-l—m—KE,“,—W-Z.BE-G.Z{]-2.EE—3.3SEV

The retarding potential must be just large enough to stop electrons with KE,.,, 50 V=338V,

3.26 A surface has light of wavelength 4, = 550 nm incident on it, causing the ejection of photoelectrons for which
the stopping potential is V,, =0.19 V. Suppose that radiation of wavelength A = 190 nm were incident on the
surface. Calculate (a) the stopping potential V,;, (&) the work function of the surface, and (¢} the threshold
frequency for the surface.

I (a) Since eV = KE_,, = hv — W,,,, with W, a constant of the surface, we have e(Va=V)=h{v;—v)or

h he {1 1 1 1
Vo=V, +;[V;- v =¥, +: (ﬂ-—z-l-l) ={.19+ IM(E—E)—&“V
he 1240
(by Wm..—l—l—EV,.-ﬁrﬂ.lg—z.meV
~ W (207)(L602X1077)
{‘:} hvl' = wmm or ¥, = pil = 663 % 10_34 —42&]‘1‘[:

38.27  In the photoionization of atomic hydrogen, what will be the maximum kinetic energy of the ejected electron
when a 60-nm photon is absorbed by the atom? The ionization energy of H is 13.6eV.

# The ionization energy is minimum energy to remove the electron from the atom. Then

h V.
B ey 12ROV MM eV =716V

Keaas s 60 nm

38.2 COMPTON SCATTERING; X-RAYS; PAIR PRODUCTION AND ANNIHILATION

38.28  Suppose that a 3.64 nm photon going in the +x direction collides head-on with a 2 x 10° m/s electron moving
in the —x direction. If the collision is perfectly elastic, what are the conditions after collision.

d From the law of conservation of momentum,

h h
momentum before = momentum after — = muy =I - my

Aq
But, from Prob. 38.13, #/A, = muv, in this case. Hence, h/A = muv. Also, for a perfectly elastic collision,
e 1 he 1,
KE before = KE after A—U+Emuﬁ=T+imv
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Using the facts that h/4, = muv, and h/A = muv, we find that
vole + %U,,] = p{c + i'u)

Therefore v = v, and the electron rebounds with its original speed. Because /i = mv = mu,, the photon also
rebounds and with its original wavelength.

38.29 The Compton equation can be written as A" — A = [A[(mgyc)](1 = cos ¢). The factor h/(myc), called the
Compton wavelength, is the wavelength shift that occurs when ¢ = 90°, Evaluate it for scattering from
{(a) electrons and (b) protons. In the case of electrons, what percentage change is this if the incident radiation
has a wavelength (¢) 500 nm (visible light) and (d) 0.050 nm (0.5-A x-rays)?

I Inserting the rest masses of the electron (9.1 x 107" kg) and proton (1.67 x 1077 kg) into h/mc yields
Compton wavelengths of 0.024 Aand 1.32x 10" % m, respectively. For the electron (0.024/5000)(100) =
4.8 % 10" percent, while for the 0.5-A x-ray, (0.024/0.500)(100) = 4.8 percent.

38.3 A photon (A = 0.400 nm) strikes an electron at rest and rebounds at an angle of 150° to its onginal direction.
Find the speed and wavelength of the photon after the collision.

I The speed of a photon is always the speed of light in vacuum, c. To obtain the wavelength after collision,
we use the equation for the Compton effect:

6.63x 107 ] 5
(9.1 x 107" kg)(3 % 10° ms)
=4 % 107" m+ (2,43 x 10" " m){1 + 0.866) = 0.4045 nm

l':l+£‘_—-{l—ms¢)=4km 'm+ (1= cos 1507)

38.31 Suppose that a beam of (1.2-MeV photons 15 scattered by the electrons in a carbon target. {a) What is the
wavelength associated with these photons? (b) What is the wavelength of those photons scattered through an
angle of 90°7 (c) What is the energy of the scattered photons that emerge at an angle of 60° relative to the
incident direction?

I @ A E T ToaMey - 220 fm
b) A'=A+mh(_[1—cmﬂ}=6m+{2430][1—0]=8630fm
he he 1240

(€)

A A+ [hi(m))(1 —cos ) 6200+ (2430)(1- 1) =Q.168 McV

38.32 Verify Compton’'s equation (Prob. 38.29) when the photon is back-scattered (¢ = 180°).
# Assuming the electron to be at rest initially, we have from conservation of momentum

h h 1 1
1 _P — - R
i v o F h(;. A’)
and from conservation of relativistic energy
he he ‘11
*A—+Ec|—F+E or E—E[,-Fhf{x—r)

Substituting these expressions for the electron’s final momentum and final energy into the momentum-energy
relation for the electron. we obtain

1 13 2{(1 1']" 1 1 20 1 2 1 ,
|:E"+hc(l_1-:)] =E5+ | he .1+I:) IEnhC(i“F)"zhc l—A-,—EhC YU EdA" = X)=2hc
whence 4" — A = (2he)/E, = (2h)/(m,c), which is Compton's equation with cos ¢ = — 1.

38.33 A photon strikes a free electron at rest and is scattered straight backward. If the electron's speed after

collision is ae, where ar << 1, show that the electron’s kinetic energy is a fraction « of the photon’s initial
energy.

I Since v = ac and a << 1, the electron is nonrelativistic, Conservation of momentum yields /A + h/A' =
mu; multiplying by ¢, (he)/A + (he)/A' = mve = (mv®)/a. The energy equation is (he)/Ad — (he)/ L' = (mv®)/2.
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Adding we find that (hc)/A = E, = (mv*}/4 + (mv*)/(2a). Since a << 1, (mv?)/4 is neglected and (mv?)/2 =
ak,.

A photon with A = 0.5 nm strikes a free electron head-on and is scattered straight backward. If the electron is
initially at rest, what is its speed after the collision?

I Momentum conservation gives h/A = mqv, — hfA’', assuming that the scattered electron is nonrelativistic. A
is given as 0.5 nm and A" for 180° scattering is 0.5 nm + (Zh)/(mqec) = 0.5048 nm, so v, = (h/my)/(1/A + 1/3") =
[(6.63 x 107*)/(9.1 x 107 "")}(3.98 x 10°) = 2.9 x 10° m/s.

A photon with A =0.5 nm is moving along the x axis when it strikes a free electron (initially at rest) and is

scattered so as to move along the y axis, What are the r and y components of the electron’s velocity after
collision?

I In the x direction, conservation of momentum yields /4 = myv, and in v direction A/4" + myv, = 0. From
the Compton scattering relation for ¢ =90°, 1' =1 +0.024 A=50+0.024=5.024A. Solving for v, and v,
from above, with m,, the electron rest mass, gives v, = +1.46 x 10°m/s and v, = =1.46 x 10° m/s; the electron
is nonrelativistic.

Derive the Compton equation, using the relativistic expressions for the energy and momentum of the
electron.

m — = ——— - -y
f i
.}‘ Fig. 38-1
I For notation, see Fig. 38-1.
conservation of x momentum: %r= % cos g+ Pcos @ (1)
. hf' .
conservation of y momentum: 0= . sin ¢ — Psin f (2)
energy conservation:  hf 4+ moc® = hf " + (Pl + mich"? (3)

{i) Solve (1) for P cos & and (2) for Psin 8. Square and add; /A°f° — 2K°f cos ¢ + h°f =P,
(i) Square (3} to obtain: k3 + "2 = 2h3F + 2hmyc?(f = f') =P

(iif) Subtract: (f — f)/fF = [h/(mec?)](1 — cos ¢).

(fv) But f =¢/4 and so (f — f)/(fF) = (X' — A)/c.

(v) Therefore, A’ — & = [/ (mqe)](1 — cos ¢).

In what amounts to the inverse of the photoelectric effect, x-ray photons are produced when a tungsten target
is bombarded by accelerated electrons. If an x-ray machine has an accelerating potential of 60 kV, what is the
shortest wavelength present in its radiation?

I Since the work function of tungsten is very much smaller than the accelerating potential, we may suppose
that the entire kinetic energy of an electron is lost to create a single photon of maximum energy:

ke _he 1240keV - pm
Vi T T T kv 7pm

An electron is shot down an x-ray tube. [ts energy just before it strikes the target of the tube is 30 keV. If it
loses all this energy in a single collision with a very massive atom, what is the wavelength of the single x-ray
photon that is emitted?

hc _1.24keV - nm j__ﬂ:(]_ml;nm:n_q.u,&

s E=3 2 =70
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I For Bragg reflection the scattering angle is given by sin 8 = (nd)/(2d) = [(2)(1.2)]/4.4, and 8 = 33",

38.47 The attenuation coefficient of aluminum for soft X-rays is 1.73/cm. Compute the fraction of these X-rays
transmitted by an aluminum sheet 1.156 cm thick.

I The exponential law of attenuation is
I=he™  Loermoso_ 1o L__0135  or  13.5% transmitted
A e’ 27180 :

38.48 One-half the intensity of a homogeneous x-ray beam is removed by an aluminum filter 5 mm thick. What is
the fraction of this homogeneous beam that would be removed by 15 mm of aluminum?
I :

1 I 1 1
I Z=en E=e"“ f=e""’*‘={e"")"’=(-) =§[fractianremaining] 1-

2
I 5 =3 (fraction removed)
i}

1
8
38.49  Show that when a positron and an electron (both essentially at rest) annihilate, creating two photons, either
photon has the Compton wavelength (Prob. 38.29).
I Total energy before annihilation is 2m,c*; and after, 2[(hc)/4) (momentum conservation requires that the

photon energies be equal). Then, by conservation of energy,

h h
nci=2"  or A=——=2430fm
A m.c

38.50 Show that the threshold wavelength for the production of a positron-electron pair is half the Compton
wavelength.

I The incident photon must have at least enough energy to create a pair having zero kinetic energy (we
ignore any kinetic energy of the recoil nucleus). Thus,

he h
—= 2 A=——=1215fm
i Zm.c or m 1215

38.51  After pair annihilation, two 1-MeV photons move off in opposite directions. Find the kinetic energy of the
electron and positron.

I The two photons have the same energy, and hence the same momentum, which we are told are in
opposite directions. Thus by momentum conservation the electron and positron must have had egual and
opposite momentum. Hence their kinetic energies are equal. By energy conservation: 2 MeV = 2(m,c®) +
2KE =2(0.51) MeV + 2 KE and KE of each = .49 MeV.

38.3 DE BROGLIE WAVES AND THE UNCERTAINTY PRINCIPLE
38.52 A proton is accelerated through a potential difference of 1000 V. What is its de Broglie wavelength?

I We have A = h/(mv). But m = m, (nonrelativistic), so v may be found from (muv?)/2 = 1000e. Substitution
gives A=9.1x10""m.

38.53  Find the de Broglie wavelength of a thermal neutron of mass 1.67 x 10° % kg traveling at a speed of 2200 m/s.
I Use the de Broglie wave equation.

38.54  What is the de Broglie wavelength for a particle moving with speed 2 x 10°m/s if the particle is (a) an
electron, (b) a proton, and (c) a 0.2-kg ball?

I We make use of the definition of the de Broglie wavelength:

_h _6.63x107*J:s 33x10"m kg
“mv m(2x 10°m/s) m
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b Fig. 38-4

substitution, T =4.25 x 10" */m. Using the electron mass and the helium mass (4 % 1.67 % 10" kg), we have
T,=46600K and T}, =6.3K.

Consider a beam of electrons shot toward a crystal, as shown in Fig. 38-4. The crystal spacing is b, as
indicated. For what de Broglie wavelengths will the electron beam be strongly reflected straight back upon
itself? For what electron kinetic energies? It 1s found by experiment that electrons having these energies are
unable to move through such a crystal in the direction shown. Evaluate the energies in eV for b=2x 107" m.

I Strong reflection will occur if 2b = ni, because the beams reflected from successive planes will then
reinforce. Therefore, A = (2b)/n. For nonrelativistic electrons E, = (p2)/(2m) = h*/(2Zma2) = (n*h*)/(8b"m),
which gives E, =9.4n"eV.

The nuclei of atoms have radii of order 10™"* m. Consider a hypothetical situation of a proton confined to a
narrow tube with length 2 % 107" m. What will be the de Broglie wavelengths which will resonate in the tube?
To what momentum does the longest wavelength correspond? If relativistic effects are assumed negligible, to
what energy (in eV) does this correspond?

I This is a simple standing-wave problem. For symmetric boundary conditions, the allowed A’s are
Ay =(2L)/n =[(4 % 10"y /n] m; since A, = h/p,, p. = (nh)/2L = n(1.66 x 10 ). Nonrelativistic kinetic
energy = E, = pi/(2m) = n*(8.2 x 107" I) or n*(51 Mev). n = 1 corresponds to longest wavelength.

At what energy will the nonrelativistic calculation of the de Broglie wavelength of an electron be in error by 5
percent?
I For the nonrelativistic case, the de Broglie wavelength is

_he he

"lm' == T
pc ;Em(,c‘x

For the relativishic case,

. K "
2432 2 2 2
(K + muc”) = (pc) + (mgc”) or  pc= [Zmnc K(l + N 2)}

and the de Broglie wavelength is

he _ he
pe  {2moc*K[1 + K/(2m.c)])}
For our case, A, — &, =0.054,; A, /4, = 1.05.
A f K
v I+ 1.05= \ 1+

)l._,_ 2mge’

2(0.511 MeV)
Solving, K =0.105 MeV.

Show that the de Broglie wavelength of a particle is approximately the same as that of a photon with the
same energy, when the energy of the particle is much greater than its rest energy.

. . E En: E ) h ke
i E'=p'c+E, or p=7 Vlll-(f:) s it E»E, So l=!_’=E

For a photon, E =hv ={hc)/4,, so A, =(hc)/E = 4.
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Fig. 38-5

An electron is confined to a tube of length L. The electron’s potential energy in one half of the tube is zero,
while the potential energy in the other half is 10 eV, If the electron has a total energy E = 15V, what will be
the ratio of the de Broglie wavelength of the electron in the 10-eV region of the tube to that in the other half
of the tube? Sketch the wave function y for the electron along the tube.

I The wave function is sketched in Fig. 38-5. A = h/p = h/(2mK)"?; with K the kinetic energy of the
electron, A,/4, = (K,/K\)'* = (15/5)"* = L.73.

A particle of mass m is confined to a one-dimensional line of length L. From arguments based on the wave
interpretation of matter, show that the energy of the particle can have only discrete values and determine
these values.

I If the particle is confined to a line segment, say from x =0 to x = L, the probability of finding the particle
outside this region must be zero. Therefore, the wave function y must be zero for x =0 or x = L, since the
square of y gives the probability for finding the particle at a certain location. Inside the limited region the
wavelength of y must be such that y vanishes at the boundaries x =0 and x = L, so that it can vary
continuously to the outside region. Hence only those wavelengths will be possible for which an integral
number of half wavelengths fit between x =0 and x = L, that is, L = (nd)/2, where n is an integer, called the

quantum number, with values n=1, 2, 3, . ... From the de Broglie relationship 4 = h/p we then find that the
particle’s momentum can have only discrete values given by
=Rk
PeiTa

Since the particle is not acted upon by any forces inside the region, its potential energy will be a constant
which we set equal 1o zero. Therefore the energy of the body is entirely kinetic and will have the discrete
values obtained from

1 p*  [(mh)/(2L)) . W
E=K=-mi=‘—=L_""""7 tis, =
5 mv that is E.=n 3

This very simple problem illustrates one of the basic features of the probability interpretation of matter;
namely, that the energy of a bound system can take on only discrete values, with zero energy not being a
possible value.

n=1,23,...

Assume that the uncertainty in the position of a particle is equal to its de Broglie wavelength. Show that the
uncertainty in its velocity is equal to or greater than 1/(4-r) times its velocity.

F Use the Heisenberg uncertainty principle with Ax = A = h/(mv,).
h h h
Ax A(mv,)=2— — A(mv,)=—
(mv.) 4 mv, (mv,) 4

Since m is constant,

h h h h 1
m—m(m&v,)za ;;:"5'"‘24_3 ﬂu,zmu,

If the uncertainty in the time during which an electron remains in an excited state is 107 s, what is the least
uncertainty (in J) in the energy of the excited state?

I Let W be the energy of the excited state,

- -7
AW Ar 24% [Aw}[lu-")am ﬁWEM

=0.528 %10 7]
an i .
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